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. SUMMARY . .  
I 
Development  of  the  conservation  equations i .the first  part  starts  from 
the  Boltzmann  equation. A general  tGansport  equation  for  an  arbitrary  particle 
property  is  derived;  from  this  the  species mass, momentum,  and  energy  conser- 
vation  equations  are  obtained.  Collision  terms  are  treated in detail  in  the 
approximation  of  two  independent,  displaced  Maxwellian  distribution  functions, 
which  takes  into  account  the  effects  of  different  flow  velocities  and  tempera- 
tures. A new  formalism  is  developed  for  these  terms,  simplifying  analytic 
evaluation;  this is illustrated  by  analytic  evaluation  for  a  sufficient  variety 
of  interaction  potentials  to  meet  most  ionospheric  requirements,.  The  three- 
fluid  approximation  is  applied  to  the  species  conservation  equations,  resulting 
in  separate  sets  of  equations  for  electrons,  ions,  and  neutral  particles. 
Order-of-magnitude  estimates,  based  on  extreme  values  for  ionospheric  proper- 
ties  in  the  altitude  region 90 km to 800 km, are  used  to  delete  terms  which 
are  not  important  for  the  specified  ionospheric  conditions.  Closure  of  the 
conservation  equations  is  accomplished  through  transport  tensors  and  coeffi- 
cients. A condensation  of  Shkarofsky's  method  for  calculating  electron  trans- 
port  tensors  is  presented.  Use  of  this  technique.  is  facilitated  by  the  deri- 
vation  of  a  new  method  for  representing  the  electron-neutral  collision  frequency 
velocity  dependence  as a power  law.  Transport  coefficients  for  ions  and 
neutral  particles  are  also  presented.  The  resulting  set  of  cdnservation 
equations  should  provide  appropriate  starting  points  for  a  wide  variety  of 
studies,  both  theoretical  calculations  and  data  analysis. 
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In the  second  part,  these  conservation  equations  are  applied  to  the 
detailed  examination  of  auroral E region  neutral  winds  observed  by  the  inco- 
herent  scatter  radar  at  Chatanika';  Alaska,  during  geomagnetic  disturbances (15 
May 1974). Two primary  objectives  of  this  study  are: (1) to  determine  the 
effects  of  altitude  structure  in  ion  and  neutral  velocity  fields  on  neutral 
velocities  derived  from  the  radar  observations;  and (2) t'o determine  the 
relative  importance  of  ion  drag  and  auroral  heating  .in  generating  these  winds. 
Ion  and  neutral  momentum  equations  for  the  ion.drag  model  are  solved  numeri- 
cally,  using  observed  electric  fields  and  electron  number  densities.  The 
Coriolis  force  is  included;  its  importance  is  demonstrated  in  model  calculations. 
The  following  results  are  obtained  from  these  velocity  calculations. 
Large  vertical  gradients  are  found  in  the  calculated  velocities  for  altitudes 
below  about  130  km. As a consequence  of  this  structure  and  fluctuations  in 
the  electron  density  profiles,  the  data  analysis  procedure of Brekke,  et  al. 
(1973) for  obtaining  neutral  winds  from  radar  data  are  found  to  underestimate 
the  wind  speed  by  up  to 40 percent,  but  it  represents  the  direction  and  tem- 
poral  structure  reasonably  well.  Comparison  of  observed  neutral  velocities 
with  calculated  values  shows  that  ion  drag  alone  cannot  account  for  the  obser- 
vations. An equation is derived  to  estimate the pressure  gradients  required 
to  resolve  the  discrepancy  between  calculated  and  observed  neutral  winds. 
Accelerations  due  to  these  pressure  gradients  are  of  the  same  order  as  those 
due  to  ion  drag,  but  at  least  an  order  of  magnitude  larger  than  those  due  to 
solar  heating.  Directions  of  the  pressure  gradients  are  consistent  with 
expected  locations of auroral  heating.  During  geomagnetic  disturbances,  ion 
drag  and  auroral  heating  both  appear  to  play  important  roles  in  the  generation 
and  modification of neutral  winds. 
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Section I 
INTRODUCTION 
Recent  interest  in  upper  atmospheric  dynamics  has  been  directed  toward 
high  latitudes,  both  because  of  increased  observations  in  this  region  and 
because of increased  awareness  and  understanding  of  the  importance  of  the 
coupling  between  the  magnetosphere  and  ionosphere  (Folkestad,  1972;  Chappel, 
1974),  which  is  most  prominently  displayed  in  the  vicinity  of  the  auroral  oval 
(Akasofu, 1968). Observations  of  ionospheric  properties  in  auroral  latitudes 
(-60' to 80" geomagnetic  latitude),  made  by  a  variety  of  remote  and in s i tu  
techniques,  have  found  electric  fields,  ionization  number  densities,  flow 
velocities,  and  temperatures  to  be  highly  variable  in  space  and  time  relative 
to  conditions  at  lower  latitudes.  Time  scales  for  significant  variations of 
these  properties  are  typically  on  the  order  of  minutes  at  high  latitudes 
(e.g. , Banks, et  al. , 1974),  compared  with  hours  at  middle  and  low  latitudes 
(cf.  Rishbeth  and  Garriott, 1969). Similarly,  spatial  scales  for  significant 
variations, on the  order  of  several  thousand  kilometers  at  low  and  middle 
latitudes,  are  an  order  of  magnitude  smaller  at  high  latitudes  and  even  smaller 
near  auroral  arcs (e.g. , Chan  and  Colin, 1969; Jelly  and  Petrie, 1969). These 
relatively  small  spatial  and  temporal  scales  complicate  the  comparison  and 
interpretation  of  observational  data  (Maynard, 1972).  They  also  increase  the 
difficulties  of  theoretical  studies  because  appropriate  boundary  conditions 
are  uncertain,  and  approximations  which  permit  physical  insight  and  mathemati- 
cal  tractability  in  lower  latitude  problems  are  not  valid  for  high  latitude 
conditions. In  addition,  the  magnitudes  of  electric  fields  and  associated 
plasma  drift  velocities  are  an  order  of  magnitude  larger  at  high  latitudes 
(Maynard,  1972;  Banks,  et  al.,  1974).  As  a  consequence,  different  and  some- 
times new physical  considerations  enter  into  the  formulation  of  the  governing 
equations.  The  primary  objectives  of  this  study  are  to  develop  a  theoretical 
framework  adequate  for  treating  problems  of  the  dynamics  of  magnetosphere- 
ionosphere  interactions  at  high  latitudes,  and  to  use  this  framework  in  the 
investigation  of  such  a  problem. 
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Two approaches , continuum  and  particle,  may  be  taken  in  formulating  the 
governing  equations  for  upper  atmospheric  gases.  The  goal  of  both  approaches 
is to  determine  the  relations  among  and  the  behavior  of  the  macroscop$ 
observables,  those  measured  by  experiments  which  detect  the  average  properties 
of a  small  but  finite  volume  of  the  gas,  specifically:  number  density n, flow
velocity v,  and  translational  temperature T. In the  continuum  approach, 
equations  governing.the  macroscopic  observables  are  formulated  directly  from 
physical  considerations  of  the  bulk  behavior  of  the'gases.  This  involves  the 
introduction of transport  coefficients,  which  indicate  how  readily  spatial 
inhomogeneities  in  the  density,  momentum,  and  energy  of  the  gas  approach  a 
homogeneous  state.  These  coefficients  must  be  determined  experimentally  in 
the  continuum  approach.  Proceeding  from  a  particle  viewpoint  involves  formu- 
lating  equations  which  incorporate  interactions  of  individual  particles  with 
fields  and  other  particles,  using  statistical  methods  to  determine  the  macro- 
scopic  behavior  of  the  aggregate.  To  the  order  of  approximation  appropriate 
to  the  upper  atmosphere,  both  methods  lead  to  essentially  the  same  macroscopic 
equations.  Important  advantages  of  the  particle  formulation  are (1) the 
enhanced  insight  gained  into  the  physical  processes  which  affect  the  macro- 
scopic  observables, (2) the  possibility  of  direct  calculation f the  transport 
coefficients,  and (3 )  the  assurance  of  a  coneistent  treatment,  especially  when 
new  physical  processes  must  be  considered.  In  addition,  the  particle  approach 
is  particularly  flexible in treating  multicomponent  gases,  which  recommends 
its  use in  upper  atmospheric  problems.  This,  then,  is  the  approach  to  be  used 
in  this  study. 
-+ 
Relating  the  macroscopic  behavior  of  a  nonuniform,  multicomponent  gas  to 
the  microscopic  interactions  of  its  constituent  particles  is  the  task  of 
kinetic  theory.  Methods  used  for  accomplishing  this  end  are  discussed  in 
detail  by  Chapman  and  Cowling (1970). The  basic  procedure  begins  with  a 
Boltzmann  equation  for  each  particle  species  (e.g., N 2 ,  0 2 ,  e, O 2  , + o+, etc.); 
this  equation  governs  the  velocity  distribution  of  each  species. A general 
transport  equation is obtained  by  multiplying  both  sides  of  the  Boltzmann 
equation  by  an  arbitrary  function  of  particle  velocity,  and  integrating  over 
velocity  space.  When  those  particular  particle  properties  which  are  conserved 
in  (elastic)  collisions  (mass,  momentum,  energy)  are  used  in  this  transport 
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equat ion ,  the  conserva t ion  equat ions  for  number dens i ty ,  momentum, and energy 
r e s u l t .  I n  g e n e r a l ,  a set of  conserva t ion  equat ions  for  each  par t ic le  spec ies  
is required to  determine properly the aggregate  behavior  of  the system. 
However, i f  several spec ie s  have  in  common those  p rope r t i e s  which are of 
pr imary  in te res t  (e .g . ,  t empera ture  and  f low ve loc i ty) ,  the  appropr ia te  equa- 
t i o n s  c a n  b e  e a s i l y  combined, r e s u l t i n g  i n  a cons ide rab le  r educ t ion  in  compu- 
t a t i o n a l  e f f o r t  when the system of  equat ions must be solved. This is t h e  
basis  of  the three-f luid approximation.  
As a p p l i e d  t o  a par t ia l ly  ion ized  p lasma,  such  as the  ionosphere ,  the  
three- f lu id  approximat ion  impl ies  tha t  e lec t rons ,  ions ,  and  neut ra l  par t ic les  
h a v e  d i s t i n c t  p r o p e r t i e s ,  b u t  t h a t  t h e s e  p r o p e r t i e s  are undi f fe ren t ia ted  by 
spec ies  wi th in  these  gases .  Appl icabi l i ty  to  problems of ionospheric  dynamics 
can be better understood from a br ie f  rev iew of typ ica l  ionospher ic  condi t ions  
which a f f e c t  t h e  dynamics .  Bas ica l ly ,  four  fac tors  p lay  pr imary  ro les  in  
determining and different ia t ing the motions of  upper  a tmospheric  gases:  
( 1 )  r e l a t i v e  number dens i t i e s  o f  d i f f e ren t  gases ,  (2) types  of  in te rac t ion  
between p a r t i c l e s ,  (3) r e l a t i v e  masses of p a r t i c l e s ,  and ( 4 )  forces  which a c t  
d i f f e r e n t l y  on d i f fe ren t  gases .  These  are examined i n  t u r n  below. 
Although par t ic le  popula t ions  vary  cons iderably  i n  both space and t i m e ,  
Figures  1-la and 1-lb show typ ica l  day t ime ,  mid la t i t ude  a l t i t ude  p ro f i l e s  of 
c o n s t i t u e n t  number d e n s i t i e s .  Both n e u t r a l  and ion  compositions are s e e n  t o  
s h i f t  f rom diatomic to  monatomic spec ies  and toward the  l i gh te r  spec ie s  wi th  
inc reas ing  a l t i t ude .  Th i s  i s  due t o  d i f f u s i v e  s e p a r a t i o n  i n  t h e  E a r t h ' s  
g r a v i t a t i o n a l  f i e l d  and r e s u l t s   i n  a decreasing mean mass p e r  p a r t i c l e  w i t h  
inc reas ing  a l t i t ude .  Ions  are only  s ingly  ion ized  (negat ive  ions  are neglig'i- 
b l e  above 90 km (Banks and Kockarts, 1973)), and charge neutrality (electron 
number d e n s i t y  is e q u a l  t o  t o t a l  i o n  number dens i ty)  i s  assumed to  hold every-  
where on the macroscopic scale o f  i n t e re s t  he re .  
S t r i c t l y   i n  terms of numbers, the upper atmosphere is seen  to  be  a weakly 
ionized  plasma a t  a l l  a l t i t u d e s  shown. However, t h e  c o l l i s i o n a l  c o u p l i n g  
between the gases  a lso depends on the interact ions between the par t ic les  and 
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Figure 1-1. REPRESENTATIVE NUMBER D E N S I T I E S  OF UPPER  ATMOSPHERIC GASES 
BY SPECIES FOR DAYTIME,  MIDLATITUDE  CONDITIONS: ( a )  NEUTRAL 
SPECIES  (JACCHIA,  1971); ( b )  CHARGED SPECIES  (JOHNSON, 1966) 
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on t h e i r  relative masses. These considerat ions are t aken  in to  accoun t  t o  some 
e x t e n t  i n  t h e  momentum t r a n s f e r  c o l l i s i o n  f r e q u e n c i e s ,  which i n d i c a t e  t h e  
degree of momentum coupling among the  gases .  A l t i t ude  p ro f i l e s  o f  co l l i s ion  
frequencies,  based on t h e  number d e n s i t i e s  i n  F i g u r e  1-1, are shown i n  F i g u r e  
1-2. Most o f  t h e  a l t i t u d e  v a r i a t i o n  i n  F i g u r e  1-2 is due t o  v a r i a t i o n  i n  
t o t a l  number d e n s i t i e s ,  and t o  a lesser extent  to  the changing composi t ions 
(hence  changing  interact ions)   and  changing  temperatures .   Temperature   prof i les  
used i n  comput ing  these  co l l i s ion  f requencies  are shown in-Figure  1-3; these  
p r o f i l e s  are representa t ive  of  dayt ime midla t i tude  condi t ions .  
vij '
I n  a d d i t i o n  t o  c o l l i s i o n a l  c o u p l i n g  among the species ,  e lectromagnet ic  
fo rces ,  wh ich  se l ec t ive ly  a f f ec t  on ly  cha rged  pa r t i c i e s ,  have  a pronounced 
e f f ec t  i n  d i f f e ren t i a t ing  the  mot ions  o f  i onosphe r i c  gases .  Fo r  pu rposes  o f  
t h i s  s tudy ,  de t a i l ed  cons ide ra t ion  is  l i m i t e d  t o  t h e  e f f e c t s  of  the s t a t i c  
geomagnet ic  f ie ld  and e l e c t r o s t a t i c  ( c u r l  f r e e )  f i e l d s ,  i n  a d d i t i o n  t o  t h e  
Coulomb in te rac t ion  be tween charged  par t ic les .  The i n t e n s i t y  of the  geomag- 
net ic  f ie ld  var ies  geographical ly ,  ranging from about  0.2 gauss  to  about  0.6 
gauss a t  ionospher ic   a l t i tudes   (Matsushi ta  and  Campbell, 1967). S ince   t h i s  
range of values is r e l a t i v e l y  small, t h e  more impor t an t  va r i a t ion  i s  i n  t h e  
geometry. A somewhat schematic view of  the  magnetosphere i s  p r e s e n t e d  i n  
Figure 1-4,  showing the dipolar  configurat ion of  the geomagnet ic  f ie ld  a t  
i onosphe r i c  a l t i t udes .  Not i nd ica t ed  in  th i s  d i ag ram is t h e  f a c t  t h a t  t h e  
d i p o l e  a x i s  is t i l t e d  a b o u t  11 degrees  with respect  
a x i s  . 
The s ignif icance of  this  geometry der ives  f rom 
which causes  charged par t ic les  moving i n  a magnetic 
t o  t h e  E a r t h ' s  r o t a t i o n a l  
the Lorentz force (qv x B/c) 
f i e l d  t o  s p i r a l  a b o u t  t h e  
+ +  
f i e l d  l i n e s .  T h i s  i n h i b i t s  m o t i o n  t r a n s v e r s e  t o  t h e  f i e l d ,  so that   charged 
p a r t i c l e s  are, t o  some e x t e n t ,  t i e d  t o  t h e  f i e l d  l i n e s .  The s t r e n g t h  o f  t h i s  
coupling is indica ted  by  the  par t ic le  gyrof requency ,  
(Gaussian  Units) (1-1) 
where q is t h e  p a r t i c l e  c h a r g e ,  B is the  magne t i c  f i e ld  s t r eng th ,  ms is t h e  
mass, and c the speed of  l ight .  For  a magnet ic  f ie ld  s t rength  of  0.5 gauss 
s 
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Figure 1-2. REPRESENTATIVE  COLLISION  FREQUENCIES ( u )  AND  GYROFREQUENCIES 
( w )  OF  UPPER  ATMOSPHERIC  GASES FOR DAYTIME,  MIDLATITUDE 
CONDITIONS 
FREOVENCIES ( i l l  
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F igu re  1-3. THERMAL  STRUCTURE OF THE  UPPER ATMOSPHERE, REPRESENTATIVE OF 
DAYTIME,   MIDLATITUDE  CONDITIONS  (JACCHIA,   1971;   NASA,   1971)  
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Figure 1-4. SCHEMATIC  STRUCTURE OF THE  ARTH'S MAGNETOSPHERE (BANKS AND 
KOCKARTS, 1 9 7 3 ,  p. B - 3 0 5 )  
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( r ep resen ta t ive  o f  t he  con t inen ta l  Un i t ed  S ta t e s ) ,  e l ec t ron  and mass-averaged 
ion gyrofrequencies  are shown a l o n g  w i t h  t h e  c o l l i s i o n  f r e q u e n c i e s  i n  F i g u r e  
1-2. S i n c e  c o l l i s i o n  f r e q u e n c i e s  and  gyrofrequencies  play similar r o l e s  i n  
the charged par t ic le  equat ions of  motion,  they.  may be  compared d i r e c t l y  t o  
determine whether  the magnet ic  f ie ld  or  the other  gases  w i l l  dominate the 
motion of a given gas.  
From Figure 1-2 i t  i s  ev iden t  t ha t  t he  e l ec t rons  are f i rmly  coupled  to  
the geomagnetic field a t  a l l  a l t i t u d e s  shown, s ince they gyrate  about  a f i e l d  
l i n e  many times between c o l l i s i o n s  w i t h  e i t h e r  i o n s  o r  n e u t r a l s .  I o n s ,  however, 
undergo a t r a n s i t i o n  from s t r o n g  c o u p l i n g  t o  n e u t r a l  p a r t i c l e s  a t  low a l t i t u d e s  
to  s t rong  coup l ing  to  the  geomagne t i c  f i e ld  a t  h i g h  a l t i t u d e s .  The character-  
i s t i c  d i s t ance  a s soc ia t ed  wi th  coup l ing  to  a magne t i c  f i e ld  i s  the gyroradius ,  
given by 
"1 r ="- 
s w  
S 
where w l  is t h e  p a r t i c l e  v e l o c i t y  component perpendicular  to  the magnet ic  
f i e l d .  I f  t he rma l   ve loc i t i e s  are used for  order-of-magnitude estimates, 
r ep resen ta t ive  gy ro rad i i  are about 3 c m  f o r  e l e c t r o n s  and 4 m fo r  i ons ,  co r re -  
sponding t o  T = 2400°K (Je 3 x 10 cm s - l )  and T = 1200°K (wi 8 x 10 c m  7 4 
s - ' ) .  A s  a r e s u l t  of t h i s  r e s t r i c t i o n  i n  t h e  t r a n s v e r s e  d i r e c t i o n ,  c h a r g e d  
p a r t i c l e s  move most f r e e l y  pa ra l l e l  t o  the  geomagnet ic  f ie ld  l ines ,  tha t  is ,  
i n  a north-south direct ion over  the magnet ic  equator  and v e r t i c a l l y  o v e r  t h e  
magnetic poles. 
e i 
A t  t h i s  po in t ,  s eve ra l  ques t ions  can  be  examined with respect to appli-  
c a b i l i t y  of t he  th ree - f lu id  approx ima t ion  in  s tud ie s  of ionosphere dynamics, 
p a r t i c u l a r l y  a t  h i g h  l a t i t u d e s  where magnetosphere-ionosphere interactions are 
so important.  Is a three-f luid  approximation  necessary,   or  would a two-fluid 
o r  even a s ing le  f lu id  approx ima t ion  be  su f f i c i en t?  Is a three-f luid approxi-  
mat ion adequate ,  or  must  the different  species  of the  ion  and  neut ra l  gases  be  
t r ea t ed   s epa ra t e ly?  I f  the   answers   to   these are a f f i rma t ive ,  are present  
three-f luid  formulat ions  adequate ,   or  are fur ther   developments   required? The 
answers  to  these  ques t ions  essent ia l ly  de te rmine  the  scope  of t h e  t h e o r e t i c a l  
framework developed i n  t h i s  s t u d y .  
. 
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The f i r s t  ques t ion  inqui res  whether  the  macroscopic  proper t ies  n ,  v,  and 
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T of t he  e l ec t rons ,  i ons ,  and  neu t r a l s  are s u f f i c i e n t l y  d i f f e r e n t  t o  w a r r a n t  
cons idera t ion  of  th ree  separa te  gases .  Exper imenta l  and  theore t ica l  work on 
ionospheric temperatures have been reviewed by Banks (1969) and Willmore 
(1970). The prevalence  of  nonthermal  equilibrium among the gases  of  a t  least 
the  ionospher ic  F reg ion  is w e l l  es tabl ished observat ional ly  and reasonably 
w e l l  exp la ined  theo re t i ca l ly .  The b a s i c  mechanism f o r  t h i s  c o n d i t i o n  i s  
p re fe ren t i a l  hea t ing  o f  t he rma l  e l ec t rons  ( ene rg ie s  5 0.3e V) by photoelectrons 
in  the  p rocess  o f  be ing  co l l i s iona l ly  the rma l i zed .  P re fe ren t i a l  hea t ing  o f  
e l e c t r o n s  r e s u l t s  from t h e i r  small masses and  long-range Coulomb in t e rac t ion .  
I n  t u r n ,  e l e c t r o n s  t r a n s f e r  e n e r g y  c o l l i s i o n a l l y  t o  i o n s  a n d  n e u t r a l s ,  b u t  
p re fe ren t i a l ly  to  ions ,  aga in  because  of the long-range Coulomb i n t e r a c t i o n .  
A t  h ighe r  a l t i t udes  ( above  -300 km), ions  lose  c lose  thermal  contac t  wi th  the  
neutrals  and,  through a balance of energy gained from electrons and loss t o  
n e u t r a l s ,  a t t a i n  a tempera ture  in te rmedia te  to  those  of  the  e lec t rons  and 
n e u t r a l s   ( e . g . ,  see Figure 1-3). Theore t i ca l   ca l cu la t ions  (Rees  and  Walker, 
1968)  have  sugges t ed  tha t  hea t ing  due  to  l a rge  au ro ra l  e l ec t r i c  f i e lds  may 
cause  ion  tempera tures  to  exceed  e lec t ron  tempera tures ,  a l though no d i r e c t  
obse rva t ion  ve r i fy ing  th i s  is  p resen t ly  known. Thermal  nonequilibrium  in  the 
E region has been a subjec t  of  some cont roversy  for  severa l  years  because  of 
a p p a r e n t l y  c o n f l i c t i n g  r e s u l t s  from di f fe ren t  observa t iona l  techniques  ( D ’ A r c y  
and  Sayers, 1 9 7 4 ) .  However, t h i s  is  immaterial to   the   p resent   ques t ion   s ince  
c o n d i t i o n s  i n  t h e  F Region c l e a r l y  requi re  cons ide ra t ion  o f  d i s t i nc t  e l ec t ron ,  
i on ,  and neutral  temperatures .  
For  f low veloci t ies ,  fewer  observat ional  data  are a v a i l a b l e  f o r  several 
reasons. Flow velocity  measurements are more d i f f i c u l t ,  p a r t i c u l a r l y  t h o s e  
which  measure v e l o c i t i e s  for d i f f e ren t  gases  s imul t aneous ly .  Also ,  condi t ions  
i n  which s u b s t a n t i a l  d i f f e r e n c e s  i n  f l o w  v e l o c i t i e s  o f  t h e  d i f f e r e n t  g a s e s  are 
l i k e l y  t o  o c c u r  are less preva len t  in  space  and  time than for thermal nonequi- 
l ib r ium.   Never the less ,   there  i s  s u f f i c i e n t   e v i d e n c e   t o   e s t a b l i s h   t h a t   l a r g e  
d i f f e r e n c e s  i n  f l o w  v e l o c i t y ,  on the order of hundreds of meters per second, 
can  and  do  occur a t  h i g h  l a t i t u d e s .  I n  t h i s  r e g i o n ,  l a r g e  e l e c t r i c  f i e l d s ,  
sometimes i n  excess of 100 mV m , can  occur  due t o  s o u r c e s  f a r  o u t  i n  t h e  magnet- 
osphere (Maynard, 1972) .  T h e s e  f i e l d s  a r e  mapped from  the  magnetosphere  into 
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the  ionosphere  a long  geomagnet ic  f ie ld  l ines  ( see  F igure  1-4), which act 
approximately as equipoten t ia l s   (Far ley ,   1959;   Reid ,   1965) .   This   resu l t s   f rom 
t h e  h i g h  c o n d u c t i v i t y  a l o n g  f i e l d  l i n e s  relative t o  t h a t  transverse t o  f i e l d  
l i n e s .  (A q u a l i t a t i v e  g r a s p  o f  t h i s  i d e a  may be  gained  from  the  comparison  of 
co l l i s ion  f r equenc ie s  and  gy ro f requenc ie s  in  F igu re  1-2, r ecogn iz ing  tha t  fo r  
w > v c o l l i s i o n s   i n h i b i t  mot ion   a long   the   f ie ld   l ine   whi le   gyra t ions  
i n h i b i t  mo t ion  t r ansve r se  to  the  f i e ld  l i ne . )  Impl i c i t  i n  t h i s  concep t ion  is  
t h a t  e l e c t r o s t a t i c  f i e l d s  are t r ansve r se   t o   magne t i c   f i e ld   l i nes .  The degree 
t o  which pa ra l l e l  e l e c t r i c  f i e l d s  are a c t u a l l y  n e g l i g i b l e  i n  t h e  i o n s o p h e r e  i s  
present ly  the  subjec t  of cons iderable  cont roversy  (Maynard,  1972; Zmuda, e t  
a l . ,  1974). However, t he   ex i s t ence   o f   l a rge   t r ansve r se   i onosphe r i c   e l ec t r i c  
f i e l d s  a t  a u r o r a l  l a t i t u d e s  i s  an  observa t iona l  fac t  (Maynard,  1972;  Banks, e t  
a l . ,  1974) ;  and  for  present  purposes  tha t  i s  s u f f i c i e n t .  
s i j ’  
L a r g e  t r a n s v e r s e  e l e c t r i c  f i e l d s  c a u s e  l a r g e  e l e c t r o n  and ion f low veloc-  
i t i e s  of  several   hundred meters p e r  second.  In  the  absence  of  co l l i s ions ,  
t h i s  v e l o c i t y  i s  given by 
( H a l l  D r i f t ) .  
For B = 0.5  g a u s s ,  a n  e l e c t r i c  f i e l d  of 30 mV m r e s u l t s  i n  a d r i f t  v e l o c i t y  
of about 600 m s . A t  h i g h   a l t i t u d e s  where   ion-neut ra l   co l l i s ion   f requencies  
are much smaller than  ion  gyrof requencies  (F igure  1-2) ,  e lec t rons  and ions  
d r i f t  w i t h  t h e  same ve loc i ty ,  g iven  by equat ion (1-3)  (which i s  independent  of 
charge  sign).   Thus,  when an e lectr ic  f i e ld  sudden ly  becomes large,   the   charged 
p a r t i c l e s  r e s p o n d  r a p i d l y ,  r e s u l t i n g  i n  a large veloci ty  difference between 
the  charged  and  the  neut ra l  par t ic les  a t  h i g h  a l t i t u d e s .  Under t h e  same 
circumstances a t  low a l t i t u d e s ,  where the ions are c o l l i s i o p d l y  c o u p l e d  t o  
the motion of t h e  n e u t r a l s ,  t h e  e l e c t r o n s  w i l l  aga in  respond rap id ly  to  the  
e l e c t r i c  f i e l d  ( s i n c e  us >> v ) while  ions are c o n s t r a i n e d  t o  move wi th  the  
neu t r a l s .  So a t  low a l t i t u d e s  t h e  l a r g e  v e l o c i t y  d i f f e r e n c e  is between  the 
e l ec t rons  and the  heavy p a r t i c l e s .  Numerical  calculations,   by  Fedder  and 
Banks (1972), among o the r s ,   demons t r a t e   t hese   e f f ec t s   t heo re t i ca l ly .  Barium 
cloud release experiments,  for example,  those analyzed by Meriwether, e t  al .  
(1973) ,  provide direct  observat ional  evidence of  ion-neutral  veloci ty  differ-  
ences  of  several  hundred meters per second. Comparison of high alt i tude and 
-1 
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low - a l t i t u d e  i n c o h e r e n t  scatter radar  observat ions al lows similar inferences  
t o  b e  drawn w i t h  r e s p e c t  t o  e l e c t r o n s  a n d  i o n s ,  i f  t r a n s v e r s e  e lectr ic  f i e l d s  
are assumed t o  be mapped along magnetic field l ines unchanged from F reg ion  t o  
E'  region alt i t l- ldes (Brekke e t  a l .  , 1973,  1974a). From these  cons idera t ions ,  
i t  i s  conc luded  tha t  d i f f e ren t  f l ow ve loc i t i e s  fo r  e l ec t rons ,  i ons ,  and  neu- 
t r a l s  must be taken i n t o  a c c o u n t  i n  a n y  t h e o r e t i c a l  framework used f o r  t r e a t i n g  
problems of dynamics a t  h i g h  l a t i t u d e s .  
For  the f inal  macroscopic  observable ,  number dens i t i e s ,  d i f f e ren t  r eason-  
i n g  must be  used. If  composition of e i t h e r  t h e  i o n  o r  n e u t r a l  g a s  is requi red  
as p a r t  of t h e  s o l u t i o n  t o  a problem under study, then a cont inui ty  equat ion  
f o r  e v e r y  p a r t i c l e  s p e c i e s  i s  required.   If   composition  can  be assumed  and 
o n l y  t o t a l  numbers of  par t ic les  of  each gas  (e lectrons,  ions,  and neutrals)  
are  of i n t e r e s t  , as i n  some dynamical problems, then only a two-fluid approxi- 
mation is  r equ i r ed ,  s ince  the  cha rge  neu t r a l i t y  a s sumpt ion  e l imina te s  one 
charged  par t ic le   cont inui ty   equat ion.   For   present   purposes ,   considerat ion 
w i l l  b e  r e s t r i c t e d  t o  t h e  l a t t e r  case, t h a t  i n  which  composition is  not  required.  
With the  necess i ty  o f  cons ide r ing  sepa ra t e  p rope r t i e s  o f  a t  least th ree  
gases  e s t ab l i shed ,  t he  nex t  ques t ion  must be  examined: Are three  gases  enough? 
For number dens i t i e s ,  t h i s  ques t ion  has  been  somewhat s idestepped by l i m i t i n g  
t h e  scope of applications to problems in which more than three gases need not 
be  treated.   For  temperatures  and  f low  velocit ies  the  question  reduces  to 
asking whether or not a l l  i o n  species share  a common temperature and flow 
v e l o c i t y ,  and l ikewise  for   neutrals .   Experimental   techniques are not   suf f i -  
c i e n t l y  selective t o  b e  a b l e  t o  measure the flow velocity or temperature of a 
s ing le   spec ie s   o f   i on   o r   neu t r a l   gas .  However, t h e o r e t i c a l  c a l c u l a t i o n s  
indicate   that   temperature   differences  between 0 and H i n   excess   o f  100°K 
could  be  expected  to  occur  (Banks,  1967).  Since H is a minor ion  below  about 
800 km ( see  F igu re  1 - lb ) ,  t h i s  w i l l  c ause  no  d i f f i cu l ty  fo r  s tud ie s  below t h a t  
a l t i t u d e ;  and  even  above t h a t  a l t i t u d e  i t  may be of l i t t l e  consequence.  Since 
0 i s  predominant  between 200 km and 800 km, and  below 200 km the  ion  tempera- 
t u r e  is equal  t o  the neutral  temperature,  thermal nonequilibrium among ion  
spec ie s  i s  n e g l i g i b l e  f o r  a l t i t u d e s  bc .Low about 800 km (and  perhaps  above). 
+ + 
+ 
+ 
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No t h e o r e t i c a l  work  has  sugges ted  tha t  neut ra l  spec ies  in  the  ionosphere  may 
have   d i f fe r ing   tempera tures .   S imi la r ly ,   no   in format ion  is  a v a i l a b l e  t o  i n d i -  
cate tha t  f l ow ve loc i t i e s  o f  e i the r  i on  o r  neu t r a l  gases  migh t  be  s ign i f i -  
c a n t l y  d i f f e r e n t i a t e d  by species .   Therefore ,  i t  appea r s   t ha t   t he   t h ree - f lu id  
approximation is adequate  for  a wide  var ie ty  of  problems in  the  a l t i tude  range  
90 km t o  800 km f o r  a l l  geographic  locat ions.  
F ina l ly ,  t he  ques t ion  of the  present  s ta te  of development of multifluid 
formalism  must  be  considered.  Since  gases  interact  by  coll isions  ( leaving 
a s i d e  c o l l e c t i v e  phenomena of  plasmas f o r  t h e  p r e s e n t ) ,  t h e  i m p o r t a n t  m u l t i -  
f l u i d  e f f e c t s  are c o n t a i n e d  i n  t h e  c o l l i s i o n  terms. Different   temperatures  
mean d i f f e r e n t  t h e r m a l  v e l o c i t i e s ;  and s i n c e  c o l l i s i o n  c r o s s  s e c t i o n s  a r e  
func t ions  o f  t he  r e l a t ive  speed  of t h e  c o l l i d i n g  p a r t i c l e s  i n  g e n e r a l ,  a v e r a g e  
c o l l i s i o n  f r e q u e n c i e s  depend on the  temperatures  of   bo th   gases .   In tu i t ive ly ,  
i t  is  a p p a r e n t  t h a t  i f  t h e  r e l a t i v e  f l o w  v e l o c i t i e s  are comparable t o  o r  
l a rge r  t han  the  the rma l  ve loc i t i e s ,  t he  co l l i s ion  f r equenc ie s  w i l l  a l s o  b e  
a f fec ted .  In  the  ionosphere ,  ion  thermal  ve loc i t ies  are of  the  order  of  10 
t o   1 0  meters pe r   s econd .   Ion   d r i f t   ve loc i t i e s  of t h i s   o rde r   occu r   f r equen t ly  
a t  h i g h  l a t i t u d e s  d u e  t o  r e l a t i v e l y  l a r g e  e l e c t r o s t a t i c  f i e l d s ,  as discussed 
previously.  This  is why proper  t reatment  of  flow v e l o c i t i e s  i n  t h e  c o l l i s i o n  
terms is important in problems of high lati tude ionospheric dynamics.  
2 
3 
In  the  contex t  of  these  ideas ,  var ious  mul t i f lu id  formal i sms  can  be  
cons ide red  b r i e f ly ;  a more detai led examinat ion is de fe r r ed  to  Sec t ion  111. 
Chapman and Cowling (1970) present an extensive treatment of the kinetic 
theory  approach  to  gas  dynamics  in  the  single-fluid  approximation.  Their 
treatment of gas mixtures is based on devia t ions  of t he  ind iv idua l  spec ie s  
proper t ies   f rom  the   (g loba l )   p roper t ies   o f   the   mix ture  as a whole. S .  T. Wu 
(1969,  1970) t reats  gas  mixtures  in  a similar manner, bu t  i nc ludes  de t a i l ed  
c o n s i d e r a t i o n  o f  i n e l a s t i c  i n t e r a c t i o n s  between the gases and with the radia- 
t i o n  f i e l d ;  however, he includes no e x t e r n a l  f o r c e s  ( e . g . ,  e l e c t r o s t a t i c  and 
magne tos t a t i c   f i e lds ) .  Because  of t he   r e l a t ive ly   l oose   coup l ing  of t he   t h ree  
ionospheric  gases ,  more phys ica l  ins ight  is  t o  be gained by treating these 
gases  ind iv idua l ly ,  r a the r  t han  in  terms of g loba l  mix ture  proper t ies .  More- 
over ,  s ince  devia t ions  of t he  p rope r t i e s  of t h e  e l e c t r o n  and ion gases from 
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those of t h e  n e u t r a l  g a s  (which dominates the mixture, due to much l a r g e r  
number d e n s i t i e s )  may be  qui te  la rge ,  the  g loba l  approach  is l i k e l y  t o  b e  
e i ther  inef f ic ien t  or  mathemat ica l ly  t roublesome.  
More appropr ia te  for  the  ionosphere  is t h e  work  by Burgers  (1969). H e  
cons ide r s  exp l i c i t l y  mix tu res  o f  gases  wi th  a rb i t r a r i l y  d i f f e ren t  t empera tu res  
and  flow v e l o c i t i e s .  However, h i s  t r ea tmen t  o f  co l l i s ion  terms €or  the  case  
of a r b i t r a r y  flow v e l o c i t i e s  is l i m i t e d  t o  a few examples (hard sphere, Coulomb, 
and Maxwellian-molecule interactions) which only partially satisfy the require- 
ments  of  ionosphere  studies.  Moreover,  since  Burgers'  (1969)  study treats 
higher  order  approximations extensively,  his  framework (and notation) i s  more 
genera l  and  complicated  than i s  necessary   for   ionospher ic   appl ica t ions .   This  
makes i t  cumbersome t o  u s e  and d i f f i c u l t  t o  e x t e n d  t o  o t h e r  i n t e r a c t i o n s  of 
i n t e r e s t .  T h i s  l a t t e r  objection  has  been  remedied somewhat by  Banks and 
Kockarts  (1973), who t ake  appropr i a t e  r e su l t s  ( conse rva t ion  equa t ions )  from 
Burgers  (1969)  and  present them i n  a more t ransparent   no ta t ion .  The d i f f i c u l t y  
here  i s  tha t  on ly  the  results are presented,  s o  tha t  the  mathemat ica l  o r ig in  
of par t s  of the  equations  remains somewhat o b s c u r e .  I n  p a r t i c u l a r ,  t h e  c o l l i -  
s i o n  terms are presented  wi th  insuf f ic ien t  formal i sm to  permi t  ex tens ion  of 
the resu l t s  t o  o t h e r  i n t e r a c t i o n s  of i o n o s p h e r i c   i n t e r e s t .   I n   a d d i t i o n   t o  
these ,  s epa ra t e  t r ea tmen t s  of t h e  c o l l i s i o n  terms alone have appeared in the 
l i t e r a t u r e ,  t o  be  d i scussed  in  de t a i l  i n  Sec t ion  111; but none  have  extended 
r e s u l t s  beyond those  presented by  Burgers  (1969).  Thus,  there appears t o  be a 
need f o r  a more thorough development  of  the col l is ion terms.for  the mult i f luid 
case ,  w i th  ex tens ion  to  add i t iona l  i n t e rac t ions  o f  i onosphe r i c  i n t e re s t .  
Conclusions which may be drawn from the considerations above are as 
follows:  the  three-fluid  approximation is needed f o r  and appl icable   to   iono-  
spher ic  problems,  par t icu lar ly  a t  h i g h  l a t i t u d e s ;  and present formulations 
need f u r t h e r  work on t h e  c o l l i s i o n  terms. The f i r s t  o b j e c t i v e  of t h i s  s tudy  
is then to  develop the formal  framework  of the  conserva t ion  equat ions  in  t h e  
three-Eluid approximation, s u i t a b l e  for application to ionospheric problems a t  
a l l  l a t i t u d e s  and  90 km to  800 km i n  a l t i t u d e  ( E  region and lower and middle I.' 
region) .  The second objc.(.L:ivc is  L o  LISC t h i s  framework i n  Lhe inves t iga t ion  
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of a problem of  current  interest  in  ionospheric  dynamics a t  h i g h  l a t i t u d e s .  
In the formal development of the conservation equations the treatment i s  
necessa r i ly  uneven ,  s ince  pa r t s  are cove red  in  many texts,  while  others  have 
been l i t t l e  discussed.  To ensure  completeness   and  consis tency,   s teps   of   the  
more f a m i l i a r  p a r t s  are a t  least out l ined;  detai led mathematics  is reserved 
f o r  t h o s e  areas invo lv ing  o r ig ina l  fo rmula t ions  o r  r e su l t s .  
The approach taken is t o  s tar t  with the Boltzmann equation for each 
species  and,  fol lowing procedures  noted previously,  to  develop the general  
t ranspor t   equa t ion .   This  i s  then   used   to   ob ta in   spec ies   conserva t ion   equat ions  
f o r  number densi ty ,   f low  veloci ty ,   and  energy.   These  s teps  are presented 
b r i e f l y  i n  S e c t i o n  11, a long  wi th  an  in t roduct ion  of  the  nota t ion  and phys ica l  
ideas  associated with the mathematics .  
Detai led t reatment  of t h e  c o l l i s i o n  terms i s  r e se rved  fo r  Sec t ion  111. 
Emphasis i s  placed on th i s  t rea tment  because  an  or ig ina l  formal i sm is developed 
which allows more p h y s i c a l  i n s i g h t  i n t o  t h e  e n e r g y  t r a n s f e r  p r o c e s s  when gases  
move through one another with a l a r g e  r e l a t i v e  v e l o c i t y ,  a condi t ion  f requent ly  
occurr ing  a t  h i g h  l a t i t u d e s .  The Appendix is a log ica l  ex tens ion  of Sec t ion  
111. Included  there  are p r o o f s  t h a t  t h e  c o l l i s i o n  terms reduce  to   accepted 
expres s ions  in  the  limit o f  ze ro  r e l a t ive  f low ve loc i ty ,  and a n a l y t i c  c a l c u l a -  
t i ons  o f  co l l i s ion  f r equenc ie s  fo r  a s u f f i c i e n t  v a r i e t y  o f  i n t e r a c t i o n s  t h a t  
most ionospheric  requirements  should  be m e t .  Because  these  calculat ions are 
de ta i l ed ,  ex tens ive ,  a n d  t e n d  t o  d i v e r t  a t t e n t i o n  from t h e  p r i n c i p a l  o b j e c t i v e  
(formulat ion of  the conservat ion equat ions) ,  they are r e l e g a t e d  t o  t h e  Appendix. 
Formal  development  of the  spec ies  conserva t ion  equat ions  is completed 
w i t h  t h e  c o l l i s i o n  term treatment  i n  Sec t ion  111. It is the  task  of  Sec t ion  
I V  to  tu rn  these  formal  equat ions  in to  working  equat ions ,  appl icable  to  the  E 
and F regions  of  the  ionosphere.  Here the  three-f luid  approximation is  app l i ed  
t o  o b t a i n  t h r e e  sets of conservat ion  equat ions.  Through conservat ive  order-  
of-magnitude estimates, a s y s t e m  of working equations of g e n e r a l  a p p l i c a b i l i t y  
to  ionospheric  problems is obtained.   Nonelast ic   and  external   source- loss  
processes ,  w h i c h  are  excluded from the formalism, but which nevertheless 
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s i g n i f i c a n t l y  a f f e c t  t h e  c o n s e r v a t i o n  e q u a t i o n s ,  are a l s o  examined b r i e f l y .  
The r e s u l t s  o f  S e c t i o n  I V  r e p r e s e n t  t h e  s t a r t i n g  p o i n t s  f o r  p r a c t i c a l  p r o b l e m s  
i n  t h e  s e n s e  t h a t  a l l  approximations of genera l  va l id i ty  have  been  made. 
Fur ther  modi f ica t ions  w i l l  depend on the  condi t ions  of  any  par t icu lar  problem.  
I n  S e c t i o n  V, t r a n s p o r t  p r o p e r t i e s  of the gases  i n  the ionosphere are 
d i s c u s s e d  b r i e f l y  i n  o r d e r  t o  p r o v i d e  a means f o r  remedying the closure problem 
of  the set of  conservation  equations.  It i s  c h a r a c t e r i s t i c  o f  any set  of 
equat ions formed by taking veloci ty  moments of the Boltzmann equa t ion  tha t  a 
h ighe r  ve loc i ty  moment is in t roduced  tha t  i s  not determined by t h e  ( f i n i t e )  
set of equat ions  (T.-Y. Wu, 1966). Through the   u se   o f   t r anspor t   coe f f i c i en t s  
( ca l cu la t ed  o r  expe r imen ta l ) ,  t hese  h ighe r  o rde r  moments can be related t o  
lower  order moments, pe rmi t t i ng  c losu re  of t he  set  of equat ions.  They can 
a l s o  b e  u s e d  i n  s i m p l i f i e d  model s t u d i e s  t o  examine some e f f e c t s  of t r anspor t  
w i thou t  so lv ing  the  en t i r e  s e t  of v e l o c i t y  moment equat ions (e .g . ,  Schunk  and 
Walker,  1971).  Emphasis  here i s  placed on e l ec t ron   t r anspor t   p rope r t i e s ,   bo th  
because  e l ec t rons  a re  much more mobi le  than  o ther  gas  par t ic les  due  to  the i r  
small mass and  because  an  adequate  treatment is r ead i ly  ava i l ab le .  Mathemati- 
ca l  d e t a i l  is r e s t r i c t ed  p r imar i ly  to  tha t  necessa ry  to  use  r e su l t s  f rom the  
l i terature .  T h e  main except ion i s  the  de r iva t ion  of an o r i g i n a l  method f o r  
approximating t h e  energy dependence of coll ision frequencies by a power law i n  
v e l o c i t y ,  t h u s  making ava i lab le  for  a rb i t ra ry  ve loc i ty  dependence  the  rela- 
t i v e l y  s i m p l e  t r a l l s p o r t   c o e f f i c i e n t   r e s u l t s   o f   t h e  power l a w  case .   Expl ic i t  
ana ly t i c  expres s ions  f o r  co l l i s ion  f r equenc ie s ,  some obtained from the l i tera-  
t u r e  and some from the  p re sen t  i nves t iga t ion ,  are in t roduced  a t  t h i s  po in t  
s ince  they  art! basic to the t r anspor t  p rope r t i e s .  
A problem of contemporary interest  is examined i n  S e c t i o n  V I ,  making 
p a r t i a l  u s e  of  the  mathematical   apparatus   developed  in  earlier sec t ions .  This  
is an  inves t iga t ion  o f  t he  a l t i t ude  s t ruc tu re  o f  au ro ra l  E r eg ion  neu t r a l  
winds  and some of the  consequences  of  th i s  s t ruc ture  for  incoherent  scatter 
radar   observat ions.   Since  the  pr imary  calculat ion is based on observa t iona l  
da t a  at ;I s i n g l e  loca t ion  as ;I func t ion  of time, seve re  l imi t a t ions  are placed 
on t h e  spatial i n l o r m a t i o n  a v a i l a b l e .  - T h i s  r e s u l t s  i n  a considerably s impli-  
f i e d  c a l c u l a t i o n  f o r  a problem which i s  not  necessar i ly  suscept ib le  to  such  
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simplification. The use of theory,  observation, and calculation together, 
however, makes it pbssible to obtain ,estimates of some elements  left  out  of 
the calculation by necessity. A summation is presented in Section VII. 
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Section II 
KINETIC DESCRIPTION OF GOVERNING EQUATIONS 
2.1 GENERAL FORM OF THE TRANSPORT EQUATION 
Inves t iga t ions  of t r anspor t  phenomena based on a p a r t i c l e  d e s c r i p t i o n  of 
gases  genera l ly  begin  wi th  the  Boltzmann equat ion .  S ince  the  der iva t ion  of 
t he  Boltzmann equation i s  d i s c u s s e d  i n  d e t a i l  i n  many texts on k ine t i c  t heo ry ,  
i t  is ske tched  only  br ie f ly  here .  A t  time t ,  the  number.  of par t ic les  i n  a 
volume element drdw of s ix  dimensional  phase space located a t  r ,  w. is given by 
f ( r ,  w ,  t)drdw, where f ( r ,  w ,  t )  is t h e  d i s t r i b u t i o n  f u n c t i o n  of the gas .  
Suppose each gas  par t ic le  is s u b j e c t  t o  a n  e x t e r n a l  f o r c e  F and  no c o l l i s i o n s  
between p a r t i c l e s  o c c u r .  Then a t  t i m e  t + b t ,  p a r t i c l e s  p r e v i o u s l y  a t  r ,  w 
a t  time t w i l l  be  located a t  r + w 6 t ,  w + (F/m) A t ,  where m is t h e  p a r t i c l e  
mass. Due t o  c o l l i s i o n s ,  however,  not a l l  particles a t  r ,  w a t  time t w i l l  
a r r i v e  a t  r + w 6 t ,  w + (F/m) 6 t  a t  t i m e  t + 6 t .  L ikewise , ,  due  to  co l l i s ions ,  
not a l l  p a r t i c l e s  a t  r + w A t ,  and w + (F/m) 6 t  a t  t i m e  t + 6 t  o r ig ina ted  a t  
r ,  w a t  t i m e  t. T h i s  c o l l i s i o n a l  e f f e c t  is expressed in  the fol lowing 
equat ion : 
. .  
+ +  + +  
- + +  + +  + +  
+ 
+ +  
+ - +  -+ + 
+ +  
+ - +  + + 
+ +  -+ + 
+ - +  
+ 
[f(; + w' 6 t ,  w + - 6 t ,  t + 6 t )  - f ( r ,  w ,  t ) ]drdw + F  + - +  + - +  m 
= (E) d:dz 6 t .  
C 
Dividing through by  drdw 6 t ,  expanding the first term t o  first o r d e r  i n  6 t ,  
and tak ing  the  limit as 6 t  -+ 0 r e s u l t s  i n  t h e  Boltzmann equat ion:  
+ +  
The r i g h t  s i d e  w i l l  b e  t r e a t e d  e x p l i c i t l y  l a te r ;  f o r  t h e  p r e s e n t  i t  simply 
denotes  the t i m e  ra te  of  change of t h e  d i s t r i b u t i o n  f u n c t i o n  d u e  t o  c o l l i s i o n s .  
I f  t h e r e  is a mixture of gases, each species has a d i s t r i b u t i o n  f u n c t i o n  
governed  by  equation (2-2). For  the species r t h i s  is w r i t t e n  
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- 3  a f r  +; Vf + -  r a t  r r m  r 'w f r  =(>) C Y 
where t h e  c o l l i s i o n  term now i n c l u d e s  c o l l i s i o n s  w i t h  o t h e r  s p e c i e s  i n  a d d i -  
t i o n  t o  s e l f  c o l l i s i o n s .  The d i s t r i b u t i o n  f u n c t i o n  is taken  to  be  normal ized  
such  tha t  - the  number dens i ty  of  spec ies  r a t  the  loca t ion  r is given by 
+ 
where the  in t eg ra t ion  ex tends  ove r  a l l  v e l o c i t y  s p a c e .  I n  t h i s  d e f i n i t i o n ,  i t  
is  assumed t h a t  f van i shes   fo r   i n f in i t e   ve loc i t i e s .   Conven t iona l ly ,   equa t io r  
(2 -4 )  is c a l l e d  t h e  z e r o t h  ( v e l o c i t y )  moment of t h e  d i s t r i b u t i o n  f u n c t i o n .  
r 
The v e l o c i t y  wr d e n o t e s  t h e  t o t a l  v e l o c i t y  of an  r -par t ic le  wi th  respec t  
+ 
t o  some f ixed  ( laboratory)   reference  f rame.  It is  conven ien t   t o   de f ine   a l so  
the  spec ies  random ( thermal)  veloci ty  by 
-+ 
c : w  - v  
+ + 
r r r '  
where v is the  average  ve loc i ty  (also r e f e r r e d  t o  as t h e  d r i f t  o r  f l o w  v e l -  
oc i ty )  of spec ie s  r. I n  t h e  l i t e r a t u r e  random o r  t h e r m a l  v e l o c i t i e s  are 
f requent ly  def ined  wi th  respec t  to  the  mass average  ve loc i ty  of  the  en t i re  
f luid.   That  i s  convenient when the  spec ies  f low ve loc i t ies  of  a l l  spec ie s  are 
c l o s e  t o  one  another. However, i n  t he  ionosphe re  spec ie s  f low ve loc i t i e s  may 
d i f f e r  s i g n i f i c a n t l y  from  one  another. A more cons i s t en t  and phys ica l ly  more 
t ransparent  t rea tment  is poss ib l e  i f  the  parameters for  each  spec ies  are 
d e f i n e d  i n  t h e i r  own reference frames. 
-+ 
r 
The species  average value of some p a r t i c l e  p r o p e r t y  8 i s  de f ined  to  be  r 
I n  p a r t i c u l a r  
+ + v E a >  = r r 
It then follows from 
n I Gr f r  dGr - 
r 
equat ions (2-5) and (2-7) t h a t  
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<c> = <w> - v = 0 . + . +  r r r (2-8) 
A t r anspor t  equa t ion  fo r  t he  p rope r ty  e is obtained by mult iplying both s ides  
of equation (2-3)  by e r  and in t eg ra t ing  ove r  a l l  ve loc i ty  space :  
r 
+ 
dGr + I o r  wr Vfr dzr + I er  Fr 
r 
-+ -+ - - Vw f r  dwr 
= 1 0  r (5) a t  d; r . 
I t ‘ is  assumed t h a t  t h e  i n t e g r a n d s  are well-behaved and vanish as v e l o c i t i e s  
become i n f i n i t e .  
For macroscopic analysis,  a more convenient form for equation (2-9) can 
be  obtained  by  considering  each term i n d i v i d u a l l y .  I f  9 i s  assumed t o  have 
no expl ic i t  dependence on p o s i t i o n  o r  time, then  s ince  time and ve loc i ty  are 
independen t  coord ina te s ,  t he  f i r s t  term i n  e q u a t i o n  (2-9) may be wr i t t en  
r 
(2-10) 
from  equation  (2-6). The second term can  be  t rea ted  in  a similar manner: 
+ I e r  wr - Vfr dwr = v e r  wr f dw F v + + + (nr -4 . (2-11) r r  
The t h i r d  term i n  (2-9) can be integrated by par ts  to  ob ta in  
n 
m 
”- 
r 
r 
- < v - e r  $>r , 
W 
where  the f i r s t  e q u a l i t y  f o l l o w s  from  the  assumption  that f vanishes on the 
i n f i n i t e   v e l o c i t y   s u r f a c e .  For veloci ty- independent   forces  
r 
But t h i s  equa t ion  a l so  ho lds  fo r  ve loc i ty  dependen t  fo rces  which are perpen- 
d i c u l a r  t o  t h e  v e l o c i t y  ( e . g .  qw x B/c).   Since a l l  velocity-dependent  external 
+ +  
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f o r c e s  t o  b e  t r e a t e d  i n  t h i s  work are of 
u s e d ,  w i t h  t h e  r e s u l t  
t h i s  na tu re ,  equa t ion  (2-12) may b e  
vw e>r  . 
a - (n  <e>r) + v (nr <e  w > ~ )  - - a t  r ,  <$ vw e > r  r 
n 
m 
-+ 
= I e r  (2) dzr . 
C 
(2-13) 
(2- 14) 
This  equat ion (or  ones very s imilar)  is v a r i o u s l y  r e f e r r e d  t o  i n  t h e  l i tera- 
t u r e  as Maxwell's t ransport  equat ion (Sut ton and Sherman, 1965) ,  equat ion of 
change of molecular properties (Chapman and Cowling, 1970), or transfer equa- 
t ion (Burgers  , 1969). 
In  i t s  present  form the  t ranspor t  equat ion  is q u i t e  g e n e r a l  ( e x c e p t  f o r  
i n e l a s t i c  e f f e c t s )  and no improvement over the Boltzmann equation i n  terms of 
computa t iona l  requi rements ,  s ince  the  d is t r ibu t ion  func t ion  must f i r s t  b e  
known be fo re  the  ave rage  quan t i t i e s  i n  equa t ion  (2-14) can  be  determined. The 
purpose of t h i s  fo rmula t ion  is t o  e s t a b l i s h  a bridge between the microscopic 
p rope r t i e s  of the gas,  which can be inferred from theory and specialized experi-  
ments,  and the macroscopic properties,  which are observed under more genera l  
condi t ions.  
2.2 SPECIES CONSERVATION  EQUATIONS FOR MULTICOMPONENT GASES 
Conservation equations are obtained by s e l e c t i n g  f o r  u s e  i n  t h e  g e n e r a l  
t r a n s p o r t  e q u a t i o n , ' t h o s e  p a r t i c l e  p r o p e r t i e s  which are c o n s e r v e d  i n  c o l l i s i o n s .  
I n  p a r t i c u l a r ,  mass, momentum, and energy are the  conse rved  quan t i t i e s  of 
i n t e r e s t  h e r e .  The ob jec t  i s  to   obtain  equat ions  governing  the  macroscopic  
observables of the gas,  i .e.  , number densi ty ,  f low veloci ty  and temperature .  
I n  t h i s  s e c t i o n  o n l y  terms on t h e  l e f t  s i d e  of  the  t ranspor t  equat ion  (2-14) 
a r e  t r e a t e d  i n  d e t a i l ;  t r e a t m e n t  of t h e  r i g h t  s i d e  ( c o l l i s i o n  t e r m s )  is defer-  
red  to  the  next  sec t ion .  
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2.2.1 Conservation of Mass (0, = m,) 
Since m i s  simply a cons tan t  quant i ty ,  equa t ion  (2-14) can be w r i t t e n  r 
down immediately for  e r  = m : r 
an r m -  r a t  + mr v nr vr = m I (2) dzr, -+ r 
C 
(2-15) 
.where  equation (2-7) was used. The common f a c t o r  m can  be  cancel led  out  
un le s s  i t  is  d e s i r e d   t o  work i n  terms of mass dens i ty .  ,If . t h e   r i g h t   s i d e  of \ 
equat ion  (2-15) is denoted by i r ,  th i s  equa t ion  can  be  r ewr i t t en  
r 
2.2.2 Conservation of Momentum (0, = m, 3,) 
-+ 
With e r  = m w equat ion  (2-14) becomes r r '  
= m r 1 Gr (2) dGr ?!r , 
C 
(2-16) 
(2-17) 
where 3 r e p r e s e n t s  t h e  t o t a l  momentum t r a n s f e r r e d  t o  t h e  s p e c i e s  r through 
co l l i s ions .   In   t he   s econd  term, the   t enso r  <w w> can  be  expanded,  using 
equat ions  (2-5) , (2-7) , and  (2-8): 
r + - +  
r 
- + +  + +  + -+ <w w >  = <c  c> + <w> <w> . r r r r (2- 18) 
In  keep ing  wi th  the  method of  def ining al l  macroscopic  parameters  for  each 
spec ies  in  the  spec ies  f rame of  re ference ,  the  spec ies  pressure  tensor  i s  
defined by 
- 
Pr  <' " r r  r
- + +  ( 2- 19) 
and the species  temperature  by 
n k T  : - n  m < c >  - r r 3 r r  r 
1 2  Pr Y (2-20) 
where p is the  scalar p res su re  of spec ie s  r. Equation  (2-20) is seen t o  be 
the  pe r fec t  gas  l a w  ( f o r  s p e c i e s  r )  and  comparison  with  (2-19)  shows t h a t  t h e  
r 
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scalar pressure  is t h e  mean value of the diagonal elements of t h e  p r e s s u r e  
tensor .  These def ini t ions correspond to  values  which would be measured by 
appropr i a t e  gauges  sens i t i ve  on ly  to  the  spec ie s  r and d r i f t i n g  w i t h  t h e  
s p e c i e s  r a t  a v e l o c i t y  v Equation (2-18) can now be writ ten + r* 
- 
+ +  <w w> = - Pr  -f -+ r n m  + v  r vr 9 r r  
(2-21) 
where  equation (2-7) is used. The second term i n  (2-17) may then  be  wr i t t en  
where t h e  last  two terms follow from Chapman 
V)vr + vr 0 (nr vr) 3 , (2-22) 
and  Cowling  (1970,  p. 19 ) .  
+ +  + 
The t h i r d  term of equation (2-17) fo l lows  d i rec t ly  f rom a s tandard vector  
i d e n t i t y   t o   b e  
With t h e s e  r e s u l t s  e q u a t i o n  (2-17) may be  r ewr i t t en  as 
(2-23) 
2.2.3 Conservation of Energy (0, = 'h mr w:1 
I n  t h e  l i t e r a t u r e  t h e  t h e r m a l  e n e r g y  moment (1 /2  m c ) is more f re -  
quent ly  used in  obtaining an energy equat ion than is t h e  t o t a l  k i n e t i c  e n e r g y  
moment (1/2 m w ) used   here .   S ince   in   those   t rea tments ,   d r i f t   ve loc i t ies  
are genera l ly  small compared wi th  the rma l  ve loc i t i e s ,  t he  p rac t i ca l  conse -  
quences of t h i s  d i s t i n c t i o n  are negl igible .   In   the  ionosphere,   however ,  flow 
ve loc i t i e s  o f  i ons  and n e u t r a l  p a r t i c l e s  c a n  a t t a i n  m a g n i t u d e s  o f  t h e  same 
order  as the rma l  ve loc i t i e s .  It is therefore   impor tan t  t o  t r ea t  t he  ene rgy  
cont r ibu t ion  of both flow and thermal components. 
2 
r 
2 
r r  
For er = 112 m w r 2 ,  equat ion (2-14)  becomes 
r 
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( 2- 24) 
where Er r ep resen t s  t he  rate a t  which energy is t r a n s f e r r e d  t o  t he  spec ie s  r 
by coll ' isions with other,  species.  Again,  a more usable form is obtained from 
a term by term examination. 
I n  t h e  f i r s t  term t h e  t i m e  der ivat ive can be expanded:  
rn 
l a  2 1 2 anr 1 a<& 5 m r % ( n r < w  > )  = - m < w  > - + - m  n - r r 2 r  r a t  2 r r  a t '  (2-25) 
Although, as an  independent  coordinate,  w (and  hence w ') is independent of t ,  
t h i s  is n o t  t r u e  f o r  <w > due t o  t h e  time dependence o f .  t h e  d i s t r i b u t i o n  
function  over  which w is averaged. From equations  (2-S), (2-7), and  (2-8) 
2 r r 
r '  
r 
< w >  = < c  > + v  2 2 2 r r '  (2-  26) 
s i n c e  t h e  c r o s s  term vanishes .  With the def ini t ion of species  temperature ,  
equat ion (2-20), equat ion (2-26) can  be  wr i t t en  
2 3 k Tr 
r m r r 
2 < w >  =- + v  . (2-27) 
This is equiva len t  to  the  s ta tement  tha t  average  to ta l  k ine t ic  energy  is the  
sum of the average thermal energy and the average flow energy. Equation 
(2-25) now becomes 
"m l a  2 r a t  - ( n < w > ) = b k T r + - m  r 2 r 12 r r  
a' 
+ n  m v 0 -  
+ 
r r r  a t  
- anr 3 aTr + - n  k- a t  2 r a t  
(2- 28) 
I n  t r e a t i n g  the second term of eqllcltion ( 2 - 2 4 ) ,  i t  is convenient t o  expand 
f i r s t  the averaged  veloci ty   expression.  Making use of equations  (2-5).  (2-7). 
and (2-8) y i e l d s  
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= <c2 :> + 2Gr <c c> + <c > v + v sr . + - +  2 - t  
r r r r  r (2-29) 
For spec ie s  r the  hea t  f l ux  vec to r  q is def ined as 
+ 
r 
represent ing  the  f low of thermal  energy.  With  this and previously  def ined 
q u a n t i t i e s ,  e q u a t i o n  (2-29) can be substi tuted into the second term of 
equat ion (2-241, g iv ing  
+ - m  V -  1 2 +  2 r  (nr  vr Vr> (2- 31) 
Most of t hese  terms can be expanded readily i n  v e c t o r  n o t a t i o n ;  however, 
the second term on t h e  r i g h t  is more easi ly  manipula ted  in  Car tes ian  tensor  
nota t ion .  Making use  of  the  convention of summing over  repeated  indexes  allows 
t h i s  term t o  b e  w r i t t e n  
(2-32) 
Af te r  Chapman and  Cowling  (1970, p. 1 6 ) ,  the double product of two second  rank 
tensors  is def ined as 
(2-33) 
Then, s i n c e  5 i s  a symmetric  tensor  (see  equation (2-19)), equat ion (2-32)  can 
be  wr i t ten  in  the  form 
- 
r 
+ - v (Vr p,) = v ( v  p )  +; :v vr . -+ - + r r r (2- 34) 
Using t h i s  r e s u l t  and expanding other terms in  equa t ion  (2-31) gives  
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- m v (nr <w w > ~ )  = V q, + vr 1 2 +  - + +  2 r  (V p,) + 5 :v v 
- - + 
, r r 
+ - n   k T r V * v   + - n   k v   - V T + 2 k T   v r * V n  3 + 3  -+ 3 + 2 r  r 2 r  r r r r 
1 2 +  -+ 3 
2 r r  r r r  + - m v  v vnr + nr m v [ ( t r  v)vr]  
+ - n  1 m v 2 v - v  . 2 r r r  r 
+ (2-35) 
It was previously noted that  the only veloci ty  dependence of F t o  be considered 
has  the form of a c r o s s  p r o d u c t  i n  v e l o c i t y ,  € o r  which t h e  s c a l a r  p r o d u c t  i n  
equation (2-36) vanishes .   Therefore ,   the   third term i n  equat ion (2-24) may be 
wr i t ten ,  us ing  equat ion  (2-7) , 
Combining r e s u l t s  from  equations (2-28) , (2-351,  and (2-37) Permits equa- 
t i on  (2-24) to  be  p l aced  in  the  fo l lowing  form: 
+ 
"n 3 k - aTr + n  m + v - - + [ + k T  a vr 
2 r a t  r r r a t  
+, v - qr -+ - " + (0 p r >  + pr:V v + - n k Tr V vr - + 3  -+ r r 2 r  
+ - n   r k ~ r - ~ T r + ~ k T   * V n   + - m   v 2 G   * V n  
+ m nr  vr [ (vr  v)vr]  + y nr mr vr2 v v 
- n  <&. . v = E ~  . r r r 
3 + 3 1 
r r  I: 2 r r  r r 
+ + + 1 + 
r r 
+ (2- 38) 
The energy equat ion in  t h i s  form is  r a t h e r  cumbersome;  and s ince Further  
modifications w i l l  be made subsequent ly ,  a d e t a i l e d  d e s c r i p t i o n  O F  the physical  
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s ign i f i cance  is defer red .  However, f o r  f u t u r e  r e f e r e n c e ,  a t t e n t i o n  is d i r e c t e d  
t o  t h e  f i n a l  term on t h e  l e f t  s i d e  of equat ion (2-38). This  represents  work 
done  on species r par t ic les  by e x t e r n a l  f o r c e s .  I n  t h e  i o n o s p h e r e ,  i f  F repre- 
s e n t s  a n  e l e c t r o s t a t i c  f i e l d ,  t h i s  term is ca l led  the  "Joule  hea t ing"  cont r i -  
bution  (Cole,  1962). A gene ra l i za t ion  of th i s  concept  w i l l  be   discussed when 
the conservat ion equat ions are p l a c e d  i n  f i n a l  form. 
2.2.4 Formal Modifications of the Conservation Equations 
Equations  (2-16),  (2-23) , and  (2-38), as a coupled set of  time-dependent 
p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  are inconvenient  to  use  in  ca lcu la t ions  because  
the  quan t i t i e s  of  i n t e r e s t  are coupled  in  the  t i m e  d e r i v a t i v e s  of the equa- 
t i ons .  A more workable  form i s  t o  have  the time d e r i v a t i v e  of  only  one of t h e  
macroscopic  variables n  v T i n  each  equation. Each equat ion  then  descr ibes  
the time evolu t ion  of a s ingle  observable ,  a l though coupl ing remains present  
i n  o t h e r  terms. F o r t u n a t e l y ,  o b t a i n i n g  t h i s  r e s u l t  is a s t ra ight forward   oper -  
a t i o n  , and t h e   r e s u l t s  are w e l l  w o r t h  t h e  e f f o r t .  
+ 
r '  r y  r 
Equation (2-16),  the continuity equation, already has the desired form. 
I t  is used t o  e l i m i n a t e  t h e  time derivat ive of  n from the  momentum equat ion r 
(2-23).  That time de r iva t ive  can  then  be  wr i t t en  
Subs t i t u t ion  of equat ion  (2-39) i n t o  (2-23) g ives  
-+ 
av r m n -  r r a t  
+ 
+ m r nr(vr  
where a l l  c o l l i s i o n  terms are 
-+ - 
v)vr + v pr - n <$> = P - -+ . - k ,  r r r P r  vr 9 (2-40)  
c o l l e c t e d  on t h e  r i g h t  s i d e .  
For the energy equation both equations (2-16) and (2-40)  are used t o  
e l imina te   t ime  der iva t ives  of n and v . After   cons iderable   a lgebra ,   equa t ion  
(2-38)  becomes 
-+ 
r r 
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3 aTr + 2- n k +- v VTr + -V + qr + Fr:V - + vr 
(2-41) 
This  represents  a s u b s t a n t i a l  s i m p l i f i c a t i o n  i n  t h e  form of the energy equa- 
t ion .  One consequence  of  th i s  s impl i f ica t ion  is the  absence  of  an  external 
fo rce  term, which f o r  a n  e l e c t r o s t a t i c  f o r c e  w a s  termed the "Joule heating" 
t e r m  i n  the  p rev ious  sec t ion .  It w i l l  b e  s e e n  i n  t h e  f o l l o w i n g  s e c t i o r t h a t  
t h i s  c o n t r i b u t i o n  i s  c o n t a i n e d  i m p l i c i t l y  i n  t h e  c o l l i s i o n  terms, where i t  
phys ica l ly  be longs .  
S i n c e  t h e  l e f t  s i d e s  of the conservat ion equat ions are now i n  f i n a l  
(and simplest)  form, the physical meaning of t he  terms can be examined b r i e f l y .  
Examination  of  the  coll ision terms is d e f e r r e d  u n t i l  t h e  n e x t  s e c t i o n .  I n  t h e  
con t inu i ty  equa t ion  (2 -16) ,  t he  f i r s t  term r e p r e s e n t s  t h e  e x p l i c i t  time rate 
of  change  of n while  the  second  represents  the  net   change  in n due t o  more 
o r  less r-particles f lowing  in to  a small volume than out .  
r '  r 
I n  t h e  momentum equa t ion  (2 -40) ,  t he  f i r s t  t e r m  g i v e s  t h e  e x p l i c i t  t i m e  
rate of  change  of momentum of  species  r p a r t i c l e s .  The second term is the  
nonl inear  term which gives the change of momentum of p a r t i c l e s  i n  a small c e l l  
f lowing with the species  r p a r t i c l e s  a t  v e l o c i t y  v due t o  t h e  v a r i a t i o n  of v r r 
in  space .  The t h i r d  term gives  change in  momentum due t o  i n t e r n a l  f o r c e s  
wi th in  species r ,  t h a t  i s ,  pressure  and  viscous  forces .   Final ly ,   the   fourth 
term gives  momentum changes due t o  e x t e r n a l  f o r c e s ,  e x c l u d i n g  c o l l i s i o n  ( f r i c -  
t ional)  forces  which are t r e a t e d  e x p l i c i t l y .  
+ -+ 
The energy equation (2-41) is seen now to involve only thermal  or  random 
energy. A l l  d i rected  (mechanical)   energy  contr ibut ions may be  recovered  from 
t h e  momentum equation which governs directed motion. The f i r s t  term i n  equa- 
t i o n  (2-41) g i v e s  t h e  e x p l i c i t  time rate of change of temperature while the 
second gives the temperature change of a c e l l  moving a t  veloci ty  vr  due to  
spa t ia l  d i f f e rences  i n  temperature. N e t  changes in  thermal  energy  due  to  more 
o r  less thermal  energy f lowing into a small volume than out are given by the  
+ 
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third  term.  The  fourth  term  gives  the  thermal  energy  of  viscous  dissipation, 
that is, the  randomizing  effect of collis&ons  of  r  particles  among  themselves 
when  the  drift  velocity  v  varies  in  space. 
-t 
r 
The  net  effect  of  the  mathematical  manipulations  in  this  section  has  been 
the  transformation  from  microscopic  to  macroscopic  variables.  The  resulting 
equations  separately  describe  the  time  evolution  of  number  density,  directed 
motion,  and  random  motion,  while  remaining  closely  coupled.  Although  the 
physical  situation  has  been  improved  in  the  sense  that  the  equations  can  be 
interpreted  in  terms  of  physically  measurable  quantities,  the  mathematical 
problem  is  no  less  complicated.  The  terms  treated  to  this  point  involve  only 
the  averaged  interactions  of  species  r  particles  with  themselves  and  with 
external  force  fields.  Interactions  with  other  species  is  the  object  of  the 
next  section. 
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Section 1 1 1  
FORMAL fRANSFER INTEGRALS 
3.1 GENERAL FORM OF THE TRANSFER INTEGRAL 
T h e  t r a n s f e r  i n t e g r a l s  t o  b e  t r e a t e d  are those obtained from the r ight  
s i d e  of equat ion (2-14) when mass, momentum, and k ine t ic  energy  are succes- 
s i v e l y  s u b s t i t u t e d  f o r  Br .  I n i t i a l l y ,  however,   the  form  of  the  transfer 
i n t e g r a l   f o r   a r b i t r a r y  0 is determined.   For   this   an  expression  for   (afr /a t )c ,  
t h e  c o l l i s i o n  i n t e g r a l ,  is required.   In   the  s tandard  formulat ion of the  
c o l l i s i o n  i n t e g r a l ,  o n l y  e las t ic  c o l l i s i o n s  are considered, and p a r t i c l e  
p o t e n t i a l s  are assumed t o  b e  s p h e r i c a l l y  symmetric and of s u f f i c i e n t l y  s h o r t  
range that  only binary col l is ions need be considered.  This  l a t t e r  assumption 
is t o o  r e s t r i c t i v e  t o  i n c l u d e  Coulomb c o l l i s i o n s .  However, for   e lec t ron- ion  
co l l i s ions  use  o f  t he  Boltzmann equation has been found to give the same 
resu l t s  as the Fokker-Planck equation, which treats many simultaneous but 
independent  coll isions  (cf  Shkarofsky, e t  a l . ,  1966 or  Burgers,  1969). So f o r  
convenience,  the Boltzmann c o l l i s i o n  i n t e g r a l  w i l l  a l s o  b e  used fo r  e l ec t ron -  
ion  co l l i s ions .  
r 
With these  assumpt ions ,  the  co l l i s ion  term i n  t h e  Boltzmann equat ion (2-  
2 )  f o r  species r is given by 
where f = d i s t r i b u t i o n   f u n c t i o n   f o r   s p e c i e s  r,s 
r 9s 
r ,s 
+ 
W = t o t a l  v e l o c i t y  of spec ie s  r ,s  p a r t i c l e  b e f o r e  c o l l i s i o n  
G 1 = t o t a l  v e l o c i t y  of  species  r,s p a r t i c l e  a f t e r  c o l l i s i o n  
g Iws - w r (  = r e l a t ive   speed  
r 9s 
-+ + 
b = impact parameter 
9 = aximuthal angle.  
The  summation extends over  a l l  spec ie s  and the range of integration over a l l  
w -space. A schemat ic  d iagram of  the  co l l i s ion  process  is g iven  in  F igure  3-1. 
-f 
S 
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Figure 3-1. GEOMETRY FOR ELASTIC  SCATTERING 
3- 2 
The der ivat ion of  equat ion (3-1) is p r e s e n t e d  i n  many books  (eg. Chapman and 
Cowling, 1970; Sutton and Sherman, 1965; Huang, 1963) and is not  repeated 
here.   For  notational  convenience,   only  coll isions  between  species r and 
spec ie s  s are cons idered  for  most of t h i s  s e c t i o n ;  a p p r o p r i a t e  summations are 
r e i n s t a t e d  as needed. 
When equat ion  (3-1) is s u b s t i t u t e d  i n  t h e  r i g h t  s i d e  of equation (2-14), 
t h e  t r a n s f e r  i n t e g r a l  h a s  t h e  form 
f e r  (2) dGr = l e r  [ f i f :  - f r f s ]g  bdbd4  dzs f r ,  
C 
(3-2) 
where f '   f ( w ' ) .  By means of  symmetry  arguments, Chapman and  Cowling (1970, 
Chapter 3) show that an equivalent form of equation (3-2) is  
/Or(>)c dGr = 1 (0; - e r )  f r f sg  bdb d$dGr  dws, -+ (3- 3) 
where 8 '  cor re sponds  to  pos t - co l l i s ion  va lues  o f  t he  p rope r ty  Br. This is the  
form of t h e  t r a n s f e r  i n t e g r a l  on which subsequent calculations are based. 
r 
3.2 SPECIFIC TRANSFER INTEGRALS 
A t  t h i s  p o i n t ,  i t  is he lp fu l  t o  de f ine  ca re fu l ly  the  p l a sma  sys t em to  be  
encompassed  by the  model being  developed. The ionospheric  plasma of i n t e r e s t  
i s  the thermal plasma, i .e. the  low energy plasma with generally random 
v e l o c i t i e s .  Plasma par t ic les  in  th i s  ca t egory  have  ene rg ie s  52eV, with  pre- 
dominantly Maxwellian d i s t r i b u t i o n s  c h a r a c t e r i z e d  by temperatures of a few 
hundred t o  a few thousand  degrees  Kelvin.   This  dist inction is important 
because occupying the same space may be  charged  par t ic les  wi th  energ ies  of  
order  l O e V  (photoelectrons) ,  of  order  1-10 K e V  ( a u r o r a l  p a r t i c l e s )  and of 
order 100 K e V  - 10 MeV ( t rapped  rad ia t ion) .  In  genera l ,  number d e n s i t i e s  of 
these  h igher  energy  par t ic les  are orders of magnitude smaller than  tha t  of the 
t-hermal particles in  the  ionosphe re ;  and they do not have the approximately 
Maxwellian v e l o c i t y  d i s t r i b u t i o n  a s s o c i a t e d  w i t h  t h e  t h e r m a l  p a r t i c l e s .  
Because of t h e s e  s u b s t a n t i a l l y  d i f f e r e n t  p r o p e r t i e s ,  i t  is convenient  and 
p1ausibJ.e t o  [reat  the higher  cmergy p a r t i c l e s  as sepa ra t e  enti t ies a n d ,  i n  
fact ,  t o  cons ide r  them a s  c x t e r n a l  t o  the system b e i n g  treated.  Although a 
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s t r i c t l y  c o n s i s t e n t ,  c o m p l e t e  treatment of the problem would r equ i r e  inc lus ion  
of a l l  such elements i n  the  sys tem (e. g. S.T.Wu, 1970) ,  cons iderable  ~uccess  
in  ionospher ic  inves t iga t ions  has  been  achieved  by  means of t h i s  d i s t i n c t i o n  
because it has a sound physical  basis  and it  g r e a t l y  s i m p l i f i e s  a number of 
bookkeeping and computational problems. 
I n  a d d i t i o n  t o  p r a c t i c a l  c o n s i d e r a t i o n s ,  t h e r e  is some t h e o r e t i c a l  j u s t i -  
f i c a t i o n  f o r  t a k i n g  t h i s  a p p r o a c h .  From numerical  solut ions of  Boltzmann- 
Fokker-Planck equations, Carleton (1968) and Ashihara and Takayanagi (1973, 
1974)  have  found t h a t  f o r  e l e c t r o n  e n e r g i e s  less than about 1 eV, the energy 
d i s t r i b u t i o n  is very nearly Maxwellian; above those energies significant 
devia t ions  from a Maxwellian d is t r ibu t ion  occur .  Solv ing  a s imi la r  equat ion  
for  the atomic oxygen ion  d i s t r ibu t ion  func t ion ,  Banks  and Lewak (1968) deter- 
mined tha t  fo r  i onosphe r i c  cond i t ions  the  ion  d i a t r ibu t ion  is  o n l y  s l i g h t l y  
d i s t o r t e d  from Maxwellian in  the  s teady-s ta te  nonequi l ibr ium (T <T.<T ) case. n- 1- e 
With these ideas i n  mind ,  d i scuss ion  of  the  co l l i s ion  terms can proceed. 
For the  case O r  = m t h e  r i g h t  s i d e  of  (3-3) c l ea r ly   van i shes ,   s ince   a t   t he  
low energies  considered here  mass is unaffected by an e las t ic  c o l l i s i o n .  
From eq'uation (2-16), t h i s   i m p l i e s  p = 0. Here, however, recogni t ion of the  
physical  s i tuat ion descr ibed.  above must be  taken  in to  account .  This  resu l t  
is a direct  consequence of i gnor ing  ine l a s t i c  co l l i s ions ,  chemica l  r eac t ions  
and higher  energy par t ic les .  Although these effects  cannot  be included in  
the present  forma1, t reatment  of c o l l i s i o n s ,  t h e i r  p l a c e  i n  t h e  e q u a t i o n s  c a n  
be  re ta ined  by s i m p l y  r e t a i n i n g  t h e  n o t a t i o n  u n t i l  d e t a i l s  c a n  b e  f i l l e d  i n  
appropr i a t e  t o  t h e  spec i f i c  cond i t ions  of a problem.  Hereafter, pr /mr  is 
viewed a s  a source/s ink t e r m  r e s u l t i n g  from processes  ex terna l  to  the  sys tem,  
in  the  sense  descr ibed  above .  
r '  
For e r  = m w equat ion (3-3) t akes   t he  form -+ r r '  
m w' (5) df;, = mr 1 (w'i - Gr) f r f s  gbdb d4.  dzr dw P (3-4) - + +  r r a t  S rs 
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Because of the  presence  of  the  relative.  speed g in the intern-and, it is 
necessary  to  transform  the  velocities  to  the  center-of-mass  system.  New 
velocity  coordinates  are  the  center-of-mass  velocities, 
- 
m u  + m w  r r  s s  
m + ms E =  = E , ,  r 
(right  equality  follows  from  conservation  of  momentum) and.the relative 
velocities 
+ 3  + g - w  - w  
1: S 
(3-5a) 
(3-5b) 
(3-5c) 
Equations  (3-5a, b, c) can  be  solved  for w and w to  obtain  the  inverse  rela- 
tions 
-+ -+ 
r s 
where p z m  m /(m + m ) is  the  reduced  mass,  and  similar  relations  hold  for 
post-collision  velocities.  From  conservation  of  momentum  and  energy  it  can 
be  shown  that 
rs r s  r S 
so that  only  the  direction  of  relative  motion  is  changed  by  the  collision. 
From  these  relations,  the  change  in  velocity  of  particle  r  due to the 
collision  can  be  expressed  as 
The  scattering  angle X (see  Figure  3-11  is  given  by 
g.g' = cos x, 
-f -> 
f3 
2 
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has  been  used. It fo l lows  tha t  i n  t h e  d i r e c t i o n  o f  
(1 - cos X ) .  ( 3- 10) 
symmetry i n  t h e  s c a t t e r i n g ,  o t h e r  comp,onents of t h e  v e c t o r  
(g - a,  when averaged over many c o l l i s i o n s ,  w i l l  n o t  c o n t r i b u t e  t o  t h e  i n t e -  
g r a l  i n  e q u a t i o n  (3-4) . Tha t  i n t eg ra l  may t h e r e f o r e  b e  w r i t t e n  
The c r o s s  s e c t i o n  f o r  momentum t r a n s f e r  is def ined to  be 
(3-12) 
where t h e  g dependence fol lows from the fact  that  x = x(g ,  b)  in  genera l .  From 
the  t ransformat ion  equat ions  i t  can be shown t h a t  
so tha t  equa t ion  (3-11) can  be  wr i t ten  
where now f = f (g9 5) from  equations  (3-6). This is t h e  form  which i s  
used fo r  ca l cu la t ions  wi th  spec i f i ed  d i s t r ibu t ion  func t ions .  
r ,s r 9s 
For O r  = 1/2 mrwr, equat ion (3-3)  becomes 2 
A m  2 r  Jw:(>) d G r = A  2 mr I ( w ; ~  - w;)g f r f s  b db d+ dzr  dzs 
C 
Ers (3-14) 
From equat ions (3-61, i t  fo l lows  tha t  
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1 2 2  
2 'w; - Wr) = (21 - 2) E.. 'rs (3-15) 
As previously,  averaged over many c o l l i s i o n s ,  t h e  v e c t o r  (;I -_ g) con t r ibu te s  
t o  t h e  i n t e g r a l  o n l y  i n  t h e  component p a r a l l e l  t o  g. Making use  of equat ions 
(3-lo),  (3-12),  and (3-15) p e r m i t s  equat ion (3-14) t o  b e  w r i t t e n  
"f 
-f 
(3-16) 
I n  t h i s  form t h e  e n e r g y  t r a n s f e r  i n t e g r a l  is  e v a l u a t e d  f o r  s p e c i f i c  d i s t r i b u -  
t i o n  f u n c t i o n s .  
3.3 TRANSFER INTEGRALS FOR MAXWELLIAN  DISTRIBUTION  FUNCTIONS 
3.3.1 Background 
Before a l eng thy  ca l cu la t ion  o f .  t h i s  na tu re  is begun, i t  i s  appropr ia te  t o  
quest ion the need and the physical  and mathematical  just i f icat ion for  i t  and 
t o  review p r e v i o u s  e f f o r t s  i n  t h i s  d i r e c t i o n .  I n  o r d e r  t o  e v a l u a t e  t h e  momentum 
and  energy t r a n s f e r   i n t e g r a l s ,  3 and E some form f o r   t h e   d i s t r i b u t i o n  rs rs ' 
func t ions  f and f must  be  used. The s implest ,   physical ly   reasonable   choices  
are two Maxwellian d i s t r i b u t i o n s  w i t h  a common temperature and zero average 
ve loc i ty ;  r easons  fo r  choos ing  a Maxwellian d i s t r i b u t i o n  were discussed pre-  
v ious ly .  In  th i s  ca se ,  however, appl ica t ion   of   energy   conserva t ion   in  equa- 
t i o n s  (3-1) o r  (3-2) shows t h a t   t h e   c o l l i s i o n  terms vanish.  Moreover,  such 
cond i t ions  do  no t  i n  gene ra l  ho ld  in  the  E and F regions of  the inosphere.  I t  
has been w e l l  e s t ab l i shed  from both ground-based and in situ measurements t h a t  
e l e c t r o n  and neu t r a l  t empera tu res  d i f f e r  up to  several  thousand degrees  Kelvin 
wi th  ion  tempera tures  in te rmedia te  to  these .  Flow ve loc i ty  d i f f e rences ,  wh i l e  
genera l ly  small (5 10 c m  s-'), may reach  magnitudes  of '10 cm s under 
r S 
2 5 -1 
c e r t a i n  c o n d i t i o n s ;  t h i s  is of  the  order  of  ion  and  neut ra l  thermal  ve loc i t ies .  
Burge r s  (1969)  has  t r ea t ed  the  t r ans fe r  equa t ions  in  cons ide rab le  de t a i l  
and  cons idered  these  condi t ions  spec i f ica l ly .  H e  r e f e r s  t o  t h e  s i t u a t i o n  of 
small r e l a t i v e  d i f f e r e n c e s  i n  t e m p e r a t u r e s  and flow v e l o c i t i e s  a s , t h e  f u l l y  
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linear  case.  Large  temperature  differences  but  small  differences  in  flow 
velocitie's  constitute  the  semilinear  case.  By  extension,  unrestricted  differ- 
ences  in  both  temperatures  and  flow  velocities  are  termed  here  'the  nonlinear 
case.  Although  this  terminology  is  not  widely  used,  partially  because  the  non- 
linear  case  has  received  little  attention,  it  aptly  describes  the  range  of 
approximations  for  this  aspect  of  ionosphere  modeling. 
A completely  rigorous  treatment  should  also  consider  distortions  of  the 
Maxwellian  distribution,  for  example,  by  use  of  a  Chapman-Enskog  method (cf 
Burgers, 1969). This  is  not  attempted  here  because  the  calculational  require- 
ments  are  large  and  the  degree  of  accuracy  to  which  basic  data,  such  as  momen- 
tum  transfer  cross  sections,  are  known  does  not  presently  warrant  such  an 
effort.  Moreover,  as  noted  previously,  theoretical  determinations  of  distri- 
bution  functions  for  ionospheric  conditions  have  found  deviations  from  the 
Maxwellian  distributions  to  be  small  for  the  thermal  energies  considered  here. 
The  most  important  contributions  to  the  transfer  integrals  are  expected  to  be 
due  to  temperature  and  flow  velocity  differences,  rather  than  distortions  of 
the  distribution  functions. 
A variation  of  the  semilinear  approximation  considers  arbitrary  tempera- 
ture  dif,ferences,  but  assumes  static  gases.  This  problem  has  been  treated  in 
detail  for  Maxwellian  distribution  functions  by  Banks  (1966 a, c) among  others. 
It  can  be  considered  a  limiting  case  for  the  nonlinear  problem  and  is so used 
later  in  examining  results.  Treatments  of  flow  velocities  (i.e.  displaced 
Maxwellian  distributions)  have  not  been so complete  in  either  the  semilinear 
or  nonlinear  approximations. 
Morse  (1963)  has  made  analytic  calculations  in  the  semilinear  approxima- 
tion,  presenting  both  general  expressions  (arbitrary  interaction  potential) 
and  specific  results  for  Maxwell,  Coulomb,  and  hard  sphere  interactions  for 
both  momentum  and  energy  transfer.  However,  his  energy  transfer  integral  is 
based  on  the  thermal  (random)  energy  moment  (1/2  mc ) rather  than  on  the  total 
energy  mom nt  (1/2  mw2 - see  equation (3-14)) considered  here.  Noting  this 
2 -  
7 
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d i s t i n c t i o n ,  I n g o l d  (1968)  has  p re sen ted  spec i f i c  ana ly t i c  r e su l t s  i n  the  
nonl inear  approximation for  Maxwell and Coulomb i n t e r a c t i o n s . .  However, he  has  
presented  no  genera l  equat ions ,  except  in  the  semilinear approximation. 
Apparently without knowledge  of these  o ther  s tud ies ,  S tubbe  (1968) has  
a l s o  i n v e s t i g a t e d  t h i s  problem. H e  has  t rea ted  only  the  momentum t r a n s f e r  
i n t e g r a l ,  o b t a i n i n g  a g e n e r a l  r e s u l t  i n  series form, which can readi ly  be  shown 
to  reduce  Morse's  (1963) c losed  form  integral .  H i s  s p e c i f i ' c  r e s u l t s  are 
obtained  numerical ly   and  apply  to   charge  t ransfer   interact ions.   Burgers   (1969)  
has  presented a comprehensive, systematic development of the fluid dynamic 
equations from the Boltzmann equation. However, a l though  he  has  l a id  ou t  t he  
Chapman-Enskog procedure for  t reat ing the nonl inear  problem, he has  not  
a t tempted  to  so lve  it .  Rather  h i s  t rea tment  of t h i s  problem  extends  only  to 
ha rd  sphe re  in t e rac t ions ,  u s ing  d i sp laced  Maxwellian d i s t r i b u t i o n  f u n c t i o n s .  
Recently Horwitz and Banks (1973),  apparently independently of the others 
c i t e d ,  have appl ied the considerat ion of l a rge  f low ve loc i ty  d i f f e rences  to  
the  ionosphere  for  bo th  momentum and energy t r ans fe r  i n  the  non l inea r  approx i -  
mation.  However,   they  provide  no  general   expressions;  and  their   results,  
a l t h o u g h  p e r t a i n i n g  t o  c h a r g e  t r a n s f e r  c o l l i s i o n s ,  are in  an approximation 
cor responding   to  a hard  sphere  interact ion.  As with  Burgers'  (1969) similar 
r e s u l t s ,  t h e  e n e r g y  t r a n s f e r  c a l c u l a t i o n  is based on the thermal energy moment 
r a t h e r  t h a n  t h e  t o t a l  e n e r g y  moment. 
A no tab le  f ea tu re  o f  t h i s  b r i e f  r ev iew is the  number of times t h i s  t y p e  
of problem has been investigated,  generally independently,  in a piecemeal 
manner. It i n d i c a t e s  a n  i n t e r e s t  i n  t h e  problem f o r  a v a r i e t y  of reasons.  For 
ionosphe r i c  r e sea rch  in  pa r t i cu la r ,  t he re  is good r e a s o n  f o r  i n t e r e s t .  Much 
a t t e n f i o n  is current ly  being directed towards high la t i tudes where large elec- 
t r o s t a t i c  f i e l d s  are observed dr iving the ionospheric  plasma a t  h igh  ve loc i t i e s .  
The previous par t ia l  t reatments  have been found to  be inadequate  for  the pre-  
s en t  s tudy ,  pa r t i cu la r ly  wi th  r e spec t  t o  the  ene rgy  t r ans fe r  i n t eg ra l .  So 
one  of  the  objec t ives  of  th i s  inves t iga t ion  is to  p re sen t  a complete formal 
t reatment  of the nonlinear problem, in the approximation of two displaced 
I 
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W e l l I a n   d i s t r i b u t i o n   f u n c t i o n s ,  and to  provide  a set o f  s p e c i f i c  r e s u l t s  
which should be adequate for most requirements. Belm, general  formal expres- 
s i o n s  are deve loped   fo r   a rb i t r a ry   i n t e rac t ions .   In ,   t he  Appendix, the  formal  . 
r e s u l t s  a r e  a p p l i e d  t o  s e v e r a l  s p e c i f i c  i n t e r a c t i o n s  t o  o b t a i n  a n a l y t i c  e x p r e s -  
s ions  su i tab le  for  numer ica l  eva lua t ion .  
3.3.2 Momentum Transfer 
Momentum t r a n s f e r r e d  t o  s p e c i e s  r by spec ie s  s through_ e l a s t i c  c o l l i s i o n s  
i e  c a l c u l a t e d  from equation (3-13).  Both distribution functions are assumed t o  
be displaced Maxwellians, given by 
2kTr - Vr) 
(3-17) 
where  parameters  vr, vs, Tr ,  T have   a rb i t ra ry   va lues .   P lac ing   these   expres-  
s ions  in  equat ion (3-13) gives  
+ +  
S 
m r + * 2  m exp [" 2kTr (Wr - Vr)  - - 2kTs 8 (Gs - 2] dg d l  (3-18) 
The exponent of the exponential function must now be t ransformed to  the center-  
of-maas system, using  equat ions (3-6) .  When t h i s  is accomplished,  the  expo- 
nent,  denoted by X < i , .  8) , can be wri t ten in  the form 
where A E (3-20a) 
I 3-10 
mrTs + msTr 
21; TrTs B: (3-20b) 
(3-20~) 
E: -- 1 
kTrTs 
, 3 (mrGrTs + msGsTr)  (3-20e) 
m v  m v  
2kTr 2kTs 
2 
r r  F:-+-. s s  (3-2Of) 
Since  the  only  unknown  in  equation (3-18) is  the  momentum  transfer  cross 
section  which  is  a  function of g  only,  the  integration  over  &space  can  be 
carried  out  immediately.  For  notational  convenience,  the  integral  in  equation 
(3-18)  is  denoted by $,, which  can  be  rewritten  a5 
(3-21) 
With  the  notation 
3 C g +  E3 , (3-22) 
the  integration  over  &space  can  be  performed  by  completing  the  square,  giving 
When  this  result  is  substituted  back  into  equation  (3-21),  together  with 
definition  (3-221, $, may be  expressed as 
3-11 
where " 
(3-24) 
.. (3-25a) 
(3-25b) 
(3-25~) 
The  right  sides of equations  (3-25)  follow  from  equations (3-20) and  the  defi- 
nition  of  a  center-of-mass  temperature 
For  convenience  the  following  notation  is  also  introduced: 
+ +  -f v E V  - v  
0 r S 
K  /2kT "rs 
Equation  (3-24)  may  then  be  expressed  concisely  as 
(3-26a) 
(3-26b) 
(3-26~) 
(3-27) 
If a  spherical  coordinate  system  is  selected  for  g-space,  the  angular -+ 
integration  can be performed  immediately. This can be accomplished  by  means 
of symmetry  arguments (e. g. Mathews  and  Walker,  1965,  Chapter 3). Since Go is 
the  only  direction  specified  in  the  integral,  must be parallel  or  anti- 
parallel to it; this  is  specified  mathematically  by 
% 
$, = A. v + 
0 '  (3-28) 
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where A. is a propor t iona l i ty  cons tan t  to  be  de te rmined .  L e t  Go des igna te  the  
p o l a r  d i r e c t i o n  i n  a spher ica l  coord ina te  sys tem in  g-space .  Then from  equa- 
t i o n s  (3-27)  and  (3-28) 
+ 
Because of a z i m u t h a l  s y m e t r y ,  t h e  v a r i a b l e  4 
Qrs (g) exp[-K(g 2 + v: - 2v0g c050) 1 
sinF)dOd@ . (3-29) 
may b e  i n t e g r a t e d  o u t  d i r e c t l y  
cosh(2Kgv ) - ___ o 2Kgvo s inh  ( 2Kgvo) 
P l a c i n g  t h i s  r e s u l t  i n  e q u a t i o n  (3-29) gives  
2Kgv 
0 
With t h e  r e l a t i o n  
(3-30) 
(3-31) . 
equation (3-30) can be modified and substi tuted into equations (3-28),  with the 
r e s u l t  
3-13 (3-32) 
Since $, r ep resen t s  t he  in t eg ra l  i n  equa t ion  . (3 -18) ,  
now b e   w r i t t e n  
tha t  equa t ion  may 
An e f f e c t i v e  c o l l i s i o n  f r e q u e n c y  f o r  momentum t r a n s f e r  Vrs is now defined by 
the  re la t ion  (S tubbe ,  1968)  
rt z - n  v + V rs r rs 'rs o (3-34) 
Comparison with equat ion (3-33) i d e n t i f i e s  t h e  c o l l i s i o n  f r e q u e n c y  as 
(3-35) 
Equation (3-35) formally general izes  the col l is ion frequency obtained by 
Banks (1966a) f o r  two g a s e s  a t  d i f f e r e n t  t e m p e r a t u r e s  t o  i n c l u d e  t h e  e f f e c t s  
of  average  relative  motion  between  the  gases.   This  equation is  e q u i v a l e n t  t o  
the expression obtained by  Morse (1963). I t  is  a l s o  e q u i v a l e n t  t o  t h e  series 
form obtained by Stubbe (1968), as may be ver i f ied by expanding the hyperbol ic  
s i n e  i n  e q u a t i o n  (3-35) i n  a power series. I n  t h e  Appendix i t  is  shown t h a t  
i n  t h e  l i m i t  v -+ 0 ,  equat ion (3-35) has  the  form 
-+ 
0 
(3-  36) 
0 
which is the  expression  obtained  by Banks (1966a).  Equation  (3-35) i s  evalu- 
ated a n a l y t i c a l l y  i n  t h e  Appendix for a number of forms of the momentum t rans-  
fer c ros s  sec t ion ,  co r re spond ing  to  co l l i s iona l  i n t e rac t ions  of general  in-  
terest. S p e c i f i c  c o l l i s i o n  f r e q u e n c i e s  of aeronomica l   in te res t  are compiled 
in  Sec t ion  V. 
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3.3.3 Energy  Transfer 
Tota l  ene rgy  t r ans fe r r ed  to  spec ie s  r by spec ies  s through elastic c o l l i -  
s i o n s  is calculated from equation (3-16).  When displaced Maxwellians, equa- 
t ions (3-17) ,  are assumed fo r  t he  d i s t r ibu t ion  func t ions ,  equa t ion  (3-16) may 
b e  w r i t t e n  
where  the  constants are as de f ined   i n   equa t ions  (3-20).  Denote the   i n t eg ra l  
over  &space by TE. Since  the  exponent   in  7 is the  same as   previously,  
equat ion (3-22) can be used to write 
E 
I f  va r i ab le s  a re  changed  to  < = 2 + g / 2 B ,  equat ion (3-38) becomes 
The i n t e g r a l  o f  t h e  f i r s t  term vanishes  s ince the integrand is an odd funct ion 
of each  Cartesian component of < over  the  symmetric,   infinite  range.  Integra- 
t i o n  of the second term then gives 
+ 
2 1 = - exp(S / 4 B )  E 
by equation (3-23). 
With t h i s  r e s u l t  e q u a t i o n  (3-37)  becomes 
n 
5/2 2nkLTrTs 
Ers = n n r s “ r s  (:) m r s  m I - [Cg + EzlgQrs(g) 
exp[-K(i - Go) ]dg . 2 +  
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(3-40) 
(3-41) 
Designat.e the f i r s t  and  second terms on  the  r igh t  by  I1 and I r e s p e c t i v e l y  
and consider  I f i r s t .  The i n t e g r a l  i n  I2 is b a s i c a l l y  t h e  same as Ip; so 
from equations (3-32) through (3-35) I2 can be evaluated immediately:  
2 
2 
+ +  
= -nr ( m r ’ q  ; 9) Vrs(Vo) ’ 
where E has been evaluated from equation (3-20). 
For I the  in t eg ra t ion  ove r  ang le s  can  be  ca r r i ed  ou t  d i r ec t ly :  1 
s i n h  ( 2Kgvo) 
2a i exp [2Kgvo cose Id cos0 = 2a 
Kg vo 
-1 
(3-42) 
(3-43) 
2 
I is  then  given  by 1 
exp(-Kg )sinh(2Kgvo)dg . (3-44) 2 
By d i f f e r e n t i a t i n g  w i t h  r e s p e c t  t o  v the  following  equation  can  be 
0’ 
ver i f ied  f rom equat ions  (3-31)  and  (3-35): 
03 1 g4 Q(g) exp(-Kg )s inh  (2Kgvo)dg 2 
0 
(3-45) 
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When  this  equation  is  substituted  into  equation  (3-44)  and  part  of  the  dif- 
ferentiation  carried out, the  result  can be written 
I1 = - nr ( mrpym) ( Tr ")E0kT - aurs v + (3kT + vrsv~)urs] . (3-46) 
0 
With  equations  (3-42)  and  (3-46),  equation  (3-41)  can  be  written 
This  is  the  desired  result. 
- + +  
v2 + 
o Tr - Ts (3-47) 
Equation  (3-47)  expresses  the  energy  gained  by  species s due to elastic 
collisions  in  terms  of  the  effective  collision  frequency  for  momentum  transfer. 
This  formulation  in  terms  of  momentum  transfer  collision  frequency  is  original, 
and  it  is  useful  in  simplifying  both  calculations  and  interpretation  of  colli- 
sional  energy  transfer.  Expressed  in  this  way,  terms  which  depend  on  tempera- 
ture  differences  or  average  velocity  differences  or  both  are  clearly  separated. 
The  high  velocity  correction (av /avo)  term  is  an  isolated  term  as  opposed  to 
a  set  of  factors  (e.g.,  Horwitz  and  Banks,  1973).  This  permits  a  more  direct 
assessment  of  the  importance  of  the  correction  involved.  Once  the  collision 
frequency  is  determined,  the  additional  term  is  found  by  differentiation, 
which  is  simpler  than  performing  the  additional  integral  required  by  other 
formulations.  This  is  illustrated  in  detail  by  the  analytical  evaluations  in 
the  Appendix. 
rs 
Consideration  of  some  special  cases  aids  interpretation  of  equation (3-47). 
If  the  species  flow  velocities  are  the  same  (v = vs),  then  v = 0. In the 
Appendix  it is demonstrated  that  in  this  limit au (0)/avo -+ 0. Equation  (3-47) 
then  has  the  limiting  form 
-+ -+ -+ 
r 0 
rs 
(3-48) 
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where  vrs(0) is  given by equat ion (3-36). This is the  r e su l t  de r ived  by  Banks 
(1966a) fo r  t hese  cond i t ions .  It can  therefore  be  concluded  tha t  the  term 
3kTvrs i n  b r a c k e t s  i n  e q u a t i o n  (3-47) r e p r e s e n t s  t h e  t r a n s f e r  of random energy 
(heat) from one gas t o  t h e  o t h e r  d u e  t o  t e m p e r a t u r e  d i f f e r e n c e s .  
For Tr = T the  energy  t ransfer  g iven  by  equat ion  (3-47) is 
S 
(3-49) 
where  the  def in i t ions  of  8 ,  T,  and  vo (equat ions (3-20a) , (3-26a),  (3-26b) 
have  been  used.  Comparison  with  corresponding  results  of Morse (1963)  shows 
tha t  the  second term i n  e q u a t i o n  (3-49) cons t i t u t e s  t he  d i f f e rence  be tween  
t a k i n g  t h e  t o t a l  e n e r g y  moment and the random (thermal) energy moment of t h e  
c o l l i s i o n  i n t e g r a l .  T h i s  term is seen  to  r ep resen t  t he  rate of work done on 
spec ies  r by t h e  f r i c t i o n a l  f o r c e  - (mr + ms)vrs v due t o   t h e   d i f f e r e n c e   i n  
f low ve loc i t i e s .  Thus the  term (z v0)/(Tr - T ) in  equation  (3-47),   which 
is  t h e  r i g h t  s i d e  o f  e q u a t i o n  (3-49) , is seen  to  have  two components, one 
represent ing  a t ransfer  of  directed energy and the other  a conversion of 
d i r ec t ed  ene rgy  to  random energy. The c o l l i s i o n  of two monoenergetic beams is 
a l imi t ing  example  of  th i s  case. 
-+ 
-f 
-+ 0 
S 
The remaining terms i n  b r a c k e t s  i n  e q u a t i o n  (3-47) , vokT avrs/3vo and 
2 
"rs -+o rs: v v co r re spond   t o   c ros s  terms i n   t h e   s e n s e   t h a t   b o t h   c o n d i t i o n s  T 
and v # vs must b e  s a t i s f i e d  f o r  a nonvanishing  contr ibut ion.  The f i r s t  of r 
these  depends  on  the  in te rac t ion  poten t ia l  for  i t s  s i g n  as w e l l  as its magni- 
tude.   Neither term has a s t r a igh t fo rward  phys ica l  i n t e rp re t a t ion ,  due  t o  the  
dual  requirement  for  a f i n i t e  v a l u e .  
r + Ts 
In  the energy conservat ion equat ion (2-41) ,  the elastic c o l l i s i o n  terms 
-+ 
are (Er - vr ). The f i r s t  term is the  rate a t  which t o t a l   k i n e t i c   e n e r g y  
i s  t r a n s f e r r e d  t o  s p e c i e s  r through  co l l i s ions .  From t h i s  i s  subt rac ted  
(second term) the rate  a t  which work i s  done on s p e c i e s  r by  co l l i s ions ,  t ha t  
is ,  the  rate of t ransfer  of  d i rec ted  energy .  What remains is t h e  random energy 
p a r t ,  which is  cons is ten t  wi th  the  le f t  s ide  of  equat ion  (2-41) .  The c o l l i s i o n  
r 
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terms can be evaluated i n  terms of t h e  momentum t r a n s f e r  c o l l i s i o n  f r e q u e n c y  
from  equations ( 3 - 3 4 )  and ( 3 - 4 7 )  (with a summation over  a l l  spec ies ) .  The 
r e s u l t ,  a f t e r  l e n g t h y  b u t  s t r a i g h t f o r w a r d  a l g e b r a ,  is  
n 
*rs - 3  r . ?  rs = m + m  - k(Tr - TS)(hrs  + v . r S 0 avo 
( 3 - 5 0 )  
Since,  f rom discussion above,  the r ight  s ide of  equat ion ( 3 - 5 0 )  must repre- 
sen t  thermal energy, the physical meaning of the terms can be obtained.  In  the 
case of  thermal  equi l ibr ium (T = T ),  but  v # 0, o n l y  t h e  f i r s t  term remains. 
This term thus  represents  the  convers ion  of  d i rec ted  energy  to  thermal  energy ,  
which is a gene ra l i za t ion  of t he  Jou le  hea t ing  usua l ly  a s soc ia t ed  wi th  e l ec t r i c  
f i e l d s .  I n  t h i s  form,   Joule   hea t ing   (or   f r ic t iona l   hea t ing)  is s e e n  t o  resu l t  
from any fo rces  which cause the gases r and s t o  move wi th  d i f f e ren t  ave rage  
v e l o c i t i e s ;  and t h i s  d i f f e r e n c e  i n  v e l o c i t i e s  may be due to  the nature  of the  
force (for example,  e lectr ic  f i e l d )  o r  due to  cond i t ions  o f  t he  medium ( f a r  
example, a t h i r d  species which  couples  preferen t ia l ly  wi th  spec ies  r o r  s ) .  
From the  form of equation (3-50), i t  can  be  in fe r r ed  tha t  fo r  a. two-component 
sys t em,  the  to t a l  rate of Joule  hea t ing  is n V with a f r a c t i o n  
ms/(mr + m ) go ing  to  spec ie s  r (Banks  and Kockarts,  1 9 7 3 ,  Chapter 22).  
r S 0 
r prs o ')rs 
S 
I f  vo = 0 but Tr # Ts,  only the second term in  equa t ion  ( 3 - 5 0 )  remains. 
This  gives  the ra te  of t r a n s f e r  of thermal  energy  to  spec ies  r due t o  t h e  
temperature   difference.   For   the  third term not   to   vanish   th ree   condi t ions  
must be met: (1) Tr # Ts,  ( 2 )  Gr # Gs, (3)  vrs must vary  with  veloci ty .   This  
term represents  a co r rec t ion  term f o r  l a r g e  r e l a t i v e  a v e r a g e  v e l o c i t i e s ,  b u t  
only i f  t h e  g a s e s  are in  thermal  nonequi l ibr ium,  and  only  i f  vrS i s  ve loc i ty  
dependent. 
3.4 FINAL FORM FOR FORMAL  CONSERVATION  EQUATIONS FOR MULTICOMPONENT CASES 
R e s u l t s  of Section I1 f o r  t h e  l e f t  s i d e s  and Section I11 f o r  t h e  r i g h t  
s i d e s  of the conservat ion equat ions can now be combined t o  o b t a i n  t h e  f i n a l  
forms.  For  multicomponent  gases  the  species  conservation  equations are: 
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(i) Continuity  Equation  (equation (2-16)) 
a”r + ’r + v *  (nv)=- 
r at r r  m 
(ii) Momentum  equation  (equations  (2-40)  and (3-34)) 
- + (Vr v)v + r +  - v *  r 
r r  m r 
’rs + + ’r -+ 
+ = <$ > 
Pr - - at 
- 
r n m  
- 1 m vrs (Vr - vs) - - V 
s r  n m  r r r  
(3-51) 
(3-52) 
(iii)  Thermal  energy  equation  (equations  (2-41)  and  (3-50)) 
3 aTr 3 + - n k -  + - n kv V Tr + V qr + pr:V vr 2 r a t   2 r r  
+ =  + 
+ -  Pr [’ m  v2 - 3/2 k Tr m  2 r r  r 1 (3-53) 
where  the  notation  vrs E v - v  has  replaced  the  v  previously  used. -+ + -+ + r S 0 
These  equations  are  formal  in  the  sense  that  specific  interactions  must 
rs  r be  known  before v can  be  computed  from  equation  (3-35)  and  must  be  speci- 
fied. In  addition,  there  is  a  closure  problem  for  the  system  of  equations. 
Although  these  five  equations  are  sufficient  to  solve  for n v  and Tr, the 
additional  unknowns  associated  with  and q require  considerably  more  infor- 
mation  than  is  given  in  these  equations.  And  finally,  as  with  such  partial 
differential  equations,  initial  and  boundary  conditions  must  be  specified. 
+ 
- r’ r’ + 
r  r 
Part  of  the  additional  information  required  can  be  determined  from  general 
ionospheric  conditions,  and  some  simplification  of  the  equations  can be obtained 
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by considering  such.  These matters are t r e a t e d  i n  t h e  n e x t  s e c t i o n .  Some in- 
s i g h t  can be obtained from invest igat ion8 of  t ransport  propert ies  under  con- 
t ro l l ed  cond i t ions ,  ob ta in ing  r e su l t s  wh ich  can be  appl ied  more general ly .  
Thie aspect i e  examined i n  S e c t i o n  V. Fina l ly ,  ce r t a in  in fo rma t ion  muat await 
the  pa r t i cu la r  p rob lem to  be  so lved  fo r  spec i f i ca t ion .  This latter category 
is by its !nature  a c a t c h a l l ,  since every var iable  which has  not  been t ied down 
by p r e v i o w  e f f o r t s  must be approximated or specifted by assumption before the 
problem can be solved. Section V I  i l l u s t r a t e s  t h i e  p r o c e d u r e  i n  a numerical 
ca lcu la t ion .  
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Section I V  
THREE-FLUID IONOSPHERIC MODEL 
4.1 CONSERVATION EQUATIONS IN THE THREE-FLUID  APPROXIMATION 
In  the  three- f lu id  approximat ion ,  macroscopic  proper t ies  of  the  e lec t rons ,  
i ons ,  and n e u t r a l s  are t rea ted  separa te ly ,  whi le  d i f fe rences  of  these  proper -  
ties among t h e  v a r i o u s  i o n  o r  n e u t r a l  s p e c i e s  are assumed neg l ig ib l e .  Spec i f i -  
c a l l y ,  a l l  i on  spec ie s  are assumed t o  have a common temperature T and  flow 
v e l o c i t y  v and a l l  n e t u r a l s  are s i m i l a r l y  assumed t o  have common temperature 
T and  f low  velocity vn. With these  assumptions,   d iscussed  in   Sect ion I , the  
r e l evan t  conse rva t ion  equa t ions  fo r  i ons  and neut ra l s  can  be obtained by 
summing over   the  species   compris ing  these  gases .   Electron  equat ions are 
g i v e n  d i r e c t l y  by the  spec ies  equat ions  s ince  a s i n g l e  species cons t i t u t e s  t he  
gas. 
+ i 
i’ + 
n 
From equat ion (3-51) ,  the electron cont inui ty  equat ion is 
For number d e n s i t i e s ,  t h e  n o t a t i o n  N w i l l  he rea f t e r  deno te  the  to t a l  number 
dens i ty  of  the  ( ion  or  neut ra l )  gas ,  whi le  n w i l l  denote a spec ie s  number 
density.   These are then   re la ted   by  
N = C ~  . 
j 
( 4 - 2 )  
j 
To avoid cumbersome no ta t ion ,  subsc r ip t  i w i l l  denote  ion and n,  neutral ;  
summations w i l i  imply summation over a l l  r e l e v a n t  i o n  o r  n e u t r a l  s p e c i e s ,  as 
s p e c i f i e d  by an i and/or  an n. Thus,  these subscr ipts  serve the double  
func t ion  of summation index  and gas  ind ica to r .  In  p rac t i ce ,  t h i s  shou ld  cause 
less confusion  than a p r o l i f e r a t i o n  of subsc r ip t s .  Summing equat ion (3-51) 
over  a l l  ion  spec ies  g ives  
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From c h a r g e  n e u t r a l i t y ,  Ni = Ne, so t ha t  i n t e rchang ing  the  o rde r  o f  sunmat ion  
a n d  d i f f e r e n t i a t i o n  a l l o w s  t h i s  e q u a t i o n  t o  b e  r e w r i t t e n  as 
- a Ne + p i  + V (Ne vi) = 1 m 
i i  a t  
(4-3) 
where v w a s  f ac to red  ou t  o f  t he  summation. I n  a similar manner t h e  n e u t r a l  
con t inu i ty  equa t ion  is found t o  b e  
+ 
i 
aN, + + V (Nn v,) = 1 m 'n 
n n  
a t  (4-4) 
I f  a problem involves composition change as one  of  the  s ign i f icant  phys ica l  
p rocesses ,  th i s  formula t ion  is inadequate;  a sepa ra t e  con t inu i ty  equa t ion  
(3-51) must then  be  used  for  each  ion  and  neut ra l  spec ies  
Equations of motion are obtained  from  equation (3-52). For  e l ec t rons  
the  equa t ion  may be  wr i t t en  do- d i r e c t l y :  
a ve -+ -+ -+ (Ve - v)ve + ~ I v  a t  Ne me 
+ + 
- " 1 ves(ve - VJ 
s=i ,n 
(4-5) 
where  the.  approximation p = m has   been  used  for   the  reduced mass of t h e  
e l e c t r o n  w i t h  a n y  i o n  o r  n e u t r a l  p a r t i c l e .  To ob ta in  the  momentum equat ion 
f o r  i o n s  and n e u t r a l s ,  i t  i s  convenient  to  mul t ip ly  equat ion  (3-52) by t h e  
number d e n s i t y  and mass before  summing. The ion equat ion of motion may then 
b e   w r i t t e n  
es e 
Let t h e  mean mass p e r  p a r t i c l e  m of a gas  ( ion  or  neut ra l )  and  the  mass dens i ty  
p be defined by 
p = N m ! 1 n  m . - 
s s  (4-7) 
S 
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S i m i l a r l y ,  l e t  t h e  mean e f f e c t i v e  c o l l i s i o n  f r e q u e n c y  f o r  momentum t r a n s f e r  
between gas r and gas s ( i f  r represents  ions ,  then  s represents  neut ra l s  and  
vice versa) .   be   def ined   by  
- 1 v f -  1 n r  p r s  rs a V rs P r  r,s 
With t h e s e  d e f i n i t i o n s  and the  f ac t  t ha t  t he  th ree - f lu id  approx ima t ion  allows 
the  f low ve loc i t i e s  t o  be  f ac to red  ou t  o f  t he  summat ions ,  equa t ion  (4-6) can 
be  r ewr i t t en  a s  
Following the same p rocedure  fo r  neu t r a l s  g ives  the  neu t r a l  equa t ion  of motion: 
(4-10) 
It is  h e l p f u l  at t h i s   p o i n t   t o   e s t a b l i s h   t h e   r e l a t i o n  between  and rs - 
'sr. 
given by (cf   equat ions (3-34)  and (4-6)) 
The t o t a l  momentum t r a n s f e r r e d  t o  g a s  r due to  co l l i s ions  wi th  gas  s is 
(4-11) 
by equation  (4-8). From equat ion (3-35) i t  can  be  seen  that  
n = n  r 'rs s 'sr . (4-12) 
When equat ion (4-12) is used on t h e  l e f t  s i d e  of (4-11) ,  the resul t  obtained 
is 
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The d i s t i n c t i o n  between  equations (4-.12) and  (4-13) is sometimes  confused. It 
can  be  seen  tha t  the  proper  re la t ion  depends  on whether the momentum t r a n s f e r  
term in  t h e  momentum equat ion  i s  written as i n  e q u a t i o n  (4 -6 )  (use equat ion 
(4-12)) o r  as i n  e q u a t i o n  (4-10) (use  equat ion (4-13)). Cons is ten t   use  of t h e  
nota t ion  in t roduced  above  should  e l imina te  any  confus ion  in  the  remainder  of 
t h i s   s tudy .   App l i ca t ion  of equat ions  (4-13)  and  (4-8) g ives   t he   fo l lowing  
s p e c i f i c  r e l a t i o n s :  
- m 
i e  - m e i  
v = -  V e -  
i 
- Ne me - v =-  V 
nF Nn mn en 
(4-14a) 
(4-14b) 
( 4 - 1 4 ~ )  
This allows a l l  c o l l i s i o n  terma t o  b e  e x p r e s s e d  i n  terms o f  t h e  t h r e e  c o l l i s i o n  - 
The energy  equations are obtained  from  equation (3-53). For  e lec t rons  
t h i s  c a n  b e  w r i t t e n  
3 aTe 3 
T N e k a t  2 e + - N  k 
-+ v V T e + V -  + -  q e + P : V v e  -b 
e e 
(4-15) 
where  v E - 6 1 .  Equations  for  ions  and  neutrals  follow  from  proce- 
dures  used  above.  For ions t h e  r e s u l t  is 
rs 
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3 aTi 3 "N k -  + - N k vi V .Ti + 0 . 1 qi + 1 pi:V vi 2 e  a t  2 e  + + - +  i i 
2 
2 
+ V  i n  1 "im v i n  - k(Ti - Tn) 
i ,n i . 
(4-16) 
where  equation (4-12)  and , t h e  f a c t  t h a t  vrs = v have  been  used  freely. The 
corresponding equat ion for  the neutral  gas  is 
13r 
"N 3 k - + - N  k v n - V T  + V  1 5 n + l F n : V ~ n  aTn 3 + -+ 2 n  a t  2 n  n n  n 
Ne me k(Tn - Te) 1 [3 
+ % (-)] aVen n n  n a veri 
2 
l J L  
i n  
+ Vin 1 "i 7 'in - k(Tn - Ti) 1 
i ,n "3 
(4-17) 
This completes the set of conservat ion equat ions in  the three-f luid approximation.  . 
4.2 IONOSPHERIC  CONDITIONS AND CORRESPONDING  APPROXIMATIONS 
Representa t ive  ionospher ic  condi t ions  were i n d i c a t e d  i n  S e c t i o n  I, Figures 
1-1 through 1-4. Here t h e  i n t e r e s t  is not  so much i n  t y p i c a l  c o n d i t i o n s  as i n  
t he  ex t r emes  l i ke ly  to  be  encoun te red  in  a wide  var ie ty  of po ten t i a l  app l i ca -  
tion's. The o b j e c t i v e  is to  s t r ip  the  conse rva t ion  equa t ions  of .unnecessary 
terms without  l imit ing the scope of app l i ca t ions .  lhis is accomplished by  con- 
s ide r ing  the  r ange  of va lues  of  var iab les  and  parameters  l ike ly  to  be encoun- 
tered under  u s u a l  and unusual conditions, then, from order-of-magnitude esti- 
mates, discarding those terms of negligible contribution thrgughout the range. 
A t  t h i s  s t a g e  a conservative approach is taken -- borde r l ine  o r  ques t ionab le  
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terms are retained. There is ample  oppor tuni ty  for  fur ther  reduct ion  of  the  
equat ions when a par t icu lar  problem is defined and physical  condi t ions are 
known more p r e c i s e l y .  
Ext remes  of  ionospher ic  var iab les  genera l ly  cor respond to  d i f fe ren t  
a l t i t u d e s ,   d i f f e r e n t   g e o g r a p h i c   l o c a t i o n s ,  and d i f f e r e n t  t-imes. Values  given 
are based on observat ions or  inferences f rom observat ions and should be taken 
as i n d i c a t i o n s  of order of magnitude rather than as absolu te  limits. With 
tha t  cau t ion ,  ex t reme va lues  are presented  in  Table  4-1. These values w i l l  b e  
used as the basis  for  order-of-magnitude estimates in  the  remainder  of t h i s  
sec t ion .  
Table 4-1. EXTREME VALUES FOR SELECTED IONOSPHERIC PARAMETERS 
I Masses : me/mS- , s = i, n 
Number Dens i t ies  : N,/N, 5 
I 
I F low  Veloc i t iest :  IO' 5 v 5 IO 5 cm s -1 
Temperatures : 
Spat ia l   Scales*(L)  l o 6  5 L 5 IO cm 
Time Scales*: T z l s  
E l e c t r i c   F i e l d s :  0 5 5 150 mV m - l  
I 
IO' 5 T 5 lo4 O K  
8 
' Lower Z i m i t  is a practica2 Zirnit of i n t e r e s t  and observabi l i ty .  
* Restr ic t ion - not a natura2 extreme. 
4.2.1 Continuity  Equation 
As noted  in  Sec t ion  111, t h e  term i / m  on t h e  r i g h r  s i d e  of  the  cont inui ty  
equat ion is  a phenomenological term in  th i s  s tudy  because  on ly  e las t ic  c o l l i -  
s i o n s  are t r ea t ed  sys t ema t i ca l ly .  It is appropr ia te  a t  t h i s  p o i n t  t o  d i s c u s s  
t h i s  term and i ts  r o l e  i n  t h e  i o n o s p h e r e  more spec i f ica l ly .  Rather  than  a 
s i n g l e  term i t  ac tua l ly  r ep resen t s  t he  ne t  sum of a l l  processes  which add o r  
remove particles of the  appropr ia te  type  to  or  f rom a given volume element. 
This can be represented mathematically by 
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s = i, n ,  e (4-18) 
where P denotes  par t ic le  product ion processes  and L p a r t i c l e  l o s s  p r o c e s s e s .  
Fo r  ion iza t ion ,  t he  e l ec t ron  and ion  processes  are t h e  same; and s i n c e  
only  s ingly  ion ized  ions  are p resen t ,  i ons  and e l ec t rons  are produced and l o s t  
a t  t h e  same rate. In  the  nota t ion  of  equat ion  (4-18) ,  th i s  is w r i t t e n  
Pe = 1 Pi , L = l - L i  . 
i e i 
(4-19) 
The "P" terms originate  pr imari ly  f rom photoionizat ion of  neutral  a toms and 
molecules  by extreme u l t r a v i o l e t  r a d i a t i o n  ( X  1029 A for   pr imary  const i tu-  
e n t s ) .  An ex tens ive  set  of  chemical  kinet ic  processes  modif ies  the ion compo- 
s i t i o n  from t h a t  due to  pho to ion iza t ion .  Pho toe lec t rons  p roduced  in  th i s  way 
are not  the  thermal  e lec t rons  of  in te res t  here ,  bu t  s ince  they  quick ly  become 
thermalized,  the photoionizat ion rate is general ly  taken to  be the thermal  
e lec t ron  product ion  rate. C o l l i s i o n a l  i o n i z a t i o n  is another   source of thermal 
plasma, bu t  i ts  importance is r e s t r i c t e d  p r i m a r i l y  t o  h i g h  l a t i t u d e  r e g i o n s  
where l a r g e  numbers  of r e l a t ive ly  h igh  ene rgy  (>1  keV) cha rged  pa r t i c l e s  f r e -  
q u e n t l y  p e n e t r a t e  t o  t h e  a l t i t u d e s  o f  i n t e r e s t  h e r e  (90 km t o  800 km). 
0 
The impor t an t  l o s s  p rocess  fo r  cha rged  pa r t i c l e s  is d i s s o c i a t i v e  recombi- 
na t ion ,  represented  schemat ica l ly  by 
X Y + + ~ + X  + Y  
* * 
where t h e  a s t e r i s k  d e n o t e s  a poss ib le  exc i ted  state. O f  secondary s ignif icance 
i s  radiat ive recombinat ion 
+ x + e + X  + X + h v  * 
which may p lay  a s i g n i f i c a n t  r o l e  o n l y  i n  t h e  u p p e r  F region where atomic 
neutral   species   predominate .  Three-body  recombination is important  only below 
the  E region where three-body coll isions can occur frequently enough t o  b e  
s ign i f i can t .  
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I 
Despi te  the apparent  coupl ing between the source- loss  terms of  the  
cha rged  pa r t i c l e  and  neu t r a l  pa r t i c l e  con t inu i ty  equa t ions ,  t hey  are indepen- 
den t ,  excep t  fo r  poss ib l e  coup l ing  in  the  t r anspor t  t e rms .  This r e su l t s  , f rom 
t h e  low degree  o f  i on iza t ion ,  pa r t i cu la r ly  a t  a l t i t u d e s  where production and 
l o s s  rates are highest  (110 km t o  250 km); t h a t  is, t h e  number o f  p a r t i c l e s  
involved in  ionizat ion and recombinat ion is n e g l i g i b l e  compared w i t h  t h e  t o t a l  
n e u t r a l  number d e n s i t i e s .  More important is the photodissociation of molec-.  
u l a r  spec ie s ,  e spec ia l ly  molecu la r  oxygen.  For many problems it  i s  adequate 
t o  set t h i s  term t o  z e r o .  Such considerat ions,  however, are b e s t  l e f t  t o  
pa r t i cu la r  app l i ca t ions .  Fo r  a de ta i l ed  d i scuss ion  of these  terms t h e  work  by 
Banks and Kockarts (1973) (hereafter denoted B&K) may be consulted.  
Finally,  one of the consequences of the assumptions of (1) charge  neut ra l -  
i t y ,  (2 )  s ing le  ion iza t ion  and  (3) no negative ions can be obtained from the 
cont inui ty   equat ions.  Use of  equations (4-18)  and  (4-19) i n  (4-1)  and  (4-3) 
gives 
and 
Current density is  def ined as 
j = 1 qs ns vs 
s=e, i 
-+ -b 
= e Ne (vi - ve) 
(4-20) 
(4-21) 
(4-22) 
where -e is the  e lec t ron  charge  and  the  la t ter  resu l t  fo l lows  f rom the  assum- 
t i ons .   I f   equa t ion  (4-20) is subtracted  f rom  (4-21) ,   the   resul t   can  therefore  
be w r i t t e n  
where the vanishing of  the time d e r i v a t i v e  of the space charge densi ty ,  normally 
found i n  t h i s  e q u a t i o n ,  is a d i r e c t  r e s u l t  of the charge-neutrali ty assumption. 
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For  completeness  the  neutral  continuity  equation,  corresponding  to  equations 
(4-20)  and  (4-21),  is  written  as ' A -  
3 + - Ln . at + V - (Nn  vn) = P n (4-24) 
4.2.2 Equations of Motion 
A distinctive  difference  between  the  equations  of  motion  of  charged  and 
neutral  particles  is  the  external  force  term.  Electromagnetic  forces,  as 
noted  previously,  play  an  extremely  important  role  in  differentiating  the 
motions  of  the  charged  and  the  neutral  particles.  Other  forces  are  also 
operative in the  upper  atmosphere,  however,  and  their  importance  must  be 
assessed.  These  forces  are  the  gravitational  force  and  the  Coriolis  force, 
the  latter a  consequence  of  working  in  an  Earth-fixed,  rotating  coordinate 
system.  For  the  neutral gas, the  external  force  term  may  be  written 
- I n n ~ > = g + 2 v  1 + + + 
n x 'E 
+ 
'n n n n  
(4-25) 
where g is  the  gravitational  acceleration, f2 is  the  angular  acceleration of 
the  Earth  and  the  brackets  around  Fn  indicate  that  the  average  velocity, 
rather  than  particle  velocity,  is  to  be  used.  The  gravitational  term  has a
unique  quality  among all the  terms  in  the  momentum  equations:  for a given 
location  it  is  constant  in  magnitude  and  direction.  This  makes  it  difficult 
to  neglect  in  general  because a situation  can be conceived  in  which  every  term 
is,  at  some  time  or  other,  smaller  than  the  gravitational  term. So gravity 
should  always  be  included  unless  it  can  be  shown  to  be  insignificant  in a 
particular  problem. No such  general  statement  can  be  made  of  the  Coriolis 
+ -+ 
E 
3 
term; it must  be  examined 
External  force  terms 
( 4 - 2 5 ) ,  with  the  addition 
in the  context  of  the  other  terms. 
for  the  charged  particles  are  similar  to  equation 
of the  appropriate 
-+ 
I? \ e 
e  e m  m e 
electromagnetic  terms: 
+ -+ 
2v.  x RE . 
1 
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The angular  ve loc i ty  of  a charged  par t ic le  gyra t ing  about  a f i e l d  l i n e  .is 
given by 
-k 9s 
"'s m c '  
"
S 
the magnitude of which 
above equat ions gives  
<$ > 
e 
e 
+ 
E 
m we ii " "
is the gyrofrequency. 
-k + + + 
c - v   x u   + g + 2 v e  e e 
(4-26) 
Using t h i s  n o t a t i o n  i n  the 
+ 2v. + x + RE , (4-28) 
1 
where the bar on the ion gyrofrequency denotes  an average value obtained by 
using  the mean ion  mass m Note tha t   in   the   ion   equat ion ,   €or   example ,  
the magnetic and Coriolis terms can be combined t o  o b t a i n  
- 
i' 
- - -+ - + 
Firnag + Ficor  = v x (mi + 2n,>. i (4-29) 
Since 0 - lo2  s-l while  C2 = 7.29 x s , t he   Cor io l i s   fo rce  i's negl i -  
g i b l e  compared to  the  Lorentz  force .  The same h o l d s  t r u e  f o r  t h e  e l e c t r o n  
equat ion   s ince  u - 10 s . So  the   Cor io l i s   fo rce  i s  r e t a ined   on ly   i n   t he  e 
neu t r a l  equa t ion .  
-1 
i E 
7 -1 
The momentum equat ions may  now b e  w r i t t e n  w i t h  e x t e r n a l  f o r c e  terms 
w r i t t e n  o u t  e x p l i c i t l y  and t h e  n o t a t i o n  of equat ions (4-14a through 4-14c) 
i n c o r p o r a t e d  i n  t h e  c o l l i s i o n  terms. From equat ion (4-5) t h e  e l e c t r o n  
momentum equat ion 
aGe + -+ - 2 + - +  
- + (Ve 'V)Ve + a t  v * P e  e~ e e 
1 + + u  - c + v  x u  - g  
e e  
(4-30) 
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Normally, .the las t  term on t h e  r i g h t  s i d e  is negl igible  because 
while  
- - 
v o r v   2 1 0  s . 2 -1 en e i  
A t  c e r t a i n  times t h e  r a t i o  may approach the order  of  one,  but  col l is ion or  
o the r  terms would s t i l l  dominate. So t h i s  t e r m  w i l l  be   discarded.  The o the r  
terms require closer examination. 
To t h i s  p o i n t  l i t t l e  has  been said of  the pressure tensor ,  p, ( a l s o  c a l l e d  
- 
t h e  momentum f l u x  t e n s o r ) ,  s i n c e  i t s  d e f i n i t i o n  i n  e q u a t i o n  (2-19). I t  was 
noted,  fol lowing i t s  de f in i t i on  in  equa t ion  (2 -20) ,  t ha t  t he  sca l a r  p re s su re  
ps is one th i rd  o f  t he  trace of the  pressure  tensor.   For  convenience,   these 
d e f i n i t i o n s  are r ewr i t t en  In  Car t e s i an  t enso r  no ta t ion :  
I m<c a ‘8’ a,B = 1, 2, 3 (4-31a) 
p I - n m < c  c >  I 3 a a  a = 1, 2 ,  3 (4-31b) 
where t h e  summation  convention is used  €or  repeated  indices.  From these ,   the  
v iscous-s t ress  tensor  (a l so  ca l led  the  zero- t race  pressure  tensor  and  shear- 
stress tensor )  is def ined by 
(4-32) 
where 6 is  the  Kronecker  delta.  Chapman and  Cowling  (1970, Sect ion  7 .41) ,  
fol lowing r igorous procedures ,  obtain an expression which can be wri t ten in  
t h e  form 
aB 
where 0 is the  coef f ic ien t  of  absolu te  v iscos i ty .  That  der iva t ion  a l so  pro-  
v ides  a r igorous means f o r  computing 1; however, for  present  purposes  tha t  is 
less useful than the simple mean-free-path expression derived from physical 
arguments. 
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These  expressions  can  now  be  considered  in  the  context  of  the  electron 
momentum  equation (4-30). The  question  of  immediate  interest  is  whether  the 
anisotropic  part  of  pressure  tensor  is  negligible  compared  with  the  scalar 
(isotropic)  pressure. To determine  this,  an  order-of-magnitude  estimate  is 
made  based  on  a  mean-free-path  expression  for TI. Expressions  of  Mitchner  and 
Kruger  (1973,  Section  11-12),  obtained  for  partially  ionized  gases,  are 
employed.  With  factors  of  order  unity  ignored,  the  desired  ratio  can be 
written,  for  purposes  of  estimating  order-of-magnitude  only,  as 
(4-34a) 
The  coefficient of viscosity  is  given  approximately  by 
= N  m C “e e e e‘e 
m (4-34b) 
where c is  the  mean  electron  thermal  velocity  and II is  the  electron  momentum- 
randomization  mean  free  path,  which  can  be  written 
m 
e  e 
- 
C 
gem = - e 
‘ei + ‘en 
(4-34c) - 
When these  expressions,  together  with 
= Ne k Te  Ne  me  ce , - 2  ’e 
are  introduced  into  equation  (4-34a),  the  result  is 
(4-34d) 
(4-34e) 
A conservative  estimate  is  obtained  by  taking  maximum  values  in  the  numer- 
ator  and  minimum  values  in  the  denominator.  Possible  extremes  would be + - ei 
= 10 s , A(v,) E 1 km s and Ax 10 km, very  unlikely  to  occur  in  this -1 -1 en a B 
combination.  From  this  it  appears  that 
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I -  
so t h a t  o n l y  t h e  scalar pressure  par t  o f  the  pressure  tensor  need  be  re ta ined  
i n   t h e   e l e c t r o n  momentum equation. 
Rewriting equation (4-30) to  inc lude  on ly  the  r e t a ined  terms g ives  
I 
It is now convenient t d  estimate the range of values each of these terms may 
be expected to have bai 'ed on v a l u e s  l i s t e d  i n  T a b l e  4-1. These are g i v e n  i n  
Table 4-2. I n  t h e  las two cases, values  of lo4  s-l and lo5 s-l were used f o r  
maximum values  of v qnd Ten respec t ive ly .  e i  , i 
Severa l  cons idera t i ions  apply  to  the  jud ic ious  use  of t hese  numbers. 
F i r s t ,  some terms can vanish or almost vanish,  and i n  a number of problems 
th is  can  be  reasonably  assumed.  However, maximum va lues  fo r  t hese  terms are 
much less l ike ly .  Second,  va lues  for  some of  these terms scale wi th  the  
e l e c t r o n  v e l o c i t y ,  making a be t te r  compar ison  poss ib le .  Thi rd ,  d i rec t ions  must 
be  taken  in to  account  expl ic i t ly  s ince  the  geomagnet ic  f ie ld  makes the ionos- 
phe re  qu i t e  an i so t rop ic .  
Ind iv idua l  terms can now be examined i n  l i g h t  of these considerat ions.  
Because  of the anisotropy due to  the geomagnet ic  f ie ld ,  i t  i s  convenient  to  
t h i n k  i n  terms of components p a r a l l e l  and perpendicular to the geomagnetic 
f i e l d .   T h i s   d i f f e r e n t i a t i o n   a p p l i e s   p a r t i c u l a r l y   t o  terms (4)  and (S), which 
are po ten t i a l ly   t he   l a rges t .   S ince  w is p a r a l l e l  t o  t h e  m a g n e t i c  f i e l d  e 
(equation (4-26)),  term. (5) a f f e c t s  o n l y  t r a n s v e r s e  components  of e l e c t r o n  
ve loc i ty .  Because  the  va lue  of  th i s  term v a r i e s  d i r e c t l y  w i t h  e l e c t r o n  
v e l o c i t y ,  i t  may be compared with terms (7 )  and (8) which may vary somewhat 
s imi la r ly .   S ince  w r e m a i n s   v i r t u a l l y   c o n s t a n t   w h i l e   f a c t o r s   i n  terms (7)  and 
(8) can become much smaller, these  l a t t e r  terms can be neglected in  equat ions 
fo r  t he  t r ansve r se  components. S imi l a r ly ,  terms (1) ,, (2 ) ,  and ( 6 )  are negl i -  
g i b l e  f o r  t r a n s v e r s e  components ( rad io  f requency  dr iv ing  forces  would be 
+ 
e 
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Table 4-2. ORDER-OF-MAGNITUDE  STIMATES  OF EXTREME 
VALUES  FOR  TERMS I N  THE  LECTRON 
MOMENTUM EQUATION 
RANGE OF VALUES 
4-14 
r equ i r ed  to  make t h e  f i r s t  term s i g n i f i c a n t ) .  Term (3) can  a l so  be  neglec ted ,  
although i t  a p p e a r s  t o  b e  a border l ine  case, because there  is little l i k e l i -  
hood of  the minimum value of terPh (5) occurr ing a t  t h e  same locat ion '  as t h e  
maximum of term (3).  The former corresponds t o  a low or  midd le  l a t i t ude  
locat ion and the latter t o  h i g h  l a t i t u d e s .  This reduct ion leaves only terms 
(4) and (5>, which.  can be solved ejrpl ic i t ly  for  the t ransverse components of 
+ 
Ve' g iv ing  
'(4-36) 
This is frequent ly  termed the E x B d r i f t  v e l o c i t y  o r  t h e  Hall dr i f t .  Al though 
equation (4-36) is  expres sed  in  Gauss i an  un i t s ,  i n  t he  l i t e r a tu re  measured 
values  of E are gene ra l ly  g iven  in  un i t s  of m i l l i v o l t s  p e r  meter. A conven-' 
i e n t  c o n v e r s i o n  f o r  e s t i m a t i n g  d r i f t  v e l o c i t i e s  is tha t  an  e lectr ic  f i e l d  
( t r a n s v e r s e  t o  8) of 1 mV m-' r e s u l t s  i n  a d r i f t  v e l o c i t y  of about 20 m s-l 
f o r  B = .5 gauss. 
For the  equa t ion  o f  t he  component p a r a l l e l  t o  t h e  g e o m a g n e t i c  f i e l d ,  t h e  
s i t u a t i o n  is en t i r e ly  d i f f e ren t  because  t e rm (5) is n o t  p a r t  of the equation. 
I t  may be  r eca l l ed  f rom d i scuss ions  in  Sec t ion  I t h a t  t h e  e x i s t e n c e  of an 
e l e c t r i c  f i e l d  component pa ra l l e l  t o  t he  geomagne t i c  f i e ld  is  cont rovers ia l .  
For th i s  r eason  term (4) is r e t a i n e d  i n  t h e  e q u a t i o n  f o r  p o s s i b l e  u s e ,  b u t  i t  
i s  not  used  to  e l imina te  o ther  terms. Since  te rms  ( l ) ,  ( 2 )  , (7) , and (8) 
sca le  wi th  e lec t ron  ve loc i ty ,  compar isons  among these  terms allow (1) and ( 2 )  
to be dropped. Gravity i s  p a r a l l e l  t o  t h e  m a g n e t i c  f i e l d  o n l y  a t  the poles  
where the  (ve r t i ca l )  p re s su re  g rad ien t  w i l l  b e  c l o s e r  t o  t h e  maximum value,  so 
term (6) can be dropped. The resul t ing equat ion can again be solved expl ic- ,  
i t  l y   g i v i n g  
Ell 
--w - C" 
1 
e e  e B  
(4-37) 
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Equations  (4-36)  and  (4-37)  together  comprise  the  electron  momentum  equations 
for the E and F regions of the  ionosphere,  within  the  few  restrictions 
adopted. 
Since  rather  similar  considerations  apply  to  the  ion  equation,  it  can  be 
treated  more  briefly.  From  equations  (4-9), (4-14), (4-18), (4-19),  (4-28), 
and  (4-32),  the  ion  momentum  equation  can  be  written 
Corresponding  to  equation  (4-34e),  the  ratio of the  anisotropic  part  of  the 
ion  pressure  tensor to  the  isotropic  part  is  given  by 
a (vi> 
ax vii + Vin B 
1 2. - - (4-39a) 
As before,  a  maximum  estimated  value  is  obtained  for (yii+ vin) - .1 s , 
A(vi) - 1 km s and  Ax - 10 km, with  the  result B 
- -1 
-1 
a 121 1 . (4-39b) 
So in  the  foilowing  order-of-magnitude  estimates,  it  is  sufficient  to  consider 
only  the  scalar  pressure  gradient - he  viscous-stress  tensor  divergence  will 
be  retained  or  discarded  along  with  the  pressure  gradient. 
Terms  in  equation (4-38) are  evaluated  from  Table 4-1 as  before,  to 
obtain  the  estimates  given  in  Table  4-3.  Because  the  ion  gyrofrequency  is 
much  smaller  than  the  electron  gyrofrequency,  the  electromagnetic  terms  do  not 
dominate  the  ion  momentum  equation  as  completely  as  in  the  electron  case. 
Comparison  of  terms (1) , (2) , (7), ( 8 ) ,  and  (9), all of which  scale  with v" 
f o r  the  most  part,  allows  all  but  term (7) to  be  dropped. T h L o h y  terms  do 
not  scale  together,  and  the  ranges  overlap  sufficiently  thatlnone  can  be 
i 
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Table 4-3. ORDER-OF-MAGNITUDE  STIMATES OF EXTREME  VALUES 
FOR TERMS I N  THE  ION MOMENTUM EQUATION 
RANGE OF VALUES 
(cm s-') 
+ 
av. 
lo-* 5 p 1  5 10 5 
1 o - ~  
1 5  
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totally  ignored.  Although  the  gravitational  term  is  borderline,  compared ', 
with  term ( 6 )  (transverse  components),  it  is  convenient  to  retain  it  and  write 
a  single  vector  equation.  The  remaining  terms  can  be  placed  in  the  form 
+ + -  1 + 
in i 1 v = v  + -  i n v  - + 1  V 1 Ti (4-40) 
which  is  an  implicit  partial  differential  equation  for  vi.  This  is  the  final 
form for-the ion  equation  of  motion. 
+ 
Similar  procedures  are  followed  in  treating  the  neutral  momentum  equa- 
tion.  From  equations  (4-lo),  (4-14), (4-18), (4-25),  and  (4-32)  this  equation 
may  be  written 
-h 
avn -+ -+ (vn v)vn + - vpn + - v 1 Tn - g - 2<vn x QE) + 1  1 + + +  
at 'n  'n n 
The  ratio  of  the  magnitude  of  the  viscous  stress  tensor  to  the  scalar  press- 
ure, analogous  to  equation  (4-39a)  for  ions,  has  an  order  of  magnitude  given 
by 
(4-41a) 
A value of approximately 9-l is used for at 800 km, based on a hard- 
sphere  collision  assumption.  For  neutrals,  the  scale  size  for  significant 
variation  is  larger  than  for  electrons  and  ions  because  the  smaller  scale 
sizes  are  associated  with  the  geomagnetic  field  at  high  latitudes.  These 
affect  the  neutrals  only  through  collisions  with  charged  particles;  and  because 
of  the  number  density  disparity,  relatively  long  times  are  required  to  make 
significant  changes  in  the  neutral  times.  During  this  time,  motions  of  the 
neutral  gas  cause  the  effects  to  diffuse  to  surrounding  regions,  that  is, 
enlarging  the  spatial  scale  for  significant  variation.  A  conservative  value 
nn 
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of 100 km is used  for  Axg. Together with an extreme value of 1 km S-l f o r  
. A ( v ~ ) ~ ,  equat ion (4-41a) y i e l d s  
(4-41b) 
As befo re ,  t he  scalar pressure  term w i l l  be used t o  r e p r e s e n t  a l l  pressure  
tensor  terms in the fol lowing order-of-magnitude estimates, with due recogni- 
t i on  o f  t he  above  r e su l t  i n  t he  even t  t ha t  t he  p re s su re  g rad ien t  term appears 
negl ig ib le .  
Order-of-magnitude estimates, based on va lues  in  Table  4-1 and the above 
cons idera t ions  of  spa t ia l  and  time scales, are presented  in  Table  4-4.  The 
estimate f o r  term (8) i s  based on a ph6todissoc ia t ion  ra te  cons tan t  of  1 0 '  s 
for   molecular  oxygen (BbK, 1973) ;  t h i s  term is c lear ly   negl ig ib le .   Also ,  term 
(7) may be neglected compared with term (6). 
-6 -1 
For  the  neut ra l  gas ,  g rav i ty  p lays  the  prominent  ro le  in  deve loping  an iso-  
t r o p i e s  i n  t h e  m o t i o n s ,  much as the  magnet ic  f ie ld  d id  for  the  charged  par t i -  
cles, b u t  i n  a q u a l i t a t i v e l y  d i f f e r e n t  way. Grav i ty  c l ea r ly  sepa ra t e s  t he  
v e r t i c a l  and ho r i zon ta l  d i r ec t ions  fo r  d i f f e ren t  t r ea tmen t .  Maximum observed 
v e r t i c a l  n e u t r a l  v e l o c i t i e s  are on the  order  of  tens  of meters per second 
(Rees,  1969;  Rieger ,  1974) ,  while  horizontal  veloci t ies  in  excess  of  1 km s-l 
have  been  observed (Wu, e t  a l . ,  1974) .  In  add i t ion ,  ve r t i ca l  scale l eng ths  a re  
of  the order  of  tens  of  ki lometers ,  while  horizontal  scales a r e  at least an 
order of magnitude larger.  When these  cons idera t ions  are taken  in to  account ,  
t h e  v e r t i c a l  component equat ion  reduces  to  terms ( 3 ) ,  ( 4 ) ,  and ( 6 ) ,  w i t h  a l l  
terms excep t  (4 )  con t r ibu t ing  to  the  ho r i zon ta l  component equations.  It may 
appear  tha t  t e r m  (5) , t h e  C o r i o l i s  term,. should be, dropped. Howeve:, t h i s  is  
the  only  term which e x p l i c i t l y  c o u p l e s  t h e  d i f f e r e n t  d i r e c t i o n s ,  r e s u l t i n g  i n  
a ro t a t ion  o f  t he  wind d i r ec t ion .  Fo r  su f f i c i en t ly  long- l ived  winds  th i s  
e f f e c t  is s igni f icant ;  hence  i t  i s  re ta ined  in  the  neut ra l  equat ion  of  mot ion  
The f ina l  vec tor  equat ion  of  mot ion  for  the  neut ra l  gas  i s  then 
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I 
TERM 
NUMBER 
Table 4-4. ORDER-OF-MAGNITUDE  STIMATES OF EXTREME 
VALUES  FOR  TERMS I N  THE  NEUTRAL MOMENTUM 
EQUATION 
RANGE OF  VALUES 
(cm s-2) 
= 10 3 
+ + I  4 Vin(Vn - Vi) 5 10 
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a v  at n +  + (vn V)v + - vp + - v 1 Tn - g - 2(vn x 4> + 1  1 + + 
’n . ’n n - 
N m  
Nn ‘n 
z- e i -  -f v (f - Vi) . in n (4-42) 
This  completes  reduction of the  momentum  equations  to  formi  appropriate  to 
ionospheric  conditions. 
4.2.3 Energy Equations 
The  procedure  for  examining  the  energy  equations i s  quite  similar  to  that 
for  the  momentum  equations,  which  is  by  now  familiar.  Only  the  heat  flux 
vector  has  not  been  encountered  in  the  previous  equations.  This  was  defined 
in  equation  (2-30) as 
where  c is the  random  (thermal)  velocity.  Chapman  and  Cowling  (1970,  Section 
7.4). in  a rigorous  derivation,  show  that  the  heat  flux  vector  can  be  written 
in  the  form  (second  approximation) 
-f q = - K  VT , T (4-43) 
where  KT  is  the  thermal  conductivity  coefficient  (sometimes  designated  by X). 
With  this  result  the  electron  energy  equation  may  be  written  from  equa- 
tions  (4-15),  (4-18),  (4-32),  and  (4-34f)  as 
3 aTe 3 -k-+- k Ge VTe - Vi (KT  VT) + - (V pe)* V Ge N 
1 
2 at e  Ne 
2 -  
- k(Te - Tn) [ 3Ten + v I(%)] + 2 -I’Te] 3 . (4-44) en n  aVen 
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Some o f  t hese  terms can be ignored for thwith by consider ing the relative 
magnitudes of flow and thermal energies. Maximum f l o w  v e l o c i t i e s  are of t h e  
order   of  10 c m  s whi le  e l ec t ron  the rma l  ve loc i t i e s  are of t he  o rde r  of 10 5 -1 7 
c m  s . Since  energy  var ies  as t h e  s q u a r e  o f  t h e  v e l o c i t y ,  t h e  r a t i o  of flow 
to   thermal   energy  is of   o rder   therefore ,   for   e lec t rons ,   f low  energy   can  
be neglected in  comparison with thermal  energy.  Thus,  a l l  .terms containing 
v o r  v can  be  dropped  f rom  the  r ight   s ide of equation  (4-44).  This i s  .why 
Joule heating (conversion of bulk motion to random (thermal)) motion is negl i -  
g i b l e  f o r  e l e c t r o n s .  
-1 
e es. 
I n  t h e  n o t a t i o n  of Sect ion 111 and the Appendix, the small r a t io  o f  f low 
to  thermal   energy  corresponds  to   the  condi t ion K v  << 1. From e q u a t i o n s   i n  
subsect ion A . l  of the  Appendix ,  in  th i s  l i m i t  t h e  r a t i o  of terms i n  b r a c k e t s  
on t h e  r i g h t  s i d e  o f  e q u a t i o n  (4-44) is given approximately by 
0 
I f  t h e  momentum t r a n s f e r  c r o s s  s e c t i o n ,  Q ( g ) ,  is assumed to  va ry  as an  in t ege r  
power law n ,  w i th in  the  r ange  cove red  in  the  Append ix ,  t hen  the  r a t io  o f  
i n t e g r a l s  is given by 
(Gradshteyn, I. S. and  Ryzhik, I. M . ,  1965,  Integrals  3.461-2,3).  The 
b racke ted  f ac to r  i n  equa t ion  (4-45) i s  then of  order  uni ty  or  less so t h a t  
(4-4 7) 
Terms con ta in ing  the  pa r t i a l  de r iva t ives  o f  co l l i s ion  f r equenc ie s  may there- 
fore  be dropped from the r ight  s ide of  equat ion (4-44) .  
With these reduct ions,  the remaining terms of the  e lec t ron  energy  equa- 
t i o n  are 
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-k- + - k v  - -  V (Ke V Te) + k Te V ve 3 aTe + vTe T -f 2 a t  2 e Ne 
- - (Pe - Le) 3 
= - 3k(Te - Ti)vei - 3k(Te - Tn)ven - 
Ne 
7 kTe . (4-48) 
Order-of-magnitude estimates of terms i n  t h i s  e q u a t i o n  are presented in  Table  
4-5. The estimate f o r  term (3) is based on a mean-free-path expression ob- 
t a ined  by Mitchner and Kruger (1973, Section 11-12): 
K = Ne k ce R e  . T m (4-49) e 
Term (7)  is a consequence of the formalism,  predicated on e l ec t rons  be ing  
crea ted  wi th  zero  energy ,  thus  requi r ing  an  average  energy  of  312  kTe from 
the  e lec t ron  gas .  For  now, t h i s  term w i l l  be  r e t a ined ;  t he  ac tua l  phys i ca l  
s i t u a t i o n  w i l l  be  d iscussed  later i n  t h i s  s e c t i o n .  F o r  t h e  o t h e r  t e r m s ,  i t  
appea r s  t ha t  t e r n  (2) and  (4) are n e g l i g i b l e  compared wi th  the  o the r s ,  
l eav ing  
The ion energy equation does not have the same s i m p l i f i c a t i o n s  
f low energies  are comparable t o  thermal  energies ,  when f low ve loc i t  
(4-50) 
.h 
because 
ies approac 
1 km s . Consequently,   neither  the  f low  energy terms nor   the   der iva t ives  of 
t he  co l l i s ion  f r equenc ie s  can  be  neg lec t ed  ou t r igh t .  From equations  (4-16),  
(4-18),  (4-19),  (4-32),  and  (4-43) the ion energy equat ion can be wri t ten 
-1 
3 aTi 3 -+ - k -  2 a t   + - k v  2 i - V T i - L V - I K i  T V T i + k T i V - v  -+ 
Ne i i 
1 -  + - 1 ci:v vi = m v m k(Ti - Te) I e e i  C,- e 
+ - vei -1 avei + - i n  1 ni Tin 'in 
+ 2 'ei 
Ne i i i  
2 
i 
2 
V 
mi avei Ne i , n  i 
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Table 4-5. ORDER-OF-MAGNITUDE ESTIMATES OF EXTREME 
VALUES  FOR  TERMS I N  THE  LECTRON  ENERGY 
EQUATION 
RANGE OF VALUES 
(e\  s - l )  
5 1; k a Te 5 10 - 1  
V Tel L 10 -3 
v (Ke T v T e ) I  L 1 
s l k T e  V -f ve l  5 10 -3  
I L 10 3 0 L 1 3 k ( T e  - Ti)wei - 
0 5 I 3k(Te - Tn)Ten I 5 10 
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(Pe - Le> 
Ne 
(4-51) 
As w i t h  t h e  i o n  momentum equa t ion  the  scalar pressure  is t aken  to  r ep resen t  
the  en t i re  pressure  tensor  in  order -of -magni tude  estimates. These estimates 
are presented  in  Table  4-6. 
Only one term appears  to  be  negl ig ib le  under  a l l  l i ke ly  cond i t ions ,  term 
(5) .  Term (7) , the  genera l ized  Joule  hea t ing  term, h a s  p o t e n t i a l l y  t h e  l a r g e s t  
magnitude, depending on the magnitude of the ion-neutral  relative flow veloc- 
i t y .  Because  the  re la t ive  f low ve loc i ty  is n e g l i g i b l e  i n  many problems, i t  
cannot be used alone as a b a s i s  f o r  d i s c a r d i n g  o t h e r  terms. Term (9)  w i l l  be  
discussed l a t e r  with the corresponding electron term.  There appears  to  be no 
simple means of estimating the magnitude of t he  co l l i s ion  f r equency  de r iva -  
t i v e s  s h o r t  of a detailed  numerical   calculation.  These  terms w i l l  t he re fo re  
b e  r e t a i n e d  u n t i l  t h e r e  is s u f f i c i e n t  r e a s o n  t o  d r o p  them. The reduced  ion 
energy equation is  then 
n 
V 
L 
- i n  
Ne 
"
n 
L 
I-lin k(Ti - Tn) n 1 n i m  v -  
i ,n i Ne i , n   i n  i n  
V v av  
- m e k(Ti - Te) 
1 e i  
+ (+ mi vi2 2' k Ti) - Le) - -  
e 
(4-52) 
The pr imary differences between the electron and ion energy equat ions were 
due t o  t h e  d i s p a r i t y  i n  masses. From tha t  s tandpoin t  the  neut ra l  energy  equa- 
t i o n  is  similar to  the  ion  equa t ion .  Here the  main d i f f e rences  are due  to  the  
d i s p a r i t y  i n  number d e n s i t i e s .  From equations  (4-17),  (4-18),  (4-32),  and 
(4-43) ,  the  neut ra l  energy  equat ion  can  be  wr i t ten  as 
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Order-of-magnitude eskimates f o r  terms i n  t h i s  e q u a t i o n  are g iven  in  
Table 4-7. 
From these  va lues  i t  appea r s  t h a t  c o l l i s i o n s  w i t h  c h a r g e d  p a r t i c l e s  p l a y  
a very small r o l e  i n  n e u t r a l  p a r t i c l e  e n e r g e t i c s ,  w i t h  t h e  e x c e p t i o n  of the  
Joule   hea t ing  term ( 7 ) .  T e r m s  ( 5 )  , (6) ,  ( 8 )  , and  (9) are neg l ig ib l e ,  l eav ing  
the fol lowing equat ion:  
3 - k - + - k ~  * V T n - -  2 a t  2 n 
aTn 3 + V (KnT VTn) + k Tn V vn "t 
TI Nn .-I 
L L 
V 1 =  + N 1 T n : V  v = - + i n  'in n N  C n i m  i n  V n n  n i , n  n 
( 4 - 5 4 )  
Actua l ly  th i s  equa t ion  is  far from  complete  due t o  l i m i t a t i o n s  of the  formal- 
i s m ,  spec i f i ca l ly ,  omis s ions  of i n e l a s t i c  c o l l i s i o n s  and in t e rac t ions  wi th  the  
r ad ia t ion  f i e ld .  These  sub jec t s  are d i scussed  in  a l imi ted  way in  the  nex t  
subsect ion.  
4.3 INELASTIC PROCESSES IN THE IONOSPHERE 
A t  var ious points  throughout  preceding discussions al lusions have been 
made to  f ac to r s  wh ich ,  by assumption, have been excluded from the system under 
cons ide ra t ion .   These   i nc lude   i ne l a s t i c   co l l i s ions ,   i n t e rac t ions   w i th   t he  
( s o l a r )  r a d i a t i o n  f i e l d  and e las t ic  col l is ions with high energy,  nonthermal  
(non"axwe1lian  veloci ty   dis t r ibut ion)   par t ic les .   Formal   inclusion of t hese  
effects has been accomplished by S. T. Wu (1969, 1970) using the Chapman- 
Enskog  method  of successive  approximation. The r e s u l t i n g  i n c r e a s e  i n  f o r m a l  
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complexity  makes  use  of  this  approach  somewhat  formidable  for  numerical  cal- 
culations.  For  applications  which  exercise  the  full  extent  of  the  formal 
framework,  this  added  complexity  may be no  more  than  is  required  for  a  com- 
plete  treatment  in  a  less  rigorous  and  consistent  manner.  But  for  the  ionos- 
phere,  a  simpler  approach  appears  more  efficient.  Furthermore,  the  method 
formulated  by S. T. Wu (1969, 1970)  is  based  on  expansions  of  species  tempera- 
tures  and  flow  velocities  in  a  center-of-mass  system  for  the  gas  as  a  whole. 
It has  been  noted  previously  that  such  an  approach  is  less  useful  for  the - 
ionosphere  than  explicit  use  of  distinct  equations  for  various  gas;-.3,  due  to 
the  relatively  loose  coupling  observed  among  them.  Because  large  differences  in 
temperature  and  flow  velocities  can  occur  among  ionospheric  electrons,  ions 
and  neutrals,  it  is  not  clear  that  the  expansions  used  by S. T. Wu (1969, 
1970)  (to  first  order)  would  converge, so that  truncation  with  the  linear 
terms  could  yield  inaccurate  results.  For  these  reasons  the  approach  adopted 
for  this  study  has  been  to  formulate  a  complete,  consistent  treatment  based on
elastic  interactions,  with  nonelastic  effects  included  phenomenologically  when 
and  where  they  are  required. 
A thorough  examination  of  these  topics  exceeds  the  scope of this  investi- 
gation;  such  a  treatment is given  in  the  recent  two-volume  work  by  Banks  and 
Kockarts  (1973).  The  purpose  here  is  to  discuss  briefly  those  physical  pro- 
cesses  which  may  affect  the  conservation  equations.  In a few  limited  instances, 
explicit  expressions  are  provided  to  allow  these  processes  to  be  taken  into 
account  directly  in  the  conservation  equations.  Generally,  however,  the 
treatment  must  be  limited  to  qualitative  discussion,  because  no  convenient 
closed  form  expressions  of  direct  applicability  are  available. In these  cases 
recent  reviews  or  model  calculations  are  cited,  where  information  required  for 
numerical  calculations  can  be  obtained. As in  previous  discussions  of  the 
conservation  equations,  the  continuity,  momentum  and  energy  equations  are 
discussed  in  turn. 
Because  the  source/loss  terms of the  continuity  equation  were  introduced 
into  the  momentum  and  energy  equations  in  the  process  of  eliminating  time 
derivatives  of  number  densities  in  those  equations,  it  was  expedient  to 
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examine those terms preceding the order-of-magnitude estimates of the  prev ious  
sect ion.  For  present  purposes ,  nothing need be added to  that  discussion of  
the  processes  whereby  par t ic les  are added o r  l o s t  t o  t h e  v a r i o u s  g a s e s .  How- 
ever ,  the  concomi tan t  e f fec ts  on t h e  momentum and energy equations require 
e l a b o r a t i o n .  F i r s t ,  momentum t r a n s f e r r e d  f r o m  s o l a r  r a d i a t i o n  t o  u p p e r  atmos- 
phe r i c  gases  is neg l ig ib l e .  S ince  pho toe lec t rons  t end  to  be  emi t t ed  in  the  
d i r ec t ion  o f  po la r i za t ion  o f  t he  pho ton  (He i t l e r ,  1954) ,  and s i n c e  s o l a r  
r a d i a t i o n  i n c i d e n t  on the upper atmosphere is predominantly unpolarized, there 
is  azimuthal symmetry in  the  emiss ion  of  photoe lec t rons  about  the  d i rec t ion  of 
t h e  s o l a r  r a d i a t i o n .  The r e s u l t  is  t h a t  on t h e  a v e r a g e  e s s e n t i a l l y  no ne t  
momentum is added t o  any  of the  gases  as a r e s u l t  of  photoionization. So 
newly formed ions  on the  average  should  have  the  average  neut ra l  ve loc i ty ,  
r e s u l t i n g  i n  a n  e f f e c t i v e  t r a n s f e r  of momentum f rom the  neu t r a l  t o  t he  ion  
gas .   I so t ropy   in   the   recombina t ion   process   resu l t s   in   the   reverse   e f fec t .   In  
gene ra l ,  ne t  p roduc t ion  o r  l o s s  i nvo lves  on ly  a small port ion of  the ion 
p o p u l a t i o n ,  p a r t i c u l a r l y  a t  a l t i t u d e s  where ion and neutral  f low veloci ty  
d i f f e r e n c e s  are l a r g e s t .  Even though  the  reasoning  here   differs  from t h a t  
used i n  t h e  p r e v i o u s  a n a l y s i s  o f  t h i s  term, order-of-magnitude estimates are 
the  same i n  b o t h  cases. So t h e  p r e v i o u s  r e s u l t s ,  t h a t  t h e  s o u r c e / l o s s  terms 
of  the  con t inu i ty  equa t ion  have  neg l ig ib l e  e f f ec t s  i n  a l l  t h e  momentum equa- 
t ions,  remain unchanged. 
Di f fe ren t   cons idera t ions   apply   to   the   energy   equat ions .   In   photo ioni -  
z a t i o n ,  s i n c e  momentum must be conserved, the mass dispar i ty  be tween the  newly 
formed electron and ion causes  the photoelectron to  carry away a l l  but about 
one p a r t  i n  l o 4  of the  photon  energy  exceeding  the  ion iza t ion  poten t ia l .  The 
e n e r g y  l e f t  t o  the  ion  (-10-3eV) is small r e l a t ive  to  the rma l  ene rg ie s  and ,  
from the  d iscuss ion  of  momentum, randomly d i rec ted .  Newly formed ions  there- 
fore  have a temperature which may be expressed as Tn + AT, where, AT << T 
In  the  ion  energy  equat ion  ( 4 - 5 2 1 ,  t h e  last  terms r e f l e c t  t h e  e f f e c t s  of 
devia t ions  of  the  average  proper t ies  of added and lost  ions f rom the average 
ion  gas  proper t ies .  For  the  los t  ions ,  da ta  on the  energy  dependence  of rate 
coe ' f f ic ien ts  for  loss  processes  presented  by Ferguson (1974) i n  a recent  
" " 
n' 
4-30 
.... . 
I 
rev iew indica te  tha t  such  devia t ions  are small. The last  term i n  e q u a t i o n  
(4-52) should  therefore  be  rep laced  wi th  
Qp=<l  k(Tn + AT - Ti) . (4-55) 
For a l t i t u d e s  below  about 300 km, Tn Ti, so t ha t  t he  t empera tu re  f ac to r  is 
small where the source factor  P is maximal;  above 300 km where temperature 
d i f fe rences  become l a r g e ,  Pe/N is q u i t e  small. I n  terms of previous  order- 
of-magnitude estimates, however, t h i s  term cannot be dropped as n e g l i g i b l e  
under a l l  c o n d i t i o n s .  It should  be  noted  tha t  equat ion  (4-55) a p p l i e s  o n l y  t o  
pho to ion iza t ion .  Fo r  co l l i s iona l  i on iza t ion ,  as i n  a u r o r a l  a c t i v i t y ,  a 
thorough reformulation would be required.  
e 
e 
For  the  e lec t ron  energy  equat ion  a d i f f e r e n t  p h y s i c a l  s i t u a t i o n  p r e v a i l s .  
Photoelectrons are gene ra l ly  c rea t ed  wi th  seve ra l  t ens  of e l e c t r o n  v o l t s  o f  
energy, which places them outs ide  the  energy  range  of  par t ic les  cons idered  
par t  o f  the  sys tem,  as discussed previously.  The energy they provide. to  the 
thermal gases is  t r e a t e d  as i f  i t  were due t o  an externa l  hea t  source .  Thus, 
photoelectrons are p laced  in  the  incongruous  ro les  of  be ing  counted  as new 
particles in  the  sys t em in  the  con t inu i ty  equa t ion ,  bu t  be ing  cons ide red  as an 
external  heat  source in  the energy equat ion.  These roles  are somewhat recon- 
c i l e d  by t h e  f a c t  t h a t  a t  s u f f i c i e n t l y  low a l t i tudes  thermal iza t ion  of  the  
photoelectron takes  place rapidly;  that  is, th rough  ine l a s t i c  co l l i s ions  wi th  
n e u t r a l  p a r t i c l e s  a n d  f i n a l l y  t h r o u g h  e las t ic  co l l i s ions  wi th  thermal  e lec t rons  
the photoelectrons energy i s  quickly reduced to  less than a few e l e c t r o n  
v o l t s .  When the delay between creation and thermalization is s h o r t ,  few 
problems of consistency arise i n  t h e  t i m e  evolut ions of  the conservat ion 
equat ions  over  the  t i m e  scales of i n t e r e s t .  
More s e r i o u s  is the  d i s t ance  the  pho toe lec t ron  t r ave l s  be fo re  i t  .is 
thermalized. Photoelectrons created above -300 km and moving  upward approxi- 
mately parallel  to  the  geomagnet ic  f ie ld  may s u f f e r  no c o l l i s i o n s  t o  i n h i b i t  
t he i r  mo t ion  un t i l  t hey  t r ave r se  the  en t i r e  f i e ld  l i ne  to  the  con juga te  iono-  
sphere .   Charge   neut ra l i ty   assures   tha t   the   loca l   ra te   o f   photo ioniza t ion  
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r ema ins  the  loca l  rate of electron product ion,  because newly created ions w i l l  
not travel far.. Hpwever, photoelectron energy may be  depos i ted  nonloca l ly .  
I n  a recent  review, Cicrone (1974)  has  concluded that  photoelectron t ransport  
and ene rgy  lo s s  wi th in  the  ionosphe re  ( loca l  e f f ec t s )  are w e l l  understood; 
however, unde r s t and ing  o f  non loca l  e f f ec t s  due  to  pho toe lec t ron  t r anspor t  
between conjugate  ionospheres  a long geomagnet ic  f ie ld  l ines  remains rudimen- 
t a ry .  Fo r  de t a i l ed  d i scuss ions  o f  pho toe lec t ron  p rope r t i e s  w i th  e f f ec t s  on 
ionospheric gases,  and for problems requiring source! functions due to photo- 
i on iza t ion ,  t he  review by Cicerone (1974) and references therein can be con- 
su l ted .  Such source  func t ions  shou ld  r ep lace  the  f ina l  t e r m  i n  e q u a t i o n  ( 4 -  . 
50) which does not adequately represent the physical si tuation. 
In  p rev ious  d i scuss ion  o f  t he  neu t r a l  con t inu i ty  equa t ion  i t  was noted 
tha t  pho tod i s soc ia t ion  is the  primary  source term. When order-of-magnitude 
estimates were made f o r  t h i s  p r o c e s s ,  e f f e c L a  i n  t h e  e n e r g y  e q u a t i o n  were 
found t o  b e  n e g l i g i b l e .  However, once  aga in  th i s  estimate f a i l e d  t o  c o n s i d e r  
none la s t i c  e f f ec t s ,  i n  pa r t i cu la r  excess  ene rgy  o f  t he  pho ton  beyond t h a t  
r equ i r ed  €o r  d i s soc ia t ion .  Th i s  con t r ibu t ion  w i l l  b e  compared with those of 
other  nonelast ic  processes  below; here  it is s u f f i c i e n t  t o  n o t e  t h a t  a l t h o u g h  
t h e  f i n a l  term i n  e q u a t i o n  (4-53) is  dropped,  the physical  process  behind i t ,  
photodissociat ion,  does make a c o n t r i b u t i o n  i n  a n o t h e r  form. 
The conc lus ion  to  be  drawn from these  d i scuss ions  is t h a t ' i n  t h e  i o n o s -  
phere,  the source/ loss  terms of the  con t inu i ty  equa t ion  do no t  con t r ibu te  
s i g n i f i c a n t l y  t o  t h e  momentum equation. They d o  h a v e  s i g n i f i c a n t  e f f e c t s  i n  
the energy equat ion,  a l though not  in  the form suggested by the formalism. 
This is  due to  the  neg lec t  o f  i ne l a s t i c  p rocesses  in  the  fo rma l i sm,  and  these  
processes are t h e  b a s i s  f o r  e f f e c t s  i n  t h e  e n e r g y  e q u a t i o n .  
To th i s  po in t ,  d i scuss ion  has  been  centered  on p a r t i c l e  s o u r c e s  and 
lo s ses  and  the  a s soc ia t ed  e f f ec t s  on  momentum and  energy  equations.  Sources 
and s inks  of  momentum and energy themselves must now be considered.  Source/ loss  
terms f o r  t h e  momentum equat ions are a l ready  inc luded  in  the  form of t h e  
e x t e r n a l  f o r c e  terms; these   requi re   no   fur ther   d i scuss ion .  However, i n  t h e  
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energy equations,  as in  the  con t inu i ty  equa t ions ,  ma jo r  sou rce f los s  mechanisms 
are not  included within the elast ic-col l is ion formalism developed above.  These 
invo lve  ene rgy  t r ans fe r  t h rough  ine l a s t i c  co l l i s ions  and r ad ia t ive  sou r ses  and  
sinks of energy. The former i s  impor t an t  p r imar i ly  fo r  e l ec t rons  and n e u t r a l s ,  
t h e  lat ter for  neut ra l s  a lone .  This  separa t ion  of  e f fec ts  can  be  unders tood  
from the  proper t ies  of  the  gases  in  the  upper  a tmosphere .  
The impor t ance  o f  i ne l a s t i c  co l l i s ions  fo r  e l ec t ron  ene rgy  t r ans fe r  is  
another  consequence of  the dispar i ty  between electron and heavy-particle 
masses. Equation ( 3 - 4 8 )  shows tha t  ene rgy  t r ans fe r r ed  pe r  e las t ic  c o l l i s i o n  
be tween  ions  and  neu t r a l  pa r t i c l e s  is e q u i v a l e n t  t o  t h e  d i f f e r e n c e  i n  mean 
p a r t i c l e  e n e r g i e s ,  w h i l e  f o r  e l e c t r o n s  and n e u t r a l s  i t  is t h i s  e n e r g y  d i f f e r -  
ence  reduced  by a fac tor  of  (m /m ). Consequen t ly  the  e l a s t i c  co l l i s ion  i s  an 
e f f i c i e n t  means fo r  t he  t r ans fe r  o f  ene rgy  from i o n s  t o  n e u t r a l s ,  b u t  r a t h e r  
i n e f f i c i e n t  f o r  e l e c t r o n s  t o  n e u t r a l s .  I n  t h i s  c o n t e x t  t h e  r e l a t i v e  m a g n i t u d e s  
of elastic a n d  i n e l a s t i c  c r o s s  s e c t i o n s  must  be  considered. Elastic c ross  
s e c t i o n s  are of  the  order  10  -15-10-16 cm2 whi l e  i ne l a s t i c  c ros s  sec t ions  are 
genera l ly  of  the  order  10-17-10-18 cm2 o r  smaller a t  energies  of an  e lec t ron  
v o l t  o r  less. S ince  the  most e f f i c i e n t  i n e l a s t i c  c o l l i s i o n s  f o r ‘ e n e r g y  t r a n s -  
f e r  w i l l  be  those  wi th  t r ans i t i on  ene rg ie s  nea r  t he  k ine t i c  ene rg ie s  of the 
co l l i d ing  pa r t i c l e s ,  t he  r e l a t ive  magn i tudes  o f  t hese  c ros s - sec t ions  ind ica t e  
t h a t  e n e r g y  t r a n s f e r  f o r  i o n s  t h r o u g h  i n e l a s t i c  c o l l i s i o n s  is n e g l i g i b l e  
compared wi th  e las t ic  c o l l i s i o n s .  However, f o r  e l e c t r o n s  t h e  smaller i n e l a s t i c  
c r o s s  s e c t i o n  is  more than compensated by inc reased  ene rgy  t r ans fe r  pe r  i ne l a s t i c  
c o l l i s i o n ,  making th i s  the  predominant  means o f  e l ec t ron  ene rgy  t r ans fe r ,  up 
t o  h e i g h t s . w h e r e  e l e c t r o n - n e u t r a l  c o l l i s i o n s  become less important than electron- 
i o n  c o l l i s i o n s .  
e n  
The importance of a g iven  ine las t ic  process  for  e lec t rons  depends  on t h e  
t r ans i t i on  ene rgy  fo r  t he  p rocess  and  the  e l ec t ron  ene rgy  d i s t r ibu t ion .  Con- 
s e r v a t i o n  of ene rgy  r equ i r e s  tha t  t he  k ine t i c  ene rgy  of t h e  c o l l i s i o n  p a r t n e r s  
e q u a l  o r  e x c e e d  t h e  t r a n s i t i o n  e n e r g y  i n  o r d e r  f o r  t h e  c r o s s  s e c t i o n  t o  b e  
nonzero .   Thus ,   the   s ign i f icant   t rans i t ions   a re   those   wi th   energ ies  of the  
order  of o r  less than the mean thermal  e lec t ron  energ ies  -- a few t e n t h s  of an 
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e lec t ron  vo l t .  Fo r  the  p r imary  neu t r a l  spec ie s  ur the upper atmosphere,  
r o t a t i o n a l  and  v ibra t iona l  exc i ta t ion  of  N and  0 and e x c i t a t i o n  of t h e  f i n e  
s t r u c t u r e  levels of the ground state of atomic oxygen meet t h i s  c r i t e r i o n .  
For unusually high electron temperatures .(T 2 4500°K), e x c i t a t i o n  of elec- 
t r o n i c  states of  atomic  and  molecular  oxygen  becomes  significant.  These  and 
o t h e r  i n e l a s t i c  c o l l i s i o n s  have  been  reviewed  by  Dalgarno,  (1969). The appl i -  
ca t ion  of these processes  to  e lectron energet ics  has  been examined by a number 
o r  inves t iga tors ,  notably  Dalgarno, e t  a l .  (1968). To f a c i l i t a t e  computer 
c a l c u l a t i o n s ,  t h e s e  i n v e s t i g a t o r s  have  developed a n a l y t i c  e x p r e s s i o n s  f o r  
e l ec t ron  ene rgy  t r ans fe r  rates due t o  i n e l a s t i c  c o l l i s i o n s ;  t h e s e  w i l l  be 
extracted from the l i terature  and presented here-without  detai led discussion 
of t h e i r  d e r i v a t i o n .  
2 2 
e 
F o r  e n e r g y  t r a n s f e r  d u e  t o  e l e c t r o n  c o l l i s i o n a l  e x c i t a t i o n  o f  t h e  rota- 
t i o n a l   l e v e l s  of N the  expression  given by Dalgarno  (1969) is 2 ’  
N,(ROT) : Q, = - N n 
e N, L 
where n is 
f o r  02, a l s o  
N2 
(4-56) 
the  number densi ty   of  N2. The cor responding  energy  t ransfer  rate 
given by Dalgarno  (1969), is 
02(ROT) : Q, = - N n  
e O2 
(6.9 x  (Te - Tn) /Tel” e V  c m  -3 s-l (4-57) 
L n e  ene rgy  t r ans fe r  rate due t o  e l e c t r o n  e x c i t a t i o n  o f  t h e  v i b r a t i o n a l  states 
of N 2 ,  as presented by Stubbe and Varnum (1972), is 
N2 (VIB) : Q, = - N 
e %2 
x (2.99 x 10 -12) exp Lf (‘e 2000 - ’OOO)] Te 
x 1 1 - exp [- ( I I - T T l  I cm -3  s-l 9 (4-58) 
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where 
f = 1.06 x 10 + 7.51 x 10 tanhrl.10 x 10-3(Te - 1800)J 
g = 3300 + 1. 233(Te - 1000) - 2.056 x 10-4(Te - 1000) (Te - 4000) . 
4 3 
and 
The  corresponding:  expression  for 0 given  by  Prasad  and  Furman  (1973), 2' 
is 
02(VIB): Q, = - N n 
e O2 ~ 
x (5.196 x exp [f ( T;oo Te )] - 700 
x [l - exp  2770 ( Te - Tnl/eV cm-3 s-' 
Te Tn 
(4-59) 
where 
f = 3300 - 839 s i n [  1.91 x  (Te - 2700) ] . 
Electronic  excitation  of  atomic  oxygen (0( P) -+ O (  D): transition 
energy = 1.97  eV)  becomes  significant  for  high  electron  temperatures  such  as 
are  found  in  aurora  and  stable  mid-latitude  red  arcs  (SAR-arc).  An  expression 
for  energy  transferred  by  electrons  to 0 by  this  method,  also  provided  by 
Stubbe  and  Varnum  (1972),  is 
3 1 
O (  D): Q, = - Ne no 1 
- "
x (1.57  x 10 3000  Te 
x [ 1 - exp [- 22713 ( Te - 
Te  Tn ).V cm-3 s-l 
(4-60 
where 
f = 2.4 X 10 + . 3(Te - 1500) - 1.947 x 10-5(Te - 1500) (Te - 4000) 4 
Excitation  of  electronic  states  of  molecular  oxygen  is  less  likely  to be 
significant  because  at  altitudes  where  molecular  oxygen  is  more  important, 
electron  temperatures  are  not  likely to be high.  However,  conditions  for 
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t h e s e  p r o c e s s e s  t o  b e  s i g n i f i c a n t  m i g h t  b e  f o u n d  i n  a u r o r a .  T h e r e f o r e ,  t h e  
fo l lowing  express ions  obta ined  by Prasad and Furman (1973) are presented:  
(02( Eg) + 02( Ag) : t r a n s i t i o n a l  e n e r g y  = .98 e V )  3 -  1 
02(*Ag) : Q, = - Ne 
x (1.143 x 10 
x 1 1 - exp [-11400 ( Te - Tn)]} 
Te Tn 
(4-61) 
where 
f = ( 13200 + 1410 sin[2.41 x 10-4(Te - 50011 
x 11 + exp[ (Te - 14011) /lo481 1 ; 
(02('zg) + 02(1C ' 1  : t r a n s i t i o n a l   e n e r g y  = 1.64 eV) 
g 
02('Zg) : Q, = - Ne 
- 1500 
x (1.616 x 10  -16) [g (T:500 Te )] 
x11 - exp [,1400 ( Te - Tn)] 1 
Te Tn 
(4-62) 
where 
g = 119225 + 560 s in [3 .83  x 10-4(Te - 10001 J 
1 + exp[ (Te - 16382)/1760] 1 - 
Fine s t ructure  Gxci ta t ion of  ground state 'atomic oxygen requires a more 
extended discussion (1)  because i t s  c r o s s  s e c t i o n  is of  the order  of  the 
e las t ic  c r o s s  s e c t i o n ,  ( 2 )  because i t  is  thought  to  be  the  dominant  mechanism 
whereby e l ec t rons  lo se  ene rgy  to  neu t r a l s ,  and (3)  because the cross  sect ions 
have recent ly  been  reca lcu la ted ,  cas t ing  some doubt on the  prev ious  asser t ion .  
Atomic oxygen has a 'P ground s ta te  wi th  nondegenera te  to ta l  angular  momentum 
s t a t e s ,  the J = 0 and J = 1 states  l y i n g  .028 e V  and .02 e V  above the  J = 2 
J 
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ground state respectively.   Dalgarno  and Degges  (1968) f i r s t  s u g g e s t e d  t h a t  
t h i s  mechanism might be  an e f f i c i e n t  &an8 of  cool ing  ionospher ic  e lec t rons .  
They p resen ted  e l ec t ron  coo l ing  rates based on c o l l i s i o n  s t r e n g t h s  computed by 
Breig and Lin (1966). The importance of  this  mechanism f o r  e l e c t r o n  e n e r g e t i c s  
w a s  confirmed  by  Dalgarno, e t  al. (1968). New ca l cu la t ions  o f  c ros s  sec t ions  
f o r  t h i s  p r o c e s s  were repor t ed  a t  a r ecen t  American Physical Society meeting 
by Tambe and  Henry  (1973).  Cooling rates ca l cu la t ed  from these  new c r o s s  
s e c t i o n s  are about a f ac to r  o f  t h ree  smaller than for  the previous ones (G. A. 
Victor,  1974).  Since these recent developments have not yet appeared in the 
open l i t e r a t u r e ,  t h e i r  i l p p l i c a t i o n s  f o r  e l e c t r o n  e n e r g e t i c s  are no t  ye t  c l ea r .  
However, it appears  tha t  some caut ion  is i n  o r d e r  i n  making and i n t e r p r e t i n g  
calculat ions involving the electron energy equat ion.  
In  the  absence  of  an  ava i lab le  e lec t ron  cool ing  rate expression based on 
t h e  new atomic oxygen f i n e  s t r u c t u r e  e x c i t a t i o n  c r o s s  s e c t i o n s ,  t h a t  b a s e d  on 
the  p rev ious  c ros s  sec t ions  is provided,  recognizing that  i t  is  l i k e l y .  t o  b e  
superseded  in  the  near  ' fu ture .  A d e t a i l e d  d e r i v a t i o n  of the  cool ing  rate due 
t o  f i n e  s t r u c t u r e  (FS) excitation of atomic oxygen, demonstrating the book- 
keeping  requi red  for  a mult i -s ta te  system, is presented by Comfort (1970). 
That  expression,  determined from the col l is ion s t rengths  of Breig and Lin 
(1966) , is 
Ne no  (6.217  x 10-13)Tel/2 
5 + 3 e-(- .02/k Tn) + exp(- .028/k TJ O(FS): QL p - 
X 6[exp(-  .02/k Te) - exp(-  .02/k T,)] 
X [ lo323 - 1.028/f 1 + 2.8[exp(- .028/k Te) 
- e-(- .028/k Tn)l  i.9911 - .9555/f ] + .8 e-(- .02/k T ~ )  
1 
2 
2 
. 
x [exp(- .008/k Te) - exp(-.008/k Tn) ] 
x [ 1.505 - 1.510/f 2 1 e V  ~ r n - ~  s (4-63) 
where f = 8k Te + 1 . 
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As no ted  above ,  t he  c ros s  sec t ion  fo r  exc i t a t ion  of t h e  f i n e  s t r u c t u r e  
levels  of  ground state atomic oxygen is o f  t he  o rde r  of t h e  elastic momentum 
t r a n s f e r   c r o s s   s e c t i o n  cm2).  .The b a s i s   f o r   i g n o r i n g  momentum t r a n s f e r  
i n  i n e l a s t i c  c o l l i s i o n  w a s  p r e v i o u s l y  s t a t e d  t o  b e  t h a t  i n e l a s t i c  c r o s s  s e c t i o n s  
were much smaller than  momentum t r a n s f e r  c r o s s  s e c t i o n s ;  t h e  f r e q u e n c y  of 
i n e l a s t i c  c o l l i s i o n s  would the re fo re  be  so much smaller than  tha t  of  elastic 
c o l l i s i o n s  t h a t  t h e  t o t a l  momentum t r a n s f e r r e d  t h r o u g h  i n e l a s t i c  c o l l i s i o n s  
would be  neg l ig ib l e  by  compar i son .  S ince  fo r  t h i s  i ne l a s t i c  p rocess ,  such  
reasoning is i n v a l i d ,  Schunk and Walker (1970) have suggested tha t  an  e f fec-  
t i v e  i n c r e a s e  i n  t h e  momentum t r a n s f e r  c o l l i s i o n  f r e q u e n c y ,  d u e  t o  f i n e  s t r u c -  
ture  exci ta t ion of  a tomic oxygen,  could have a s i g n i f i c a n t  e f f e c t  on iono- 
s p h e r i c  e l e c t r o n  t r a n s p o r t  p r o p e r t i e s .  It would t h e r e f o r e  b e  d e s i r a b l e  t o  
I t a k e   t h i s   i n t o   a c c o u n t   q u a n t i t a t i v e l y .  However, I t ikawa  (1972)  has  discussed 
t h e  e f f e c t  of i n e l a s t i c  p r o c e s s e s  on t h e  momentum t r a n s f e r  c r o s s  s e c t i o n  and 
concluded that  the present ly  avai lable  formalism is inadequate  to  treat t h i s  
problem.   Moreover ,   g iven   the   uncer ta in t ies   in   the   f ine   s t ruc ture   exc i ta t ion  
cross  sect ions noted above,  i t  appears  unprof i tab le  to  a t tempt  a q u a n t i t a t i v e  
estimate of  such  ef fec ts  a t  t h i s  time. T h i s  e f f e c t  must therefore  remain an 
unce r t a in ty  in  any  ca l cu la t ed  r e su l t s ,  t o  be  t aken  in to  accoun t  i n  t h e i r  
i n t e r p r e t a t i o n .  
F o r  i o n s ,  n e i t h e r  i n e l a s t i c  c o l l i s i o n s  n o r  r a d i a t i v e  i n t e r a c t i o n s  p l a y  a 
s i g n i f i c a n t  r o l e  i n  t h e  e n e r g y  b a l a n c e .  E x c i t a t i o n  e n e r g i e s  f o r  i o n s  are too  
high for  thermal  par t ic les  of  the upper  a tmosphere to  interact  yi th  them 
i n e l a s t i c a l l y  t o  any s ign i f i can t  deg ree .  S imi l a r ly ,  t oo  few ions   absorb   o r  
emit r ad ia t ion  to  a f f ec t  t he  ene rgy  ba lance  apprec i ab ly .  In t e re s t  i n  i on  
exc i ted  states is r e s t r i c t e d  p r i m a r i l y  t o  a u r o r a l  e m i s s i o n s ,  as i n d i c a t o r s  of 
i n t e rac t ions  wi th  non the rma l  pa r t i c l e s .  
Neu t ra l  ene rge t i c s ,  on the other  hand,  depend to  a high degree on radia- 
8 
t i v e  and i n e l a s t i c  p r o c e s s e s .  Chandra  and  Sinha  (1973)  have recent ly  presented  
lhodel calculat ions of  the neutral  thermal  energy budget .  Resul ts  of t h e i r  
c a l c u l a t i o n s  f o r  l o c a l  noon show t h a t  below 300 km primary heat  sources  for  
n e u t r a l s  are i n e l a s t i c  c o l l i s i o n s  w i t h  p h o t o e l e c t r o n s  and phot'o-dissociation 
by s o l a r  u l t r a v i o l e t  r a d i a t i o n .  Above 300 km i n e l a s t i c  i n t e r a c t i o n s  w i t h  t h e  
thermal plasma deliver energy comparable to the photoelectron contribution, 
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while  photo-dissociat ion is a negl ig ib le  hea t  source .  Energy . losses  are due 
pr imar i ly  to  thermal  conduct ion  and ,  to  a lesser exten t ,  in f ra red  emiss ions .  
Smal le r  hea t  sources  in  the  ca lcu la t ion  inc lude  chemica l  energy  (energy  
re leased  in  d issoc ia t ive  recombina t ion  processes)  and  neut ra l  wind energy- 
( J o u l e  o r  f r i c t i o n a l  h e a t i n g  i n  c o l l i s i o n s  w i t h  i o n s  due t o  f l o w  v e l o c i t y  
d i f f e r e n c e s ) .  A t  n ight ,  of  course,  heat  sources  based on s o l a r  r a d i a t i o n  
v a n i s h ,  r e s u l t i n g  i n  a very  d i f fe ren t  hea t  budget .  Also ,  s ince  the  ca lcu-  
l a t i o n s  of Chandra and Sinha (1973) are based on midd le  l a t i t ude  cond i t ions ,  a 
r a t h e r  d i f f e r e n t  set of relationships can be expected a t  a u r o r a l  l a t i t u d e s .  . 
This simply emphasizes that the importance of a given energy source depends on 
the condi t ions associated with each problem. Each problem, therefore ,  requires  
a de ta i led  rev iew of energy sources and s i n k s  i n  o r d e r  t o  i n c l u d e  a l l  t h a t  are 
of possible importance without including unnecessary computational burdens.  
The paper by Chandra and Sinha (1973) and BCK (1973) ,  as  well  as references 
t h e r e i n ,  may be  consul ted  for  quant i ta t ive  express ions  and de ta i led  d iscuss ions .  
This  d i scuss ion  of  ine las t ic  and r ad ia t ive  p rocesses  has  been  necessa r i ly  
incomple te  and ,  for  the  most p a r t ,  q u a l i t a t i v e .  Its primary  purpose  has  been 
to  note  physical  considerat ions of  importance which are no t  con ta ined  in  the  
formalism  previously  developed.  In many cases, these  involve  complicated 
problems  requir ing  extensive  computat ions  in   their  own r ight .   Since  they are 
g e n e r a l l y  t r e a t e d  i n  t h i s  manner, i t  is more p r a c t i c a l  t o  i n c o r p o r a t e  r e s u l t s  
of such  t rea tment  in to  a calculat ion phenomenological ly  than to  include every-  
thing into the formalism and solve i t  i n  one computational effort .  This 
approach is i l l u s t r a t e d  i n  t h e  p r o b l e m  t r e a t e d  i n  S e c t i o n  V I .  References 
c i ted  in  the  d iscuss ion  above  should  provide  reasonable  resources  for  ob ta in-  
i ng  the  de t a i l ed  in fo rma t ion  r equ i r ed  fo r  spec i f i c  ca l cu la t ions .  
4.4 CONSERVATION EQUATIONS APPROPRIATE TO THE IONOSPHERE 
The r e s u l t s  o f  t h i s  s e c t i o n  are summarized i n  t h e  f i n a l  c o n s e r v a t i o n  
equations which have evolved from consideration of the physical conditions in 
the  ionosphere.   These  equat ions  represent   the  s tar t ing  points   for   the  invest i -  
gat ion of par t icular  ionospheric  problems.  For  convenient  reference  they are 
col lected here .  
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4.4.1 Continuity Equations 
Plasma: - aNe + V (Ne ve) = Pe - Le + a t  
+ 
Neutral: - aNn + V (Nn vn) = Pn - Ln a t  
4.4.2 Momentum Equations 
+ + E x S c  
Electrons: vel= 7
1 
e II 
L 
Ions: v = vn + + +  + + + 1  i v p i  
V in  
- -  
i 
aGn + 
Neutrals: at + (vn V)vn + - Vpn + - V 1 Tn + 1  1 
- 
'n "n n 
- g -  2 V n x Z E = - -  V (G - Vi) + +  p i  - + 
'n in  n 
4.4.3 Energy  Equations 
3 aTe 1 
Ne 
i 
Electrons: 2 k at - - V ( K T  V Te) = - 3k(Te - 
- 3k(Te - Tn)Ten + -  C Qe 1 
Ne P,L 
'(4-64a) 
(4-64b) 
(4-65a) 
(4-65b) 
(4-65~) 
(4-65d) 
(4-66a) 
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Ions: -- k ~ 3 aTi + 3 k  f V Ti -.N V 1 KiT V Ti 2 a t  2 i e i 
k(Ti - Tn> c 
Ne i , n  mi + mn 
i n  - 
i n  av i n  
- m k(Ti - Te) 1 e i 
3 aTn 3 1 V (KnT V Tn) Neutrals :  - k -+ - 2 a t  2 k'n 
+ k T n V  * v n + r C ~  :Vvn 
i n  'in 1 
- + I =  + 
n 
2 2 n n  
V 
= -  c n i m  vi, + - 1 Q, 
Nn i , n  n Nn P,L 
(4 -66b)  
( 4 - 6 6 ~ )  
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Section V 
TRANSPORT PROPERTIES 
5.1 M ACROSCOPIC APPR :OACH TO TRANSPORT PROPERTIES 
In  the  derivation  of  the  conservation  equations  (Section 11), a  set  of 
velocity  moment  equations  is  generated  by  multiplying  the  Boltzmann  equation 
by  successively  higher  powers  of  velocity  (terminated  at  v2  here)  and  inte- 
grating  over  velocity  space. An infinite  number  of  moment  equations  could  be 
generated in.this way.  However,  the  second  term  on  the  left  side  of  the 
Boltzmann  equation  (2-2)  contains  velocity  as  a  factor,,resulting  in  a  velocity 
moment  one  order  higher  than  the  moment  of  interest.  Effectively,  this  intro- 
duces  an  additional  variable  into  the  system  of  equations. As a consequence, 
any  finite  sequence  of  velocity  moment  equations  generated  from  the  Boltzmann 
equation  is  an  indeterminate  system  of  equations.  However,  if  the  highest  order 
moment  can  be  related  to  lower  order  moments,  essentially  independently  of  the 
system  of  moment  equations,  the  system  can  be  closed  and  solved,  in  principle. 
This  is  one  of  the  mathematical  motivations  for  studying  transport  properties. 
Physical  motivation  stems  from  the  possibility  of  better  understanding 
the  relative  importance  of  different  mechanisms  which  convey  particle  proper- 
ties  from  one  location  to  another.  At  the  elemental  level,  a  particle  can  be 
thought  of  as  having  certain  average  properties,  characteristic  of  its  loca- 
tion.  In  the  context  of  a  Boltzmann  binary  collision,  a  particle  moves  undis- 
turbed  (except  for  external  force  fields)  from  one  collision  to  another;  these 
collisions  determine  the  length of a  free  path.  Thus,  the  particle  carries 
the  average  properties  characteristic  of  the  beginning  of  the  free  path  to  the 
other  end  of  the  free  path.  For  this  reason,  Chapman  and  Cowling  (1970)  use 
the  term  "free  path"  phenomena as an  alternate  to  "transport"  phenomena. 
Clearly,  if  average  particle  properties  at  both  ends  of  a  free  path  are  the 
same,  nothing  is  changed. So the  effects  of  transport  depend  on  a  spatial 
gradient  in  the  property  of  interest.  With  a  spatial  gradient,  the  total 
effect  of  transport  then  depends  on  the  length  of  the  free  path,  which  in  turn 
depends  on  velocities,  number  densities,  and  collisional  interaction  potentials. 
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Using  mean  free  path  arguments  of  this  nature,  Chapman  and  Cowling  (1970) 
derive  expressions  for  diffusion,  viscosity,  and  thermal  conductivity  coeffi- 
cients,  which  relate  to  gradients  in  number  density,  flow  velocity,  and  tempera- 
ture,  respectively.  These  expressions  are  useful  for  physical  understanding 
and  order-of-magnitude  estimates.  However, for  rigorous  derivations  with 
accurate  results,  Chapman  and  Cowling  (1970)  (and  others)  use  the  Boltzmann 
equation. 
For  charged  particles,  the  effects  of  electric  and  magnetic  fields  must 
be  considered  in  addition  to  spatial  gradients.  An  immediate  consequence  of  an 
external  magnetic  field is that it renders  the  medium  anisotropic.  This is 
easily  seen in terms  of  the  simple  free  path  arguments.  For  a  strong  magnetic 
field  (wb >> ;)¶ the  effective  free  path in the  transverse  direction is no 
longer  determined  by  collisions,  but  by  the  gyroradius. In the  parallel  direc- 
tion,  of  course,  collisions  are  still  the  limiting  factor.  Furthermore,  the 
Lorentz  force  causes  the  transverse  component  of  external  forces  to  drive 
particles  in  a  direction  transverse  to  both  the  driving  force  and  the  magnetic 
field,  for  example,  equation (4-36). The  situation is more  complicated  when 
the  collision  frequency  and  the  gyrofrequency  are  comparable,  for  example, 
ions  in  the E region;  both  collisions  and  the  magnetic  field  then  affect  the 
transverse  free  path.  The  mathematical  consequence  of  these  physical  effects 
is  that  each  transport  coefficient  must  be  replaced  by  a  three  dimensional 
tensor  of  rank  two. 
Shkarofsky (1961) has  developed  a  method  for  calculating  electron  trans- 
port  tensor  components,  explicitly  including  the  effects  of  a  magnetic  field 
of  arbitrary  strength  and  an  arbitary  degree  of  ionization.  Use  of  this  method 
in  calculating  transport  tensor  components  is  rather  difficult  for  the  general 
case.  However,  if  electron-neutral  collision  frequencies  vary  with  velocity 
according  to  a  power  law r, Shkarofsky (1961) presents  results  with  all  the 
integrals  evaluated.  Although  these  results  still  require  lengthy  calcula- 
tions,  they  represent  a  considerable  reduction  of  effort  over  the  general  case. 
With  this  motivation,  methods  have  been  developed  for  determining an 
effective  power  law  for  electron-neutral  collision  frequencies  of  arbitary 
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velocity  dependence.  This  makes  complete  results  of  the  Shkarofsky  fonnula- 
tion  immediately  accessible.  Derivation  of  this  technique is presented  first. 
This  is  followed  by  a  discussion  of  specific  elastic  collision  frequencies  for 
upper  atmospheric  gases.  The  power  law  approximation  method is applied  to  the 
electron-neutral  collision  frequencies as  an  example  of  its  use. With.these 
parameters  available,  expressions  for  electron  transport  tensor  calculations 
are  extracted  from  the  derivation  by  Shkarofsky (1961). These  are  examined 
briefly  for  consistency  with  order-of-magnitude  estimates in  the  previous 
section.  Expressions  of  more  limited  applicability  are  presented for ions . 
with  a  discussion  of  the  consequences.  Finally,  available  expressions  for 
neutral  transport  coefficients  are  presented. 
5.2 POWER LAW REPRESENTATION FOR COLLISION  FREQUENCIES 
As noted  previously,  calculations  of  transport  coefficients  by  the  method 
of  Shkarofsky (1961) are  considerably  simplified  if  the  collision  frequency 
varies  as  a  power  law  in  velocity.  Recognizing  this,  Schunk  and  Walker  (1970) 
presented  a  technique  for  determining  an  approximate  power  law  representation 
for  electron-neutral  collision  frequencies  when  the  velocity  dependencies of 
the  momentum  transfer  cross  sections  are  expressed  as  polynomials.  An  aiter- 
nate.  technique  has  been  developed  which  offers  the  following  advantages  over 
the  Schunk  and  Walker  (1970)  method.  It  gives a power  law  representation for 
arbitrary  velocity  dependence;  it  has a simple  extension  to  multi-species 
gases;  and  it  is  derived  straightforwardly  without  approximation  from  the 
defining  equation. Most importantly,  comparisons  of  this  method  and  the  Schunk 
and  Walker  (1970)  method  with  results  of  exact  calculations in  a  model  study 
for the  ionosphere  demonstrate  this  method  to  be  the  more  accurate  (Comfort, 
1975). 
In  the  following  derivation,  it  is  convenient  to  adopt  the  notation of 
Shkarofsky (1961). This  permits  an  orderly  introduction  of  that  notation  with 
relationships  to  notation  used  here; in the  later  presentation  of  transport 
tensor  components,  use of this  notation  will  facilitate  reference  to  the  source 
work. 
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From  equation (A-3) in  the  Appendix;  it is seen  that  beyond  the  first  term 
in  the  expansion  of  the  momentum  transfer-collision  frequency,  all  terms  are 
of order  (Kvo)  or  higher.  For  electron-heavy  particle  collisions K = m /2kT 
which  is  approximately  the  reciprocal  of  the  electron  mean  square  thermal  speed. 
Since  v  is  the  magnitude  of  the  relative  flow  velocity 1’ ve - G j I  (j = i, n), 
F v 0  is  the  ratio of relative  flow  velocity  to  mean  thermal  velocity,  which  is 
of order or less in the ionosphere. Thus, electron collision frequencies 
may  always  be  computed  in  the  limit  v + 0, given  by  equation  (3-36).  This  is 
consistent  with  the  expressions  of  Banks  (1966a),  Shkarofsky  (1961),  and 
Itikawa  (1971,  1973). 
2 
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When  the  isotropic  part  of  the  electron  velocity  distribution  is  assumed 
to  be  Maxwellian,  the  total  effective  electron-neutral  collision  frequency  for 
momentum  transfer  is  given  by  Shkarofsky  (1961)  as 
m 
< v > = -  K5’2 J v4  vm(v)  exp(-Kv 2 )dv, 
3 6  
0 
where  K  is  as  above,  v  is  the  total  electron  velocity  (approximately  the  total 
relative  velocity g of  Section  111) , and v (v)  is  the  velocity-dependent  colli- 
sion  frequency.  For  a  single  neutral  species, v (v) is related to the  momentum 
transfer  cross  section  by 
m 
m 
With  this  definition,  equation  (5-1)  is  seen  to  be  equivalent  to  equation  (3-36); 
hence <v > = veri. If v (v) varies  with  v  as  a  power  law  of  the  form m  m 
v(v)=cv , f m (5-3) 
where  c  is  proportionality  constant  and  r  need  not  be  an  integer,  the  integra- 
tion  in  equation  (5-1)  can  be  carried  out  immediately,  yielding 
< v > = c K  r + 5  m (5 -4 )  
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For v given by equation (5-3), Shkarofsky (1961) gives the following m 
relation (his equation (99)) : 
2 where W : Kv and, 
(+la E 4.rr 
Equation (5-5) can 
for arbitrary function 4 ,  the average ( )a is defined by 
(;fI2 1 4 exp(-Kv 2 2  )v dv . 
0 
be verified by straightforward integration; however, an 
alternate method indicates a convenient method for determining the effective 
power index r. From equations (5-1) and (5-6), the denominator and numerator 
of the left side of (5-5) are given by 
and 
v v6 exp(-Kv 2 )dv . m 
0 
Let I ( K )  denote the integral in equation (5-1); thus from that equation, 
(5-8) 
(5-9) 
Then the integral in equation (5-8) may be written as 
m 
a I(K) - - - 3J;;- (K-5/2 <vm>), (5-10) I vm v exp(-Kv )dv = - - aK 6 2 8 aK 
0 
in which the order of integration and differentiation has been reversed. 
Equation (5-8) may therefore be rewritten 
3 K7/2 a (K-5/2 <V,’) . 2 aK (W Vm)a = - -2 (5-11) 
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If v varies  as a power  law  in  v,  as in equation (5-3), equation  (5-4) 
7 
m 
can  be  used  in  (5-11)  and  the  differentiation  carried  out.  The,result, to- . 
gether  with  equation  (5-7),  verifies-equation  (5-5).  It  should  be  emphasized' 
that  the  steps  leading  from  equation  (5-8)  to  equation  (5-11)  depend  on a
Maxwellian  velocity  distribution  for  electrons,  but  place  no  particular 
restriction  on  the  velocity  dependence  of v . m 
In  the  following,  it  is  assumed  that <u > is a  known  function  of  K  (that 
e 
m 
is,  T ), based  on a  knowledge  of vm and  equation  (5-1).  Equation  (5-5)  is  now 
taken  to  define an effective  value  of r for  those  cases  in  which v does  not 
have  the  simple  form  of  equation  (5-3).  Solving  equation  (5-5)  for  yields 
m 
(5-12) 
Substitution  of  equations  (5-7)  and  (5-11)  into  (5-12)  and  performing  part  of 
the  differentiation  results  in 
(5-13) 
which  provides a convenient  means  for  evaluating r, once <v > is  known  as a
function  of T . It is  noted  that  result  (5-13)  follows  from  the  defining 
equation  (5-5)  without  approximation;  and  the  functional  form  of <v > is 
unrestricted. 
m 
e 
m 
Although  equation  (5-13)  is  sufficiently  flexible  to  treat  multi-component 
gases, a more  convenient  form  for  such  gas  mixtures  is  easily  obtained.  Let j
designate  the jth neutral  species.  For  each  neutral  species  an  effective  power 
law  index r is  computed  from  equation  (5-13).  The  total  electron-neutral 
collision  frequency  is  just  the  sum  of the individual  species  collision  fre- 
quencies 
j 
(5-14) 
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where each <v > is represented  by  .equation (5-4), using the computed value of 
j 
When equation,(5-14) is used  to  evaluate  the  derivative in equation (5-13), 
the  result may be written as 
(5-15) 
This  specifies r simply  as  the mean of the power law indexes  weighted by the 
corresponding  species  effective  collision  frequencies. 
A brief  application  of these results  to  ionospheric  collision  frequencies 
is given  in the following  subsection.  Accuracy  of this representation  is  dis- 
cussed in terms of ionospheric  transport  tensor  component  calculations by 
Comfort (1975).  It is  found  that for  the collision  frequencies  presented in 
the  next  section,  use  of  the  above  approximation  results  in  deviations  from 
exact  calculations  of less. than.2 percent,  in  a  model  calculation. 
6.3 EFFECTIVE MOMENTUM TRANSFER COLLISION FREQUENCIES FOR THE IONOSPHERE 
Formal expressions  for  collision  frequencies have  been.derived in  Section 
I11 and  the  integrals  for  particular  velocity  dependencies  evaluated  in  the 
Appendix. Here explicit  expressions for the  different  species  of  the  ionosphere 
are  presented  in  a  form  suitable for computer  evaluation.  Some of these  are 
obtained  directly  from  the  literature;  others a e introduced  here  based  on 
momentum  transfer  cross set-+-lons  or other  information in the  literature. 
5.3.1 Elactron-Neutd  Cdliriom 
The  most.recent reviews  of  momentum  transfer  cross-section  information 
(experimental  data  and  theoretical  calculations) are those of Itikawa  (1971, 
1973). based on results  available at the end of.1971. Itikawa (1971,  1973) 
defines  two  effective  collision  frequencies, one for computing a.  c. conduct- 
ivities,  the  other for d.  c. conductivities.  That for d. c. conductivities is 
designated <veff> and is defined  as in equation -(5-1). Itikawa  (1971)  shows 
that <veff> is  appropriate for  use  in  the transport  calculations  of  interest 
here;  accordingly  those  collision  frequencies are presented  here. 
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Collision  frequencies  are  given  by  Itikawa  (1973) a8 functions of Te in 
tabular  form.  If,  for  each  neutral  species,  is  written  in  the  form 
then  equation ( 5 - 4 )  can  be  used  to  obtain 
(5-16) 
(5-17) 
where K = me/2kBTe  has  been  used. A fourth-  degree  polynomial  in e has  been 
fit  to  the  collision  frequency  data of Itikawa  (19731,  Table 11). Equation 
(5-17)  has  then  been  used to determine  the a coefficients  from  the  curve  fit 
coefficients;  these a coefficients  are  listed  in  Table 5 - 1 .  The  resulting 
polynomial  approximations  represent  Itikawa's  (1973)  tabulated  collision fre- 
quencies  within  2  percent  over  the  range 200'K T < 5000°K. 
jk 
jk 
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Table  5-1 . COEFFICIENTS FOR ITIKAWA'S (1 973)  ELECTROK-NEUTRAL 
COLLISION FREQUENCIES (CGS UNITS) 
- 
j - 
N2 
O2 
He, 
0 
H 
1.50 x 3.87 x 
5.38 x 1 0 - l ~  4.32 x 
4.23 'x 1 0 - l ~  7.07 x 
4.90 x 5.84 x 
& -1.28 X 10 
3.24 x 
5.10 x 
-4.69 x 
-9.76 x 
a j 4  , 39 I 
9.12 x 10- 
-2.86 X 10 -39 
-4.85 x 
8.02 x 
6.50 x 
As an  application  of  the  power  law  representation  for  collision  frequencies, 
derived  in  the  previous  section,  equation  (5-17)  can  be  substituted  into  equa- 
tion  (5-13)  and  the  differentiation  carried  out t o  obtain 
(5-18) 
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which  is  readily  evaluated  with  the  a  coefficients in Table 5-1. Numerical 
results ,are given  by  Comfort  (1975).  Equations  (5-17), (5-18), and (5-15) are 
particularly  convenient  forms  for  computer  evaluation. 
jk 
5.3.2 Electron-Ion Collisions 
Collisions  among  charged  particles  in  plasmas  have  received  extensive 
attention  in  the  literature  and  in  many  texts, so that  a  detailed  discussion 
need  not  be  presented  here. It is  nevertheless  worth.iioting  that  a  variety 
of  methods  have  been  used,  each  focusing  on  a  particular  physical  aspect  of 
the  process. To first  order, all-rely  on either  truncating  the  Coulomb  poten- 
tial  at  the  Debye  length (%) or  using  the  screened  Coulomb  (or  Debye)  poten- 
tial (a exp (-r/%)/r) with  or  without  truncation  at %. The  physical  idea 
behind  these  approximations is that  charges  of  a  given  sign  are  effectively 
screened  by  charges  of  the  opposite sign, so that  beyond  a  certain  distance 
(%) there is negligible  interaction.  Among  the  approaches  used  to  compute 
the  effects  of  charged  particle  collisions  are  the  binary  collision  concept, 
the  Fokker-Planck  equation,  and  two-particle  distribution  functions.  These 
are  examined  in  detail  by  Shkarofsky,  et  al. (1966, Chapter 7) and  Burgers 
(1969, Chapter 4 ) .  
To first  order,  the  various  approaches  arrive  at  results  which  can  be 
placed  in  the  same  form,  with  differences  incorporated  into  the  Coulomb 
logarithm (h A ) .  Numerically,  ionospheric  collision  .frequencies  resulting 
from  these  methods  agree  within  10-15  percent.  Since  there  appears  to  be 
little  consensus  favoring  one  result  over  others,  and  given  the  reasonable 
agreement  among  them  relative  to  other  uncertainties  in  ionospheric  calcula- 
tions,  the  basis  for  selection  here  is  simplicity  and  consistency  with  other 
factors in the  study. 
With  that  rationale,  the  derivation  of  the  electron-ion  collision  fre- 
quency  is  outlined  in  the  context  of  the  binary  collision  formalism  developed 
in  Section  111. It is  well-known  that  both  classical  and  quantum  mechanical 
treatments  yield  the  Rutherford  differential  cross  section  for  scattering  in 
a  Coulomb  potential: 
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(5-19a) 
in  the  notation of  Section 111, with Zr and Zs the number  of  charge units for 
species  r and s. The momentum  transfer  cross section for this process is then 
given by equation (3-12) as 
(5-19b) 
Here the relation between  the  impact  parameter  and  the  differential cross 
section, 
bdb = -a(g,x) sinxdx, (5-19~) 
has b'een used. 
Since  the  integral in equation (5-19b) diverges at  the lower limit, which 
corresponds  to  forward  scattering  and infinite impact  parameter, the standard 
technique  for  avoiding  this  problem is  to set  a new lower  limit x,. This is 
determined  by  assuming  that  because of screening  by  charges  of  the  opposite 
sign,  the  potential  of  a  given  particle  does  not  effectively  extend  beyond the 
Debye  length 
% =[ kTe 2]1/2. 
4aNee 
(5-19d) 
With  this  assumption  and the condition  that  densities be sufficiently  high  that 
the  Debye  sphere  contain  many  charged  particies, the integration  in  equation 
(5-19b) can  be  carried  out  and  the  result  placed in the  form 
(5-19e) 
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At this  point,  the  usual  approximation  is  to  argue  that  the  logarithmic 
factor  varies  sufficiently s1owly:with  velocity  that the  mean  velocity  can  be 
used in  its  argument  and  the  logarithm  can  be  factored  out f the  integral in 
the  collision  frequency.  For 
’rs e -m and  equation  (3-36)  is 
giving  the  result 
the  electron-ion  collision  frequency, Zr-Zs-l, 
used  for  the  integration  over  relative  velocities, 
where  the  argument  of  the  Coulomb  logarithm  (an A )  is  given  by 
3kTe ( kTe 2) 1/2 . 
A = -  - 
e 47rNee 
(5-20a) 
(5-20b) 
This  form  for  the  collision  frequency  is  consistent  with  those  of  Banks 
(1966a),  Shkarofsky,  et  al.  (1966)  and  Itikawa  (1971)  among  others.  The  form 
for  the  Coulomb  logarithm  is  one  of  the  most  common in  the  literature.  How- 
ever,  it  neglects  the  effects  of  ion  motion  both in  charge  shielding  and  in 
contributing  to  the  relative  collision  speed.  Since  the  ion  thermal  speed  is 
about  one  percent  of  the  electron  thermal  speed,  these  effects  are  relatively 
small;  but  they  contribute  to  the  numerical  differences  discussed  above.  For 
present  purposes,  equations  (5-20a)  and  (5-20b)  are  considered  adequate. 
5.3.3 Ion-Neutral Collisions 
Ion-neutral  collisions  have  special  significance  for  several  reasons.  First, 
elastic  collisions  are  an  efficient  means  for  transferring  momentum  and  energy 
between  ions  and  neutrals, o that  the  formalism  developed in  Section  I11 
applies  directly.  Second,  it  was  shown  above  thag  all  collisions  involving 
electrons  could  be  computed  in  the  limit  of  vanishing  relative  flow  velocity. 
However,  this  is  not  true  for  ions  in  general.  Hence,  the  full  mathematical 
framework  developed  in  Section  111,  taking  into  account  the  effects  of  the 
relative  flow  velocity  on  momentum  and  energy  transfer,  must  be  used  for  ion- 
neutral  collisions  and  only  for  those  collisions.  Third,  because  the  masses 
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of ions  and  neutrals  are  comparable,  electrostatic  fields of external  (mag- 
netospheric)  origin  give  momentum  to  the  charged  particles;  and  this is 
transferred  to  neutrals  primarily  through  collisions  with'ions. In other 
words,  the  ions  are  the  agent  through  which  magnetospheric  electric  fields 
interact  with  the  neutral.  atmosphere.  Some  effects  of  this  interaction  are 
examined  in  the  following  section. 
Since  there  are  five  major  neutral  species  and  five  major  ion  species, 
a  total  of  25  different  collision  frequencies  are  possible.  However, all  of 
these  species  are  not  important  in  the  same  altitude  region.  Thus,  some 
possible  combinations  are  not  required.  Those  that  are  required  may be 
conveniently  grouped  into  two  categories:  collisions  between  ions  and  unlike 
neutrals,  and  resonance  charge  exchange  collisions  between  ions  and  parent 
neutrals.  Interactions  in  each  category  are  the  same,  differing  only  in 
strength, so that only two  different  expressions  are  required  to  express  all 
the  collision  frequencies.  These  are  discussed  separately  below. 
5.3.3.1  Collisions  Between  Ions  and  Unlike  Neutrals.  The  longest  range  inter- 
action  between  ions  and  neutrals  results  from  an  induced  dipole  potential of 
the  form 
@ = -ae  /2r , 2 4  (5-21) 
. 
where a is  the  dipole  polarizability  of  the  neutral  atom.  This  interaction 
predominates  at  low  temperatures,  below  about  300°K.  Due  to  lack of experi- 
mental  data  for  higher  temperatures,  little  is  known  reliably  of  the  actual 
shorter  range  interactions  (Mason,  1970).  Depending  on  the  nature  of  these 
shorter  range  interactions,  the  momentum  transfer  cross  section  can  either 
increase  or  decrease  with  increasing  temperature. So in  the  absence  of 
reliable  information,  the  simple  approach  is  taken: 'the  polarization  inter- 
action  is  assumed  to  predominate  for  all  ionospheric  temperatures.  Corre- 
sponding  to  the  induced  dipole  interaction,  equation  (5-21),  is  the  momentum 
transfer  cross  section  (see  Dalgarno,  et  al.  (1958)) 
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(5-22) 
where r designates an ion species and s a neutral species. This is  recognized 
as the momentum transfer cross section for Maxwellian molecules,  for which the 
collision frequency is independent of temperature. From equation (A-43d) the 
collision frequency for  this cross section is 
v rs = 2.21r ($)'I2 n .s s -1 . (5-23) 
When values for the dipole polarizability given by Banks  and  Kockarts 
(1973, Chapter 9) are used  in equation (5-231, collision frequencies  may  be 
written in the  form 
v = A  n rs rs s ' (5-24) 
where the Ars coefficients are given in Table 5-2. 
Table 5-2. COEFFICIENTS FOR ION COLLISIONS WITH UNLIKE NEUTRALS  FROM 
DIPOLE POLARIZABILITIES OF' BANKS AND KOCKARTS (1973) 
~~ ~ ~- 
ION-NEUTRAL *rs   IO-^^^^^-^) 
.89 
.70 
.90 
.83 
.71 
1.08 
1 .oo 
.66 
ION-NEUTRAL A, (10 crn s ) -9  3  1
~ ~~~~ ~~ 
0' - H 
H i  - N2 
+ 
He - 0 
He - H + 
H' - N2 
H' - O2 
H' - 0 
H+ - He 
~~ 
2.18 
1.84 
1.29 
2.36 
3.50 
3.32 
2.37 
1.33 
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The  order  corresponds  to  the  altitude  region  of  primary  importance,  with  those 
listed  first  (left  side)  most  important  in  the E region.  Since  He  and H ions 
are  negligible  at  altitudes  of  interest  here,  those  collision  frequencies  are 
included  only  for  completeness. 
+ + 
A significant  feature  of  these  collision  frequencies is that  they  are 
constant.  This is associated  with  the  type  of  interaction  assumed  (that  of 
Maxwellian  molecules)  rather  than  any  approximation  involving  dropping small 
terms.  Since  the  derivative  with  respect  to  relative  flow  velocity  vanishes 
for  this  type  of  collision  frequency,  that  term  will  be  absent  from  the  ion 
energy  transfer  equation (4-66b) for  these  collisions. 
5 . 3 . 3 . 2  Collisions  Between  Ions  and  Parent  Neutrals.  For  collisions  between 
ions  and  parent  neutrals,  resonant  charge  exchange  interactions  become  more 
'important  than  induced  dipole  polarization  interactions  as  temperature 
increases  (Mason,  1970).  Such  collisions  are  quite  important  for  the  exchange 
of  momentum  and  energy  between  ions  and  neutrals.  In a single  collision, a 
fast  ion  becomes a fast  neutral  and a slow  neutral  becomes a slow  ion.  Because 
both  momentum  And  kinetic  energy  of  the  particles  are  conserved  in  the  collision, 
the  collision  may  be  treated  as  if  it  were  elastic,  by  the  formalism  developed 
in  Section  111.  Indeed,  the  small-angle  charge  exchange  collision  is  indistin- 
guishable  from a large  angle  elastic  collision.  Therefore,  these  collisions 
are  discussed  here  in  the  context  of  elastic  collisions  and  in  that  mathematical 
framework. 
Banks (1966~) has  examined  the  transition  from  induced  dipole  polarization 
interactions  at  low  temperatures  to  charge  exchange  interactions  at  higher  tem- 
peratures.  He  finds  that  the  transition  takes  place  over a temperature  range 
of a few  hundred  degrees.  Outside  this  range,  he  determines  that  the  individ- 
ual  interactions  dominate  almost  totally  in  their  respective  temperature 
regions.  Banks (1966~) therefore  takes  the  approach  of  extrapolating  experi- 
mental  or  theoretical  curves  of  cross  section  versus  temperature  for  each 
interaction  into  the  temperature  region  of  the  other.  Where  they  cross  defines 
the  transition  temperature  and  expressions  for  each  interaction  are  used  alone 
in  their  respective  regions  of  dominance. 
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Stubbe  (1968)  takes  an  alternate  approach. In a  semi-classical  calcu- 
lation,  he  corrects  the  contribution  of  charge  exchange  to  the  momentum  transfer 
cross  section  by  including  contributions  of  induced  Dipole  polarization  for 
impact  parameters  beyond  a  critical  value.  Solving  the  resulting  equations 
numerically,  he  presents  graphic  results  for  the  momentum  transfer  cross  sec- 
tion  of (0 , .O) and  (H , H) for  g 2 2 . 5  x 10 cm  s-l,  as  well  as  collision  fre- 
quencies  as  functions of relative  flow  velocity,  with T as  a  parameter,  for 
+ -  + 5 
+ +  
< 3 x 10 cm s . He  also  approximates  the  collision  frequencies 5 -1 IVi - vnl - 
at  zero  relative  velocities  as  power  laws  in  temperature  for  other  charge 
exchange  collisions  of  aeronomical  interest. 
In  comparing  his  results  for (O', 0) with  those  of  Banks  (1966c),  Stubbe 
(1968)  finds  his  results  greater  than  Banks' (1966~) ranging  from  about 35 
percent  at 500°K (transition  region)  to 22 percent  at 2000°K. Stubbe  (1968) 
appears  to  interpret  these  differences  at  high  temperatures  as  due  to  dipole 
polarization  effects,  ignored  by  Banks (1966~) at  high  temperatures.  However, 
since  they  used  slightly  different  charge  exchange  cross  sections,  exact 
agreement  should  not  be  expected.  Stubbe's (1968) own data  indicate  that  at 
2000°K the  polarization  effect  is  less  than 9 percent.  In  view  of  uncertain- 
ties  in  the  source  data,  such  differences  are  not  necessarily  the  limiting 
factors  in  the  accuracy of the  results. 
For  present  purposes,  it  is  not so much  the  assessment of accuracy  as 
the  form  of  the  results  that  leads  to  the  use of Stubbe's  (1968)  results  for 
the  present  study.  The  desirable  feature is  a  single  representation  of  the 
velocity  dependence  of  the  momentum  transfer  cross  section  over  the  entire 
velocity  range  of  ionospheric  interest.  Numerical  results  of  this  type  are 
presented  graphically  by  Stubbe (1968) in  his  Figures 6 and 7 .  Since  these 
momentum  transfer  cross  sections  clearly  vary  inversely  with  relative  velocity 
(g) , second  order  polynomials  in  (l/g)  have  been  fit  to  these  curves  over  the 
velocity  ranges  presented  by  means  of  least  squares  curve  fits.  Momentum 
transfer  cross  sections  are  then  represented  analytically  in  the  form 
(5-25) 
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where  the A are  curve-fit  coefficients  of  appropriate  units.  Values  of  these 
coefficients  are  given  in  Table  5-3.  These  coefficients  used  in  equation  (5-25) 
reproduce  the  graphic  values  within  2  percent  over  the  entire  velocity  range 
of  the  graphs.  It  is  assumed  that  this  expression  can  be  used in  collision 
frequency  integrations  for  all  velocities. 
Jr 
Table  5-3.  COEFFICIENTS FOR STUBBE'S  (1968)  MOMENTUM 
TRANSFER  CROSS  SECTIONS  (CGS  UNITS) 
COEFFICIENT o+ - 0 
~~ ~ . ~~~~~ 
Aj o 
Aj 1 
Aj 2 
.67067 x 
.33298 x 10' 
1.4056 x 
1 X 7 2  x lo-' 
.11465 x .64445 x 
With  the  momentum  transfer  cross  section  represented  by  equation  (5-25), 
collision  frequencies  can  be  obtained  directly  from  equations  (A-43 c-e). 
Thus,  the  collision  frequencies  have  the  form 
exp  (-KVo)  2 
w in ( v ) = n  o [(% + I) Ajo + 21 
2Kv0 V 
0 
A A 
+erf (fi vo) [k: + 1 - %) $ (2Kvt-1) %]I (5-26) 
4Kvo 0 2Kvo 
where  vo = - vnl,  K = 4kT/m T = 1/2 (Ti + T ) and  the  A ' s  are  given  in 
Table  5-2. 
+ 
j' n jr - 
When  equation  (5-26)  is  evaluated  for (0 , 0) collisions,  using  various 
values  for  v  and T, comparison  with  corresponding  graphic  data  presented  by 
Stubbe  (1968,  Figure 9)  shows  exact  agreement,  within  the  precision of the 
graph.  However,  similar  comparison  for  (H , H) collisions  (Stubbe,  1968, 
Figure  10)  shows  a  temperature-dependent  discrepancy.  Since  both  calculations 
are  made  by  the  same  computer  program,  changing  only  the  A  coefficients, 
the  agreement  for (0 , 0) validates  the  equation  and  the  program.  Similarly, 
+ 
0 
+ 
+ jr 
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t he  same computer program computed and checked both sets of curve f i t   c o e f f i -  
c i e n t s ;  so t h e  (0 , 0) r e su l t s  va l ida t e  tha t  p rocedure .  Review  of t he  inpu t  
da t a  reveals no e r r o r  t h e r e .  It appea r s  t ha t  fo r  (H , H) c o l l i s i o n s ,  t h e  
momentum t r ans fe r  c ros s  sec t ions  p re sen ted  by Stubbe (1968, Figure 7) are in-  
cons i s t en t  w i th  h i s  co l l i s ion  f r equenc ie s  (h i s  F igu re  10 ) .  Co l l i s ion  f r equen-  
cies computed  from the  c ross  sec t ions  by equat ion (5-26) are cons i s t en t ly  
larger than Stubbe's (1968) graphic values by amounts ranging from about 6 per- 
cen t  a t  500°K to   18   percent  a t  3000°K (v = 0 ) .  For   p resent   purposes ,   th i s  
i s  no  problem s i n c e  H+ is genera l ly  a minor ion below 800 km. I n  a d d i t i o n ,  
t h e  s i z e  of  the discrepancy is wi th in  the  unce r t a in t i e s  a s soc ia t ed  wi th  ion  
n e u t r a i  c o l l i s i o n  f r e q u e n c i e s .  
+ 
+ 
0 
In  addi t ion to  the col l is ion frequencies  above,  Stubbe (1968)  provides  
the  fol lowing  approximate  expressions,   for  500°K " < T < 3000°K and  vo = 0: 
v(02, 02) = 1 . 1 7  x 10  (T/1000) *28  n s 
+ -9 -1 
O2 
(5-27a) 
v(N2,  N2) = 2 . 1 1  x 10  (T/1000) + -9 .38 -1 
%2 
(5-27b) 
\) (N , N) = 1.75 x ( T / ~ O O O )  + .34 n s -1 (5 -27~)  
v(He, He) = 2.92 x lo-' (T/1000) He 
*37  n s . + -1 (5-27d) 
Of these only v(02,  0 ) i s  l i k e l y  t o  b e  s i g n i f i c a n t  below  800 km. For  most  of 
t h i s  r e g i o n ,  v ( 0  , 0) is t h e  s i n g l e  most  important  ion-neutral  col l is ion fre-  
quency  because 0 is the major  ion species  throughout  the F region (above abopt 
180 km, see Figure 1-lc) and resonant charge exchange is t h e  most important 
c o l l i s i o n  p r o c e s s .  
+ 
+ 
+ 
2 
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5.4 METHODS FOR COMPUTING  TRANSPORT TENSOR  COMPONENTS 
Rigorous  calculations  of  transport  properties  are  inherently  difficult, 
requiring  numerical  solution  of  coupled  sets of integro-differential  equations. 
As  the  number  of  independent  parameters  with  which  the  transport  properties 
vary  increases,  it  even  becomes  diFficult  to  place  the  numerical  results  in  a 
form  usable  in  practical  calculations.  Thus,  when  arbitrary  degree  of  ioniza- 
tion  and  magnetic  field  strength  must be considered  in  addition  to  number 
density  and  temperature  as  independent  parameters,  the  problem  becomes 
formidable  indeed.  This  is  why  the  method f Shkarofsky (1961) is so useful: 
it  includes  all  these  effects  in  a  basically  simple  form. F  the  power  law 
representation  derived  in  Section 5.2., the  more  complicated  mathematics  has 
been  worked  out  by  Shkarofsky (1961), who  presents  expressions  requiring  only 
the  evaluation  of  determinants.  Recent  experimental  data  supports  Shkarofsky's 
(1961) treatment  of  partial  ionization  (Albares,  1973).  The  primary  disadvan- 
tage  is  tha.t  only  electron  motions  are  treated. 
Shkarofsky,  et  al., (1966) treat  the  ion  pressure  tensor  in  a  manner 
similar  to  that  for  electrons.  However,  only  a  fully  ionized  plasma  is  con- 
' sidered  (ion-rreutral  collisions  are  neglected)  and  only  transport  associated 
with  gradients  in  flow  velocity  (i.e.  viscosity/pressure  tensor)  are  treated. 
For  the  ionosphere,  this set of  limitations  makes  the  results of little  practi- 
cal  value.  At  high  altitudes  where  the  fully  ionized gas approximation  is  most 
nearly  approached,  the  strong  magnetic  field  limit ( < w  > <<w ) applies  to  the 
ions, so that  ion  transport  is  restricted to the  parallel  direction.  In  this 
case,  less  complicated  results  for  no  magnetic  field  can  be  employed.  Also, 
gradients in  flow  velocity  are  likely  to be much  smaller  at  high  altitudes 
than  in  the E region  (e.g. see  Section VI) where  the  magnetic  field  competes 
with  neutral  collisions  for  dominance  of  ion  motions.  The  fact  of  this 
competition,  however,  means  that  the  fully  ionized  approximation  is  inappli- 
cable.  The  net  result  of  these  considerations is that  for  ions  Shkarofsky's 
method  offers  too  little  for  the  effort  required  to  be  useful  for  ionospheric 
applications. 
in i 
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Alternate  expressions  for  ion  transport  coefficients  are  therefore  adopted. 
Although  these  lack  the  thoroughness  of  the  electron  treatment,  the  effects  on 
practical  calculations  are  probably  small,  as  discussed  below.  For  neutrals . 
different  complications  arise,  due  to  the  multiplicity  of  neutral  species. 
However,  adequate  expressions  are  available  from  the  literature,  and  these 
are  presented. 
5.4.1 Computation of Electron Transport  Tensor  Components 
The  Shkarofsky  method  for  computing  electron  transport  coefficients  is . 
described  in  detail  in  several  works  (Shkarofsky, 1961; Shkarofsky,  et  al., 
1966; Hochstim  and  Massel, 1969; Mitchner  and  Kruger,  1973);  a  lengthy 
description  is  inappropriate  here.  Since  calculation  of  the  transport 
tensor  components  is  the  primary  objective  here,  the  assumptions  and  approach 
used  are smarized briefly.  Then  those  equations  necessary  for  making  the 
calculations  are  extracted  from  the  sources  above. 
AssmPtions  made  in  the  derivation  of  the  Shkarofsky  method  are  listed by
Shkarofsky  (l961,  Section 2)  and,  in  a  slightly  different  form,  by  Shkarofsky 
et al-, (1966,  Chapter 4 ) .  These  have  been  placed  in  the  context  of  the  iono- 
sphere by Schunk  and  Walker  (19701,  who  also  demonstrate  that  ionospheric  condi- 
tions  are  consistent  with  the  assumptions  (where  appropriate).  In  the form 
given by  Schunk  and  Walker  (1970)  the  assumptions  and  conditions  are  as  follows 
1. 
2 .  
3 .  
4 .  
Only  electron  current  and  heat  flow  are  considered;  contributions  due 
to  ion  motions  are  ignored. 
Only  elastic  collisions  are  considered  (see  discussion  of  fine  struc- 
ture  excitation  of  atomic  oxygen  in  subsection 4 . 3  on  the  validity of 
this  assumption). 
A steady  state  is  assumed - for  the  ionosphere  this  is  valid  because 
time  scales  for  changes  in  macroscopic  properties  are  long  relative 
to  electron  relaxation  times. 
The  angular  dependence  of  the  electron  distribution  function  is 
expanded  in  Legendre  polynomials,  truncated  after  the  second  term. 
Schunk  and  Walker (1970) note  that  this  requires  the  electron  flow 
velocity  be  much  less  than  the  mean  thermal  speed  and  that  the 
electron  mean  free  path be much  less  than'the  electron  scale  height; 
they  demonstrate  that  both  hold  in  the  ionosphere. 
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5.  The  collision  frequency  is  a  function  of  velocity  only,  not  of 
position;  i.e.  scatterers  are  uniformly  distributed.  This is valid 
if  electron  mean  free  paths  are  much  smaller  than  both  electron  and 
neutral  scale  heights. 
- 
6. Driving  forces  (electric  fields  and  gradients)  are  sufficiently  small 
that  the  equilibrium  Maxwellian  distribution  is  not  disturbed;  i.e. 
the  isotropic  part  of  the  distrution  function  is  assumed  to  be 
Maxwellian.  This  holds  if  the  flow  velocity  is  much  smaller  than  the 
mean  thermal  speed. 
7.  Applied  electric  and  magnetic  fields  are  uniform  in  space. 
8. The  perturbation  to  the  equilibrium  Maxwellian  distribution  is  expanded 
in  a  series  of  generalized  Laguerre  polynomials,  truncated  after  four 
terms.  (Hochstim  and  Masse1  (1969)  carry  out  the  expansion  to 20 
terms  in  order  to  investigate  convergence  properties.  Examination  of 
their  results  indicates  that  for  the  ionosphere  four  terms  gives 
sufficient  accuracy.) 
These  items  fairly  well  indicate  the  approach  as  well  as  the  assumptions 
and  conditions  for  the  calculation.  The  electron  distribution  function  is 
expanded  first  in  Legendre  polynomials in  the  form 
-f 
V 
V 
f = fo + z1 - + ... (5 -28 )  
in the.  notation  of  subsection 5.2. This  form  is  then  used  in  the  Boltzmann 
equation,  together  with  the  previous  assumptions.  The  resulting  equations 
relate r1 to  f . From  these  relations  general  expressions  for  the  transport 
tensors  are  obtained.  To  solve  the  equations,  fl  is  expanded  in  terms  of 
generalized  Laguerre  polynomials  (four  terms).  Once 3 is  known  the  expres- 
sions  for  the  transport  tensors  can  be  evaluated. The end  products  of  this 
rather  lengthy  procedure  are  presented  below. 
0 + 
1 
Since  the  required  equations  are  taken  from  Shkarofsky (1961), this  work 
is denoted  by SI  for  ease  of  reference  in  the  remainder  of  this  section.  Inso- 
far  as  feasible,  the  notation of SI is  followed to facilitate  reference  to  the 
complete  derivation  in  that  work.  The  treatment in SI  includes  a.c.  electric 
fields;  these  effects  are  suppressed  in  the  results  below  since  they  are  not 
included in this  study. 
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Consistent  with  the  assumption  above,  the  electron  current  is  related  to 
the.electric  field  and  gradients  in  Te  and  Ne  by (SI, equation (70)) 
(5 -29 )  
(An  equation  of  this  form  can  be  obtained  from the.electron  momentum  equation 
(4-35) for  the  steady-state  case.)  Here 7 is sthe  d.c.  electrical  conductivity 
tensor, D is  the  diffusion  current  tensor,  and  is  the  current  flow  tensor 
due to  thermal  gradients  at  constant  density (SI uses 7 instead  of F, but  here 
T is  used  to  denote  the  viscous  stress  tensor).  Correspondingly,  the  total 
energy  flow  due  to  electrons  is  related  to  the  electric  field  and  gradients 
in Te and  Ne  by  (SI,  equation  (72a)) 
31 
- 
+ =  H = p  
- d - eQ - VNe - K VTe (5-30) 
Here  is  the  energy  flow  tensor  due  to  electric  fields,  is  the  energy 
diffusion  tensor  and ? is  the  thermal  conductivity  tensor  at  constant  density. 
These  transport  tensors  are  not  independent,  being  related  by  (SI,  equation 
(76) 1 
- 
- 
- - kT 7 = kT = 
e Ne Nee 
D&- 
2 s Q = -  2 (5-31) 
known  as  Einstein  relationships.  Calculations  are  therefore  limited to u, T, 
p, and E. 
" 
- - 
In  Shkarofsky's  formulation,  the  transport  tensor  components  are  expressed 
in a compact  notation  with a deceptively  simple  form.  Only  in  the  limiting 
cases  does  simplicity  remain  as  the  parameters  are  expanded  for  evaluation.  In 
order  to  present  this  expansion  in a coherent  manner,  the  approach  taken  here 
is  to  begin  with  the  final  result  required - the  transport  tensor.  These  are 
related  to  other  parameters,  which  are  in  turn  related  to  still  other  parameters, 
until  all  parameters  can  be  related  to  the  fundamental  properties  of  the  system: 
electron  temperature,  electron  number  density,  collision  frequencies,  magnetic 
field  strength  and  physical  constants. 
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All  of  the  transport  tensors  have  the  form 
a . I  
(5-32) 
where  the  3-component  lies  in  the  direction  of  the  magnetic  field.  The  rela- 
tively  simple  form  is  due  to  the  fact  that  the  only  anisotropy  of  the  medium 
is  due  to  the  magnetic  field;  off-diagonal  terms  are  due  to  the  Lorentz  force. 
Because  of  the  symmetries  in  the  matrix  elements,  they  can  be  compactly 
expressed  for  the  general  case in the  following  manner  (SI,  equations (82)): 
T1l + iT21 - 
- - 
.K1l + iK21 - 
- - 
N e  e 
Me(<" >g + iwbha) 
g 0- 
2 
Ne  ek 
Me(<" g >g T- +i  UbhT) 
5Ne  ek Te 
2Me(<v >g +i 
g v- WbhlJ) 
5Ne k2 Te 
M (<w >g +i e g K- w ~ ~ K )  
(5-33a) 
(5-33b) 
(5-33c) 
(5-33d) 
In  these  equations <v > is  the  total  effective  electron  collision  fre- 
g 
quency,  given  by  (see  notation in  subsection 5.2.) 
(5-34) 
The g and  h  coefficients  are  correction  factors  which  incorporate  the  effects 
of  the  degree  of  ionization  and  magnetic  field  strength  into  the  tensor  compo- 
nents.  The  complex  notation  is  a  device  for  compact  expression;  it  has  no 
physical  significance.  To  obtain  the  X33  components,  simply  set w , r u  = o  
in  equations (5-33);  these  correspond  to  the  zero  magnetic  field  case. 
e 
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In equations (5-33) the  only  unknown  quantities, in the  context  of  the 
fundamental properties  noted  above,  are  the  g  and  h correction factors; SO it 
remains only  to  determine them. They are computed  from (SI, equations 
(92 a-h)) : 
<"ei> hu = -
"b +w 
(5-35a) 
(5-358) 
(5-35c) 
(5-35d) 
(5-35f) 
(5-35g) 
(5-35h) 
(The  factor  2 in these  last  two  equations was erroneously  omitted  from  equations 
(92g)  and  (92h)  in  SI, as determined  from SI equations (82) and (91)  and  veri- 
fied  by  comparisons  of  numerical results.) Signs - + in the  h  factors  correspond 
to 7 in equations (5-33). 
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In  equations  (5-35)  the  notation lAoo I denotes  the 00 minor of the  deter- 
minant ' I A  I , with  similar  meanings  for  the  other  determinants. . Matrix A is 
given  by (SI, equations  (55c),  (63a)) 
L 
HO1 H02 
H12 5 'r mb 
0 
5 
H1l - 2  b + i-w H12 O !  
35 0 
0 0 0 + i - w  105 H33 - 16 b 
(5-36) 
The  matrix  (H. ) is  an  interaction  matrix,  with  contributions  due  to  collisions 
of  electrons  with  ions,  electrons,  and  neutrals: 
1J 
(5-37) 
(In  SI  the  collision  frequencies  in  this  equation  are  included  in  the  defini- 
tions of Hij, Hij , and  Hen. ei  e ij 
For  the  first two matrices  in  equation  (5-37),  the  interaction is known 
and  fixed;  the  matrix  elements  are  therefore  constants.  These  are  given  by 
(SI,  equations  (49),  (53),  (63b, c)) 
1 1  312  1518  35/16 \ 
312  1314  69/16  1651 2
1518  '69116  433164  0771128 1J 
\35/16 165132 10771128 29571256 / 
and 
0 0 0 
0 1 314  15/32 
( H .  ,lee = 
1 J  0 314 
0 15/32  3091128  565711024 
(5-38) 
(5-39) 
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The  matrix (H )en contains  effects  of  electron-neutral  interactions; 
ij 
its  elements  vary  with  the  velocity  dependence of th  momentum  transfer  cross 
sections  for  electron-neutral  collisions.  In  general,  these  matrix  elements 
are  given  by  integrals  over  velocity-weighted  products  of  the  momentum  transfer 
cross  section  and  electron  distribution-  function  (isotropic  part). For the 
case of a  simple  power  law  dependence  (see  equations  (5-2)  and (5-3)), these 
matrix  elements  have  been  evaluated  in  SI.  The  purpose  of  the  method  derived 
in section  5.2.  was  to  permit  use  of  these  results  for  arbitrary  velocity 
dependence.  From SI, equations (48) and  (63d),  the  electron-neutral  inter- 
action  matrix  is  given  by 
r 
2 
r2+2r+10 
4 
where 
H; = (r4 + 4r + 52r + 96r + 280)/64 3  2 
r(r-2) (r2+2r+30) 
96 I (5-40a) 
r(r4+4r3+68r2+8r+420) 
384 I 
en = (r + 6r5 + U2r4 + 528r + 3952r + 6864r + 15120 6  3  2 H33 
(5-40b) 
1) /2,304. (5-40~) 
In  SI  this  matrix  is  expressed  in  terms  of  "m",  which  is  related  to  r  by 
m = (r+3)/2. 
The  notation  used  above  seems  more  convenient  and  compact. 
(5-41) 
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Once  the  power  law  index r has  been  determined  by  the  procedure  in sub-. 
section 5.2., all  information  necessary  for  the  calculation  of  the  transport 
tensor  components  is  available  in  terms  of  the  fundamental  properties  desired. 
These  equations  hold  for  the  general  case  of  arbitrary  degree  of  ionization 
and  magnetic  field  strength.  For  the  ionosphere,  there is a simplification 
associated  with  the  fact  that for electrons  the  magnetic  field  is  always  in 
the  strong  field  limit (ub>> <V >). This  applies,  of  course,  only  to  the 
transverse  components. 
m 
In  the  strong  magentic  field imit, transverse  components  of  the  transport 
tensors  are  expressed  in  the  following  manner  (cf.  equations  (5-33)  above) : 
Ne ek - +i gT <v ' 
T1l 5 iT21 = q- (- + 2 2g ) 
hT Wb hT Wb 
(5-42a) 
(5-42b) 
(5-42~) 
(5-42d) 
from  SI,  equation  (98).  The  limiting  expressions  for  the  correction  factors 
are  then  (SI,  equations  (99a) - (99d)): 
ha = 1 for a = u ,  T, p ,  K 
gU 
= 1  
-I[ -1 + (r+2) <vm> /<vei> 
gT - 2  1 + <v >/<v m ei> 1 
(5-43) 
(5-44a) 
(5-44b) 
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(5-44d) . 
Since. the transverse  components can  be evaluated  from  equations (5-42) - 
(5-44), the  lengthy  procedure  involving  the interaction  matrices  can  be avoided. 
This is not so for the parallel (3, 3) components;  however, for this component 
there is a  small  simplification.  Because  this  component is obtained  by  setting 
w to zero, it is seen from  equation (5-36) that b 
in  computing  the  parallel  component only. With g  correction  factors  given by 
equations (5-35a,  c,  e,  g), the  parallel  components are then  computed  from 
(cf . equations (5-33) 3 : 
N ek 
(5-46a) 
(5-46b) 
(5-46~) 
(5-46d) 
where  the  subscript  and  superscript o denotes no magnetic field. 
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To make  use  of  these  transport  tensors  in  the  context  of  the  conservation 
equations,  it is necessary  to  relate  them  to  the  unknown  quantities,  in  parti- 
cular  to  the  heat  flux  vector 4,. In  SI  this  quantity is denoted  by % and .is 
shown  to  be  related  to  the  total  energy  flux H by  (SI,  p.  1656). 
+ 
+ 
(5-47) 
In  the  ionosphere  it  is  frequently  assumed  that  the‘  current  parallel  to  magnetic 
field  lines  vanishes.  Physically  this  is  interpreted  as a steady  state  condi- 
tion  in  which  an  electric  field  has  built  up  in  such a way  that  it  cancels 
current  contributions  due  to  gradients  in  temperature  and  density;  this is 
termed  the  thermoelectric  effect  (Spitzer  and  Harm,  1953).  The  effect  in 
equation  (5-47) is to  make qe equal  to  H.  It  is  shown  by  Hochstim  and  Masse1 
(1969, p .  160) that  for  this  case  the  heat  flux  parallel  to  the  magnetic  field 
can  be  computed  from 
+ -f 
and 
- 0  
in  notation  introduced  above. 
In  view  of  the  approximations  made  in Se !ction IV regarding  tra 
(5-48)  
(5-49) 
(5-50) 
Insverse 
components  in  the  electron  equations,  it  is  worthwhile  to  examine  briefly  the 
transport  tensor  expressions  for  consistency  with  thos’e  approximations.  Let 
X denote  any  one  of  the  transport  tensors,  and  consider  the  ratios  of  trans- 
verse  to  parallel  components.  The  component  parallel  to a transverse  driving 
force is Xll.  From  equations (5 -42 )  for  the  strong  field  transverse  case  and 
(5-46)  for  the  parallel  (zero  field)  case,  the  ratio s
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(5-51) 
In SI-a rather  comprehensive  set  of  tables  is  provided,  giving  and  h  correc- 
tion  factors  for  -3<r<3 " with magnetic  field  strength  ranging  from  zero  to 
infinitely  strong  and  degrees  of  ionization  from  essentially  zero  to  completely 
ionized.  The g correction  factors  are  of  order  unity,  always  satisfying 
I g 153. Disregarding  them  and  using  maximum  values  of <v > consistent  with 
those  used  for  order-of-magnitude  estimates  in  Section  IV  gives 
g 
Similarly  for 
transverse  to 
is 
(5-52) 
the  off  diagonal  component,  corresponding  to  transport  which  is 
both  the  magnetic  field  and  a  transverse  driving  force,  the  ratio 
(5-53) 
In both  cases  the  direction f the  magnetic  field  clearly  dominates  the 
transport  for  isotropic  driving  forces.  However,  there  may  be no driving 
force  in  the  parallel  direction,  as  is  frequently  assumed  to  be  the  case  for 
steady-state  ionospheric  electrostatic  fields.  The  pertinent  ratio  is  then 
the  ratio  of  the  transverse  component  parallel  to  the  driving  force  (Xl1)  to 
the  component  transverse  to  both  the  magnetic  field  and  the  driving  force 
(x21> : 
(5-54) 
In  words,  transport  parallel  to  the  driving  force  is  negligible  compared  to ' 
that  Perpendicular  to  the  driving  force  in  the  transverse  plane.  When  the 
driving  force  is  an  electric  field,  the  current  (conductivity)  parallel  to 
the  electric  field  (in  the  transverse  plane)  is  called  the  Pedersen  current 
(conductivity),  while  that  perpendicular  to  the  electric  field s the  Hall 
c 
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current (conductivity).  It is readily recognized that only the Pedersen 
component represents work done by the electric field on the electrons.  Since, 
according to equation (5-54), most electron transport transverse, to the mag- 
netic field occurs through Hall motion, Joule heating (=E * J) of electrons 
will be small. 
+ +  
These considerations are consistent with the results of Section IV and 
this is evident  from examination of equations (4-65a) and (4-66a). In the 
momentum equations, the transverse and parallel component are uncoupled with 
only the Hall drift remaining in the transverse equation. Joule heating was 
dropped  from  the electron energy equation by comparison with thermal energy 
exchange terms. The additional conclusion that can now be drawn is that the 
spatial gradients in the electron energy,equation (4-66a) need be taken only 
parallel to the magnetic field, since the transverse components of K are small 
compared with K Mathematically, this is written (consistent with equation 
(5-48) 1 
- 
33 
where s is arc  length  along a magnetic field line (see  .Banks, 1966b). 
Equations  presented in this  part  should be i.5equate for any ionospheric 
investigation of electron transport. 
5.4.2 ION TranspMZ 
The formalism for a complete treatment of the ion transport  problem, 
including  arbitrary degree of ionization and arbitrary magnetic field  strength, 
has been  developed by S. T. Wu (1968); however, its form is impractical for 
numerical calculations. In the absence of a complete, usable method, 6nly 
what is needed  for  the conservation equations and is readily available in the 
literature is presented.  The  term  "readily" is used  advisedly, since Mitchner 
and Kruger  (1973) note that with proper  precautions,  the  Chapman-Enskog  approach, 
as applied by Hirschfelder,  Curtiss,  and  Bird (1954), can be used in computing 
c 
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both  ion  and neutral transport coefficients (for the zero-magnetic  field case). 
Some indication of  the steps required for such a procedure are provided by 
Chapman (1954) in his evaluation  of the viscosity and  thermal conductivity 
coefficients for a fully  ionized  gas without a.magnetic field. Rather than 
engage in such an effort, the results of Chapman (1954) are presented; 
limitations on  their applicability and consequent effects on calculations are 
then examined  briefly. 
References to equations (4-65c),  (4-66b) and' (4-33) shows that  only 
coefficients of viscosity and thermal conductivity are required  for the ion 
conservation.equations. In the previous section, it was seen  that in a' 
magnetic field  the thermal conductivity becomes a tensor  of rank two. 
Shkarofsky, et  al.  (1966, Chapter 8-8) show that  viscosity is affected in a 
similar manner, although the results are included in the stress tensor  rather 
than  in  an  explicit  tensor  viscosity.  They note that a scalar viscosity ie 
., applicable only  if wi << <vii>; this condition seldom  holds  in  the  ionosphere. 
Thus coefficients derived  for a fully  ionized  gas in the absence of a magnetic 
field apply only  for directions parallel to the field lines. For these  condi- 
tions Chapman (1954) obtains the following expressions  for  viscos$ty  and thermal 
conductivity coefficients  of a single ion species: 
K - -  T -. 15k i 4Mi 'i 
(5-56) 
(5-57) 
In  the work cited, A (2)  is an integral based on a cutoff  at  the mean 2 
separation of particles.  This has subsequently been modified in Chapman end 
Cowling (1970, p. 178) to use a Debye length cutoff, although the  form  of the 
result 4s unchanged.  Thus A2(2) can be expressed in terms of the argument of 
the Coulomb  logarithm, A ,  equation (5-20b), as 
A2(2) = 2 [Iln(l+A ) - A /(1+A2)]. 2 2 (5-58a) 
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Since A > > l  (Spitzer,  1956;  Banks,  1966a),  this  can  be  written  to  a  good  approxi- 
mation  as 
A2(2) = 2[2RnA-1]. 
For  consiscency  with  the  results  for  electron-ion  collisions,  this  should  fur- 
ther  be  approximated  by 
A2(2) = 4 Iln A (5-58b) 
In  the  ionosphere  lnAtlO  (see  Spitzer,  1956).  It  may  now  be  noted  that  Chapman 
and  Cowling  (1970)  use  an  expression  corresponding  to A which  differs  from 
equations  (5-20)  by  a  factor  4/3.  Such  a  difference  is  inconsequential  in 
terms  of  the  approximation  leading  to  equation  (5-58b). 
Equation  (5-56)  can  thus  be  rewritten  as 
= -  5” (kT)5/2 
‘i 8 
IT e4 A ’ 
(5-59) 
while  equation  (5-57)  remains  unchanged.  This  result  may  be  compared  w4th  a 
similar  result  obtained  by  Shkarofsky  et  al.  (1966,  equation (8-140)). That 
form  can  be  shown  to  be  the  same  with  a  factor 3/[4 fi( .7326)] in  place  of  5/8 
in  equation (5-59). These  numbers  have  decimal  values  of  .7239  and  .6250 
respectively.  However,  the  expression  obtained  by  Chapman  and  Cowling  (1970) 
is  in  the  first  approximation  (Chapman - Enskog  method  of  successive  approxi- 
mations).  They  note  that  in  the  second  approximation,  the  expression  for  the 
first  approximation  is  simply  multiplied  by  1.15.  When  this  is  done,  the 
numerical  constant  is  .7188,  in  very  close  agreement  with  the  result  of 
Shkarofsky  et  al.  (1966).  The  corresponding  correction  factor  for KT in  the 
second  approximation  is  1.25. So the  recipe  for  accurate  ion  transport 
coefficients  is  to  compute 11 from  equation (5-59). With  this  value,  evaluate 
Ki;  then  multiply  the  former  by  1.15  and  the  latter  by  1.25. T 
i 
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As  indicated  at  the  outset,  these  expressions are.of limited  applicability. 
The  question  is,  how  important  are  the  limitations?  Consider  first  the  effect 
of  the  geomagnetic  field.  Chapman  and  Cowling (1970, Chapter 19) find  that 
transport  perpendic'ular  to  the  magnetic  field  is  reduced  from  the  zero  field 
case  by  a  factor 1/[1 + (w T) ] for  direct  transport  and  by  a  factor (WIT)/ 
[l + (w T) ] for  transverse  transport.  The  terms  direct  and  transverse, as 
used in this  sense,  refer  to  directions  parallel  to  and  perpendicular  to  the 
driving'  force  (external  force or gradient) in  the  plane  perpendicular  to  the 
magnetic  field. -r is  a  relaxation  time  which  is  given  approximately  by  the 
inverse  of  the  total  ion  collision  frequency.  Thus  at  low  altitudes (5130km) 
where w <; -direct  transport  is  little  affected  by  the  magnetic  field,  while 
transverse  transport  varies  approximately  as  wi/Ti.  At  high  altitudes,  on 
the  other  hand,  where w >> yi, direct  transport  varies as (wi/Ti)  and 
transverse  transport  as (w /; ) . Hence,  at  high  altitudes  transport  is 
confined  to  directions  parallel  to  the  magnetic  field  (except  for  strong  trans- 
verse  electric  field  driving  forces). 
2 
2 i 
i 
i- i' 
-2 
i -1 
i i  
For  thermal  conduction,  observation  and  theory  agree  that  ions  have 
approximately  the  neutral  temperature  up to altitudes  of 250km to 300km. So 
below  that  transition,  thermal  conduction  is  unimportant  for  the  ions.  Above 
this  transition w >>J so that  ion  thermal  conduction  transverse  to  the  geo- 
magnetic  field  is  unimportant.  Thus,  the  thermal  conduction  coefficient  for 
the  zero-magnetic-field  case  is  sufficient  for  practical  purposes.  Further- 
more,  above  the  thermal  transition  region,  ion-neutral  collision  frequencies 
are  small  compared  with  collision  frequencies  of  ions  with  charged  particles. 
Hence,  the  ion  thermal  conductivity  for  a  fully  ionized  gas  is  appropriate. 
In sum, the  limitations  on  the  application  of  the  ion  thermal  conductivity 
coefficient,  given  by  equation (5-52), should  have  little  practical  effect 
on  ionospheric  calculations. 
i i  
For  viscosity,  the  physical  situation  is  rather  different  and  not so 
well-defined,  since  less is known  about  ionospheric  velocity  fields  than 
about  its  thermal  structure.  According  to  present  understanding,  signifi- 
cant  ion  flow  velocities  have  two  origins:  electric  fields  and  neutral 
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flow  (via  collisions).  As  discussed  in  Sections I and  IV,  electrostatic  fields 
in the  ionosphere  are  predominately  transverse  to  the  geomagnetic  field.  At 
high  altitudes,  where o >> 7 the Hal drift (26) results (e .g. electron 
momentum  equation (4-36)).  At low  altitudes,  where Tin>> wi,  ions  essen- 
tially  move  with  the  neutral  flow. A transition  between  these  motions  occurs 
at  intermediate  altitudes  where Tin =wi (-12Okm - 140km), resulting  in  vertical 
velocity  gradients.  Since  large  electric  fields  are  observed  primarily  at 
high  latitudes  where  geomagnetic  field  lines  are  almost  vertical,  large  ion 
drifts  due  to  electric  f'ields  are  primarily  horizontal.  Thus,  in  this  case, 
the  flow  is  mainly  horizontal  with  primarily  vertical  gradients  which  are 
largest  in  'the  region  where yinrWi. This  qualitative  picture  is  given  quanti- 
tative  substance  in  the  next  section. 
i in' 
When  neutral  flow  causes  the  ion  motion,  a  similar  situation  results. 
Collisional  coupling  at  low  altitudes (Tin>> wi) causes  ions  to  move  with 
the  (horizontal)  neutral  wind.  With  increasing  altitude  the  ion  coupling 
undergoes a transition  from  collision  dominated  to  geomagnetic  field  dominated, 
until  at  high  altitudes  the  ions  move  primarily  along  magnetic  field  lines  in 
the  absence of transverse  electric  fields.  Although  this  picture  is  somewhat 
complicated  by  geomagnetic  field.geometry  variation  with  latitude,  the  physical 
results  are  basically  the  same  as  above.  Velocity  gradients  are  predominately 
vertical  and  strongest  in  the  dynamic  transition  region (u - w  ) .  in i 
Physically,  viscosity  represents  momentum  transport  due  to  spatial  grad- 
ients  in  velocity.  From  the  discussion  above,  this  corresponds  essentially 
to  the  transport  of  horizontal  momentum  in  vertical  directions.  Since  the 
physical  conditions  for  maximum  velocity  gradients  are  now  more  precisely 
defined (Tin-wi) than  those  used  for  order-of-magnitude  estimates  in  Section 
IV,  a  new  estimate  may  be  useful.  In  equation  (4-39a)  the  same  values  are 
used  to obtain-a maximum  velocity  gradient (-.1 s 1, but  the  collision  fre- 
quency  is  now  restricted  to  the  order  of  the  gyrofrequency  (-lo2 s-l). 
Under  these  conditions  the  ratio  of  the  viscous  stress  tensor  to  scalar 
pressure  is 
-1 
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(5-60) 
Hence  viscous  effects  on  ion  motion  are  negligible  in  the  dynamic  transition 
region  and  below. 
At high  altitudes,  where  the  total  ion  collision  frequency  is  much  reduced, 
it  might  appear  that  viscosity  could  be  important.  However,  since  the  primary 
driving  force  for  ion  flow  at  high  altitudes  is  electric  fields,  this  is 
unlikely  for  the  following  reasons.  The  largest  measured  electric  fields  occur 
at  high  latitudes;  that  is,  they  are  of  magnetospheric  origin  and  mapped  into 
the  ionosphere  along  geomagnetic  field  lines  (see  Figure 1-4). Because  magnetic 
field  lines  are  approximately  equipotentials  and  the  magnetic  field  is  almost 
uniform  over  the  altitude  range  of  interest  here,  the  electric  field  varies 
little  along  a  field  line  over  this  range.  Correspondingly,  there is  little 
variation  in  the  ExB  drift  velocity,  resulting in very  small  velocity  gradients. 
Consequently,  along  with  the  reduction  in  collision  frequency  at  high  altitudes, 
there  is  a  reduction i  the  vertical  velocity  gradient,  due  to  a  uniformity in 
altitude  of  the  driving  force. So viscosity  is  unlikely  to  be  important  for 
ions  at  either  high  or  low  altitudes.  If  it  is  significant,  it  will  probably 
be  at  high  altitudes  and  for  gradients  along  field  lines,  conditions  for  which 
the  viscosity  coefficient  above  is  appropriate. 
-++  
5.4.3 Neutral Transport 
Neutral  gas  transport  is  not  complicated  by  considerations of magnetic 
fields or degrees  of  ionization.  Moreover,  the  kinetic  theory  for  transport in 
single  species  monatomic  gases  is  well-established  (see  Chapman  and  Cowling, 
1970). However,  difficulties  arise  in  gas  mixtures,  particularly  mixtures 
involving  polyatomic  molecules.  These  difficulties  are  discussed  in  some 
detail  by  Chapman  and  Cowling  (1970,  chapters 12-14) and  will  not  be  elaborated 
here.  Using  approximate  formulas  and  some  inspired  curve-fitting,  Banks  and 
Kockarts  (1973,  chapter 14) have  devised  simple,  yet  reasonably  accurate 
expressions  for  the  viscosity  and  thermal  conductivity  coefficients  for  the 
mixture  of  neutral  gases  in  the  upper  atmosphere.  These  are  presented  below. 
The  temperature  dependence  of  the  viscqsity  coefficients  of all primary 
neutral  species  has  been  approximated  in  a  common  power  law  form,  based  on 
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experimental  data  for  all  except  atomic  hydrogen.  Thus  all  the  viscosity. 
coefficients  vary  as Tm6’ for  200°K<T<20000K, ” a  range adeqwte for  most  upper 
atmospheric  conditions.  Because  of  this comon temperature  dependence,  Banks 
and  Kockarts  (1973)  have  been  able  to  reduce  the  viscosity  for  the  mixture  to 
the  following  simple  form: 
.69 
‘n = A T  , 
where 
A = 1 Annn/l nn . 
n n 
(5-61a) 
(5-61b) 
The  summation  runs  over  all  neutral  species,  and  the  A  coefficients  are  given 
in  Table 5-4. 
n 
Table 5-4.  COEFFICIENTS FOR  COMPUTING  THE  NEUTRAL 
VISCOSITY COEFFICIENT (BANKS  AND KOCKARTS, 
1973) 
Thermal  conductivity  is  treated  in a similar  manner.  If  all  upper  atmo- 
spheric  gases  were  monatomic,  a  relation  similar  to  equation (5-57) for  ions 
could  be  used  to  obtain  the  thermal  conductivity  coefficient  from  the  viscosity 
coefficient.  However,  the  internal  degrees  of  freedom  associated  with  the 
diatomic  molecules N2 and O2 also  affect  the  thermal  conductivity.  Analysis  of 
experimental  data  allows  correct  inclusion  of  these  effects.  Banks  and  Kockarts 
(1973)  are  again  able  to  express  all  temperature  variations  in a common  power 
law  form,  permitting  the  thermal  conductivity  for  the  mixture  to  be  written 
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K: = BT*69 (5-62a) 
where 
B = 1 Bnnn/l nn 
n n 
The  Bn  coefficients  are  given n Table 5-5. 
Table 5-5. COEFFICIENTS FOR COMPUTING  THE  NEUTRAL 
THERMAL CONDUCTIVITY  COEFFICIENT (BANKS 
AND KOCKARTS, 1973) 
(5-62b) 
These  relations  may  be  used  over  the  temperature  range  20O0K_iTnf200O0K.  Although 
the  error  in  O2  due  to  curve  fitting  approximations  approaches 20 per ent  at 
2000°K,  at  altitudes  where O2 is  important,  temperatures  and  errors  are  much 
lower.  Errors  for  the  other  gases  are  smaller  than  for 0 2' 
Since  viscosity  and  thermal  conductivity  are  the  only  transport  coefficients 
appearing  in  the  conservation  equations,  none  others  are  required  for  closure f
the  neutral  equations. 
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Section VI 
NEUTRAL WINDS IN THE AURORAL E REGION 
DURING GEOMAGNETIC DISTURBANCES 
The conservat ion equat ions developed in  previoue sect ions are somewhat 
gene ra l  i n  the  sense  tha t  on ly  those  approximat ions  appropr ia te  to  a l l  E and F 
region condi t ions have been appl ied.  For  the par t icular  physical  c i rcum- 
stances of  any specif ic  s tudy,  fur ther  approximations may b e  j u s t i f i e d .  More- 
over ,  observa t iona l  da ta  may be  used  to  spec i fy  some v a r i a b l e s  so t h a t  c e r t a i n  
of the equations need not be solved a t  a l l ,  or may be  g rea t ly  s impl i f i ed .  
Also,  numerical  constraints  may require  s implifying assumptions which limit 
!he a p p l i c a b i l i t y  of the  resu l t s  to  spec ia l  c i rcumstances .  For  these  reasons ,  
r e s u l t s  o f  the  prev ious  sec t ions  must be regarded as a p p r o p r i a t e  s t a r t i n g  
p o i n t s  f o r  a wide  var ie ty  of upper  a tmospheric  invest igat ions,  ra ther  than as 
f inished products .  The p resen t  s ec t ion  i s  an  example  of  one  such i n v e s t i g a t i o n ,  
and i t  i l l u s t r a t e s  v a r i o u s  methods fo r  b r idg ing  the  gap between the i n i t i a l  
set of conservat ion equat ions and the f inal  working equat ions which can be 
so lved  numer ica l ly  wi th in  computa t iona l  cons t ra in ts .  
6.1 INTRODUCTION 
S i n c e  t h e  i n c o h e r e n t  s c a t t e r  r a d a r  f a c i l i t y  a t  Chatanika, Alaska, became 
operat ional  in  1971,  thermal ,  dynamic,  and electr ical  propert ies  of t h e  iono- 
sphere above that location have been observed under a va r i e ty  o f  cond i t ions  
(e.g.  Watkins  and  Banks,  1974;  Brekke, e t  a l . ,  1973,  1974a,  b). Of p a r t i c u l a r  
i ra terest  are winds  generated  during  geomagnetic  disturbances. It is  we l l  
es tab l i shed  tha t  g loba l  d i s turbances  of  bo th  the  .charged  and  neut ra l  components 
of upper atmospheric gases are associated with geomagnet ic  s torms (Jacchia ,  e t  
al . ,  1966;  DeVries,  1972;  Matuura,  1972; Wu, e t  al., 1974). The mechanisms 
by which these dis turbances occur  a t  low and middle l a t i t u d e s  remain under 
s tudy ;  bu t  neu t r a l  w inds  o r ig ina t ing  in  the  au ro ra l  r eg ion  are proposed i n  
some theoretical explanations (e. g., Obayashi and Matuura, 1972). Such  winds 
have apparently been observed in the E region a t  low l a t i t udes  fo l lowing  a 
magnetic storm (Smith, 1968), and s imple  estimates, based on o b s e r v a t i o n s  a t  
h i g h  l a t i t u d e s ,  s u p p o r t  t h e  p l a u s i b i l i t y  of such occurrences (Rees, 1971a). 
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Hence,  extended observat ions of  these neutral  winds i n  t h e  v i c i n i t y  of t h e i r  
o r i g i n ,  may p r o v i d e  d e c i s i v e  i n f o r m a t i o n  i n  e s t a b l i s h i n g  t h e  v a l i d i t y  o f  t h e s e  
and o the r  t heo r i e s .  
I n  t h i s  s t u d y ,  a t t e n t i o n  is directed toward certain aspec t s  of t h e  n e u t r a l  
winds as determined by incoherent  scatter radar  observations.   Because  ion 
v e l o c i t i e s ,  r a t h e r  t h a n  n e u t r a l  v e l o c i t i e s ,  are obse rved  d i r ec t ly  by the 
r a d a r ,  t h e  n e u t r a l  wind v e l o c i t i e s  must be  der ived  f rom the  ion  ve loc i t ies .  
One of t he  approx ima t ions  r equ i r ed  to  de t e rmine  the  neu t r a l  ve loc i ty  is t h a t  
t h i s  v e l o c i t y  is uniform over  an al t i tude range of  25 km t o  50 km i n  t h e  E 
region.  Although  Brekke, e t  a l .  (1973,  1974a)  recognize  that   his  condition 
does  not  ho ld ,  no  quant i ta t ive  estimates of i t s  e f f e c t s  on t h e  d e r i v e d  n e u t r a l  
winds are provided. One of t he  ob jec t ives  he re  is t o  examine t h e  e f f e c t  of 
t h e  n e u t r a l  v e l o c i t y  a l t i t u d e  s t r u c t u r e  on n e u t r a l  v e l o c i t i e s  d e r i v e d  from the  
incoherent  scatter radar  da ta .  
A second objec t ive  concerns  the  or ig in  of  neut ra l  winds  dur ing  geomagnet- 
ica l ly   d i s turbed   condi t ions .   Brekke ,  e t  al .  (1974a)   note   that   incoherent  
scatter r a d a r  d a t a  a l o n e  p r o v i d e s  i n s u f f i c i e n t  i n f o r m a t i o n  t o  s e p a r a t e  t h e  
e f f e c t s  of i on  d rag  ( co l l i s iona l  coup l ing )  and Joule heating on neutral  winds.  
From observa t ions  of high la t i tude rocket-borne chemical  releases a t  E region 
a l t i t u d e s  and  ground-based  magnetometer d a t a ,  Rees (1971a) concludes that the 
n e u t r a l  winds are generated by c o l l i s i o n a l  c o u p l i n g  w i t h  e l e c t r i c - f i e l d - d r i v e n  
ions.   This  view is shared by  Meriwether, e t  a l .  (1973),  based on similar d a t a  
f o r  a l t i t u d e s  above 200 km.  On the  other  hand,  from  chemical release da ta  
below  180 km, Ro.thwel1, e t  a l .  (1974)  concur in  the  conc lus ion  o f  S to f f r egen  
(1972), based on similar da ta  for  h igher  a l t i tudes ,  tha t  dur ing  geomagnet ic  
d i s turbances ,  the  devia t ions  of observed neutral  winds from theoretical  models 
are due t o  h i g h  l a t i t u d e  h e a t i n g  and r e su l t an t  p re s su re  g rad ien t s .  
To examine t h i s  problem, an approach which is p a r t i a l l y  d i r e c t  and par- 
t i a l l y  i n d i r e c t  is employed. I n  t h e  d i r e c t  a p p r o a c h ,  t h e  e f f e c t s  o f  c o l l i s i o n a l  
coupl ing are computed by numerical ly  solving the ion and neutral  momentum 
equations simultaneously,  based on o b s e r v e d  e l e c t r i c  f i e l d s  as the  d r iv ing  
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force and omit t ing pressure gradients .  I f  t h e r e  is good agreement  between  the 
ca l cu la t ed  and  obse rved  ve loc i t i e s ,  t h i s  i nd ica t e s  t ha t  co l l i s iona l  coup l ing  
is adequate  to  expla in  the  observa t ions  and  tha t  e f fec ts  of  pressure  grad ien ts  
are inconsequential .  On t he  o the r  hand ,  l a rge  d i sc repanc ie s  would i n d i c a t e  
the  opposi te .  Then, t he   i nd i r ec t   app roach  is employed: the  discrepancy 
between the  observed  and  ca lcu la ted  ve loc i t ies  is used t o  estimate the  omi t ted  
d r iv ing  fo rce  (p re s su re  g rad ien t ) .  
Data used  . t o  ca r ry  ou t  t he  ca l cu la t ions  and  to  p rov ide  the  obse rva t iona l  
r e f e r e n c e  v e l o c i t i e s  are desc r ibed  in - subsec t ion  6 .2 .  In  subsec t ion  6 .3  
de t a i l s  o f  t he  theo re t i ca l  and  numer i ca l  methods are presented. Model calcula-  
t i o n s  are presented  in  subsec t ion  6 .4  t? demonstrate ' in  a simple context the 
e f fec ts  to  be  encountered  under  realist ic conditions with observed electric 
f ie lds .  In  subsec t ion  6 .5  a series o f  ca l cu la t ions ,  des igned  to  meet t h e  
objec t ives   ou t l ined   above ,  are d i s c u s s e d  i n  d e t a i l .  F i n a l l y ,  r e s u l t s  o f  t h i s  
s tudy are discussed and summarized in  subsect ion 6.6.  
6.2 OBSERVATIONAL DATA 
6.2.1 Characteristics of the Data 
Data used i n  t h e  c a l c u l a t i o n s  and comparisons below were obtained by the  
incoherent  scatter r ada r  f ac i l i t y  a t  Cha tan ika ,  A laska  on 15 May 1974. This 
f a c i l i t y  became o p e r a t i o n a l  i n  J u l y ,  1971 ;  and early observations have been 
r e p o r t e d  r e c e n t l y  i n  t h e  l i t e r a t u r e  (Doupnik, e t  al .  1972;  Brekke, e t  a l . ,  
1973,  1974 a ,  b ;  Banks, e t  a l . ,  1973;  Banks, e t  a l . ,  1974; among o t h e r s ) .  
Leadabrand, e t  a l .  (1972)  have  described  the  equipment  and i t s  opera t ing  
cha rac t e r i s t i c s ;  and  Banks and Doupnik (1974) have 'recently reviewed the 
experimental  methods and operational modes used with the radar .  Therefore ,  
o n l y  t h o s e  a s p e c t s  p e r t i n e n t  t o  t h e  a n a l y s i s  of t he  p re sen t  da t a  need  be  
summarized here .  
Loca t ion  and  geomagnet ic  f ie ld  charac te r i s t ics  of Chatanika, Alaska, are 
given in  Table  6-1. O p e r a t i n g  a t  a frequency of 1290 MHz, the  Chatanika.inco- 
herent  scatter radar  has  a completely s teerable  dish antenna with a beam width 
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of .6 degrees. For the experiment on 15. May 1974 the recently developed 
azimuth scan procedure  (Banks  and  Doupnik,  1974) w a s  employed. Elevat ion  of  
the  antenna was he ld   cons tan t  a t  76.5 degrees  above  horizontal   and  the  antenna : 
azimuth w a s  changed a t  t h e  rate of 1 degree per second. Data were i n t e g r a t e d  
over  15 second intervals  (15 degrees  in  azimuth)  to  obtain estimates of ion  
d r i f t  v e l o c i t y  v e c t o r s  and  e l ec t ron  dens i ty  p ro f i l e s .  The 24 estimates, f o r  
each 360 degree scan, were then analyzed, using a Four ie r  ana lys i s  technique ,  
t o  o b t a i n  t h e  i o n  v e l o c i t y  v e c t o r  i n  8 separate  range gates  and a time- 
ave raged  e l ec t ron  dens i ty  p ro f i l e  fo r  t he  6 minute time period. A t  azimuth 
299 degrees (geomagnetic west) on each scan, t h e  d i r e c t i o n  of  antenna rotat ion 
was reversed. 
Table  6-1. CHATANIKA,  LASKA:  LOCATION AND GEOMAGNETIC 
FIELD PROPERTIES 
LOCATION: Geographic - 65.1°N, 147.45"W 
Geomagnetic Dipole  - 64.75"N, 105"W 
TIME:  Alaskan  Standard Time (AST) = UT-10  hours 
GEOMAGNETIC FIELD:  Dip  Angle ( I )  = 76.5" 
Magnetic  Decl inat ion ( 6 )  = 29" East o f  
Magnet ic   F ie ld   In tens i ty  ( B )  = .54 Gauss 
Geographic  North 
A diagram of the azimuth scan method of sampling the ionosphere is pre- 
s e n t e d  i n  F i g u r e  6-1. It is seen  tha t  i n  add i t ion  to  t ime-ave rag ing  ove r  6 
minutes,   this  technique  averages  spatially.   For  example,   the  centers of t he  
f i r s t  two range gates  correspond to  a l t i tudes of  109 km and  167 km; given the 
e l eva t ion  ang le ,  t he  r ada r  beam samples  over  hor izonta l  d i s tances  of .55  km and 
85 km a t  t h e s e  a l t i t u d e s .  I n  a d d i t i o n ,  d u e  t o  t h e  time length  (T) of t h e  
r ada r  pu l se ,  t he  r ada r  s igna l  ave rages  ionosphe r i c  p rope r t i e s  ove r  t he  spatial 
ex ten t  of t he   pu l se  (cT). Brekke, e t  al .  (1973)   note   that   a l though  the  total  
ex t en t  of each range gate i s  96 km, t h e  e f f e c t i v e  l e n g t h  is reduced to 25 km 
t o  50 km due to  we igh t ing  of the radar  s ignal .  This  weight ing has  three 
components:  (1) a t r i a n g u l a r  f a c t o r  which is un i ty  a t  the  center  of the  range 
ga te ,  dec reas ing  l i nea r ly  to  ze ro  a t  the ends;  (2)  a f a c t o r  which decreases 
as the  inverse  square  of the  range; and (3 )  t h e  e l e c t r o n  number dens i ty .  The 
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Figure 6-1. DIAGRAM OF THE AZIMUTH  SCAN MODE OF OBSERVATION FOR THE 
INCOHERENT  SCATTER RADAR AT  CHATANIKA,  ALASKA  (BANKS 
AND  DOUPNIK, 1 974) 
f i r s t  two of  these  mul t ip l ied  toge ther  are designated by W(z) and are pre- 
sented graphically by Brekke, e t  al. (1973) ;  those  resu l t s  are used here with 
a p p r o p r i a t e  t r a n s l a t i o n  t o  t h e  p r o p e r  a l t i t u d e .  
Interspersed with . the long radar pulses,  used for velocity measurements,  
were shor t  pu lses  (wi th  grea te r  range  reso lu t ion)  for  e lec t ron  dens i ty  de te r -  
mination. Beginning a t  a range of  73.6 km (71.6 km i n  a l t i t u d e ,  due t o  t h e  
e l eva t ion  ang le ) ,  success ive  va lues  are spaced a t  range  increases  of 4.5 km 
(4.38 km a l t i t u d e ) .  However, s ince  the  s igna l  s amples  a range of 10 km, 
ad jacen t  e l ec t ron  dens i ty  va lues  are not totally independent (Doupnik,  1975).  
Doupnik  (1975) a l s o  n o t e s  t h a t  f o r  e l e c t r o n  d e n s i t i e s  b e l o w  .lo4 ~ m - ~ ,  t r u e  
d e n s i t i e s  are underest imated by the radar  because the Debye length  becomes 
comparable to  the  radar  wavelength .  In  addi t ion ,  measured  dens i t ies  must be  
mult ipl ied by a, f a c t o r  of ( 1  + Te/Ti) /2  t o  ob ta in  t rue  va lues .  Fo r  E region 
a l t i t u d e s ,  Te/Ti = 1 may be  a reasonable approximation, however, not for 
h i g h e r  a l t i t u d e s .  S i n c e  p r e s e n t  i n t e r e s t  i s  i n  t h e  E region  (and  in   the 
absence of t empera tu re  measurements),  the electron density measurements are 
used without modification. 
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Geomagnetic ac t iv i ty  dur ing  the  exper iment  w a s  r e l a t i v e l y  h i g h  g l o b a l l y ;  
15 May 1974 w a s  designated one of the 5 d i s tu rbed  days  fo r  t ha t  month (Lincoln,  
1974).  ,Values  of  the  global  three-hour  geomagnetic  range  index K va r i ed  from 
3- t o  5+, averaging about  4. These,  together  with local  index K for  Col lege ,  
Alaska, are shown i n  Table 6-2. 
P 
Table 6-2. GLOBAL ( K  ) AND LOCAL ( K )  (COLLEGE,  ALASKA) THREE-HOUR GEOMAGNETIC RANGE INDICES FOR 
15 MAY 1974 
PERIOD: 1 2 3 4 5 6 7 8 
. . . . . . - 
KP 
~~ ~ - . " . . 
4+ 3- 4- 5- 5+ 4+ 3 
K 4 2 3 6 7 6 3 3 
6.2.2 Data Analysis 
From t h e  i o n  f l o w  v e l o c i t i e s  measured i n  d i f f e r e n t  r a n g e  g a t e s ,  v a l u e s  of 
t h e  e l e c t r i c  f i e l d  and the al t i tude-averaged E r e g i o n  n e u t r a l  wind can be 
determined. The procedure  for  accompl ish ing  th i s  i s  desc r ibed  in  some d e t a i l  
by  Brekke, e t  a l .  (1973); i t  w i l l  be summarized here.   This  procedure i s  
fo l lowed exac t ly  s ince  i t  provides the currently-accepted observed values from 
the  incoherent  scatter radar  method. P a r t  o f  the  objec t ive  of t h i s  s t u d y  i s  
t o  compare theore t ica l  ca lcu la t ions  wi th  s tandard  observed  va lues ;  so i n  
t r ea t ing  the  da t a ,  t he  e s t ab l i shed  p rocedures  are used without deviation. 
A t  h i g h  a l t i t u d e s  where wi >> v ions  move wi th   t he  Hall  d r i f t  v e l o c i t y  
- + - +  2 
i n  ' 
(E x B c/B ) ( c f .  e l e c t r o n  momentum equation  (4-36)). The vector   equat ion 
r e l a t i n g  t h e  i o n  v e l o c i t y  t o  t h e  e l e c t r i c  f i e l d  can then be solved for  the 
e l e c t r i c  f i e l d  i n  terms of the  ion  ve loc i ty  a t  h i g h  a l t i t u d e s .  A t  low a l t i -  
tudes  where w 5 v c o l l i s i o n s   w i t h   n e u t r a l s  as w e l l  as t h e   e l e c t r i c   f i e l d  
a f f ec t  t he  ion  mot ion .  Wi th  the  e l ec t r i c  f i e ld  known from t h e  h i g h  a l t i t u d e  
ion veloci ty  measurements ,  the ion veloci t ies  observed a t  low a l t i t u d e s  c a n  b e  
used t o  d e t e r m i n e  t h e  n e u t r a l  wind ve loc i ty .  
i i n  ' 
These q u a l i t a t i v e  c o n s i d e r a t i o n s  can now be put  on a q u a n t i t a t i v e  b a s i s .  
I f  g r a v i t a t i o n a l  and p r e s s u r e  grad ien t  terms are assumed t o  b e  small compared 
w i t h  e l e c t r i c  and magnet ic  f ie ld  terms, the  ion  momentum equat ion (4-40) can 
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b e  w r i t t e n  i n  t h e  form 
V + - in + - ; ) + - c + v i x - = o  E + B  . - (vn i B 
w 
B 
i 
(6-1) 
From t h i s  e q u a t i o n  i t  is apparent  kha t  i f  w .> vin, t h e  e lectr ic  f i e l d  corn- - i 
ponen t s  t r ansve r se  to  the  magne t i c  f i e ld  can  be  ob ta ined  from ion flow 
v e l o c i t i e s  from the equation 
+ 
-t vi + 
E + - x B = O  . 
C 
(6-2) 
Brekke, e t  al .  (1973)  f ind that  the ion veloci ty  measured in  the second range 
gate  . (centered a t  167 km). shows little. ro ta t ion  f rom those  a t  higher range 
gates .  They conclude  tha t  the  electric field  can  be  adequately  determined 
from equat ion (6-Z), using,observed ion velocit ies from the second range gate.  
I n  t h e  model t o  be  d i scussed  later ( s imi l a r  t o  tha t  u sed  by Brekke, e t  a l .  
(1973)),  i t  is found t h a t  a t  th i s   ae l t i t ude  .05,  t h u s   t h e   c o l l i s i o n  
term i n  e q u a t i o n  (6-1) is expected to  be unimportant ,  consis tent  with the 
observat ions.  
By taking scalar  and cross  products  of  if with equation (6-1),  that  equa- 
t i o n  c a n  b e  s o l v e d  e x p l i c i t l y  f o r  + v w i t h   t h e   r e s u l t  i' 
- - 
/ -  \ 2  
5, = [ 1 ai 3 c + -  v x -  a i +  rf n B  
i n  
B 
1 + Gi/Yin) 
 
V 
i n  
where the component of 3 p a r a l l e l   t o  d has been assumed t o  b e  n e g l i g i b l e  com- 
p a r e d  t o  t h e  components t r a n s v e r s e  t o  d. Equation (6-3) holds a t  each  a l t i t ude ;  
however ,  observed ion veloci t ies  are weighted averages over alt i tude.  There- 
f o r e ,  similar averaging must be  app l i ed  to  th i s  equa t ion .  
Based on the  weight ing  of  the  incoherent  scatter radar  s igna l ,  d i scussed  
in  the  prev ious  sec t ion ,  Brekke ,  e t  a l .  (1973) determine that the weighted 
averages can be represented as 
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L i m i t s  of integrat ion correspond to  the boundaries  of t h e  r a n g e  g a t e ;  t h i s  is 
accomplished i n  e f f e c t  by the vanishing of the weighting function W(z) at  
these boundaries .  This  weight ing funct ion represents  the l inear  decrease 
from the center  of  the range gate  divided by the square of  the range;  i t  is 
shown f o r  t h e  f i r s t  r a n g e  g a t e  i n  F i g u r e  6-2. It is a consequence  of t h i s  
weighting by W(z) and  Ne(z) t h a t  t h e  e f f e c t i v e  w i d t h  of t h e  f i r s t  r a n g e  g a t e  
is reduced from 96 km t o  25 km t o  50 km. 
0 
Figure 6-2. INCOHERENT  SCATTER RADAR WEIGHTING  FUNCTION W(Z) 
(BREKKE,  ET AL. 1973) 
In  order  to  apply  th i s  averaging  technique  to  the  r igh t  s ide  of equation 
( 6 - 3 )  and o b t a i n  u s e f u l  r e s u l t s ,  B r e k k e ,  e t  al.  (1973) make the fol lowing 
assumptions: (1) t h e  n e u t r a l  wind ve loc i ty  has  a uniform value qn throughout 
t h e  f i r s t  r a n g e  g a t e ;  (2) the  e lec t r ic  f ie ld  de te rmined  f rom the  second range  
ga te  is mapped down magne t i c  f i e ld  l i nes  to  the  bo t tom of t h e  f i r s t  r a n g e  
gate  with no change in  e i ther  magni tude or  direct ion.  Under these  condi t ions ,  
6-8 
equat ion  (6-3) can be multiplied by Ne(z) W(z), i n t eg ra t ed  ove r  a l t i t ude  and  
normalized by the denominator on t h e  r i g h t  s i d e  of equation (6-4) t o  o b t a i n  
The K-coeff ic ients  ‘are given by 
(6-6a) 
where 
r Z 2  
Iw = Ne(z) W(z) dz . (6-6d) 
The ion  ve loc i ty  on t h e  l e f t  s i d e  of equation (6-5) now rep resen t s  t he  ve loc i ty  
as observed by the incoherent  scatter radar.  
To de termine  the  neut ra l  ve loc i ty ,  equat ion  (6-5) is s o l v e d  e x p l i c i t l y  f o r  
3 i n  t h e  same manner as equat ion  (6-3) w a s  ob ta ined ,   w i th   t he   r e su l t  n’ 
(Equation (6-7) corrects a typographical error in.  equation (11) of  Brekke, 
e t  al. (1973);) From th is  equat ion  the  he ight -averaged  neut ra l  wind i s  deter -  
mined from incoherent  scatter radar  da ta .  Ion ve loc i ty  $ is obtained  from i 
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t he  first range gate;  E is obta ined  f rom ion  ve loc i t ies  in  the  second range  
gate (through equation (6-2));  and the X-coefficients are evaluated from 
e l e c t r o n  number density measurements and a co l l i s ion  f r equency  model ( t o  
b e  d i s c u s s e d  l a t e r ) .  
-+ 
By means of these techniques,  Chatanika incoherent scatter radar observa- 
t i o n s  made on 15 May 1974 have been analyzed.  Resul t ing electr ic  f ie ld  values  
are shown in  F igu re  6-3a; and h o r i z o n t a l  n e u t r a l  v e l o c i t i e s ,  d e t e r m i n e d  from 
equation  (6-7), are shown i n  F i g u r e  6-3b. It should  be  noted  tha t  the  x- 
component i s  de f ined  pos i t i ve  to  the  sou th ,  wh i l e  t he  mer id iona l  component 
i n  t h e  f i g u r e s  o f  Brekke e t  al .  (1973,  1974a) i s  d e f i n e d  p o s i t i v e  t o  t h e  
north.  Values shown i n  F i g u r e s  6-3a, b are used i n  t h e  c a l c u l a t i o n s  and com- 
parisons below. 
The e lec t r ic  f i e l d  components i n  F i g u r e  6-3a show  two d i s t i n c t  p e r i o d s  o f  
enhancement, t h e  f i r s t  e x t e n d i n g  from about 06 to 11 hours UT and the second 
from about 12 to 18 hours UT. During the calm per iods ,  e lectr ic  f i e lds  have  
va lues  genera l ly  less than  about  10 mV m , while  during dis turbances they 
have  va lues  of  severa l  t ens  of  mi l l ivo l t s  per  meter. Rapid v a r i a t i o n s  i n  
magnitude are t h e  r u l e ;  b u t  r e v e r s a l s  o f  d i r e c t i o n  which p e r s i s t  w i t h  t h e  
large magnitude e lectr ic  f ie lds ,  occur  only  once ,  shor t ly  before  loca l  midnight  
(1000 UT). This   reversa l  is a gene ra l   f ea tu re  of t h i s   l o c a l  time period.  I t  
is as soc ia t ed  wi th  the  Harang discont inui ty  (Heppner ,  1973) ,  or iginal ly  observed 
as a reversa l  o f  ion  f low d i rec t ion .  
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N e u t r a l  v e l o c i t i e s  shown i n  F i g u r e  6-3b are n o t a b l e  f o r  t h e i r  r a p i d  and 
sometimes qu i t e  l a rge  f luc tua t ions  in  bo th  magn i tude  and d i r ec t ion .  S ince  
th i s  i nd ica t e s  l a rge  va r i a t ions  du r ing  the  pe i rod  ove r  wh ich  the  da t a  are 
ave raged ,   l a rge   e r ro r s  are l i k e l y  (Brekke e t  al .  1973,  1974a).  Nevertheless, 
the  t rend  of  the  da ta  i s  clear: excep t  fo r  occas iona l  l a rge  f luc tua t ions ,  
magnitudes of the neutral  velocity components are gene ra l ly  nea r  o r  less than 
about  125 m s . Periods of g rea t e s t   ve loc i ty   f l uc tua t ions   co r re spond   t o  
periods  of  enhanced e lectr ic  f i e l d .  These r e s u l t s  w i l l  be  examined  more 
c lose ly  in  the  compar isons  wi th  ca lcu la ted  ve loc i t ies .  
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F i g u r e  6-3. ELECTRIC  F IELDS ( a )  AND NEUTRAL  WINDS (b) I N  GEOGRAPHIC 
COORDINATES, AS DETERMINED FROM INCOHERENT  SCATTER RADAR 
OBSERVATIONS.  AT  CHATANIKA,  ALASKA ON 15 MAY 1974 
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6.3 THEORETICAL APPROACH 
6.3.1 Physical and Mathematical  Description 
A s  n o t e d  p r e v i o u s l y ,  t h e  e f f e c t s  o f  c o l l i s i o n a l  c o u p l i n g  i n  n e u t r a l  wind 
genera t ion  are to  be  de t e rmined .  In  s imples t  terms, an  ex te rna l  e lec t r ic  
f i e l d  c a u s e s  t h e  i o n s  t o  move. Col l is ions of  ions with neutrals  both modify 
the  ion  mot ion  and  cause  the  neut ra l s  to  move. It is the  resu l tan t  mot ions  of 
t h e  n e u t r a l s ,  as func t ions  of a l t i t u d e  and t i m e ,  t h a t  are of p a r t i c u l a r  i n t e r -  
est. Model c a l c u l a t i o n s  of this  nature  have been presented by Fedder  and 
Banks (1972). However, t h e y  d i f f e r  from t h e  p r e s e n t  c a l c u l a t i o n s  i n  two 
impor t an t  r e spec t s :  t he i r s  neg lec t ed  Cor io l i s  e f f ec t s  and  they were only 
model calculat ions with no expl ic i t  comparison with experiment  possible .  The 
f i r s t  o f  these  d i f fe rences  is examined i n  similar model c a l c u l a t i o n s  i n  sub- 
sect ion  6 .4   to   determine  the  importance of t he   Cor io l i s  term. The second 
d i f fe rence ,  use  of observed electric f i e l d s  and comparison of corresponding 
ca l cu la t ed  ve loc i t i e s  w i th  obse rved  ve loc i t i e s ,  a l l ows  the  impor t ance  of t h i s  
c o l l i s i o n a l  c o u p l i n g  i n  n e u t r a l  wind g e n e r a t i o n  t o  b e  assessed. 
The t h e o r e t i c a l  framework has  been  developed i n  p r e v i o u s  s e c t i o n s .  Here, 
i n  t h e  a p p l i c a t i o n  of t h i s  framework, i t  remains to  app ly  those  add i t iona l  
approximations which the more r e s t r i c t i v e  c o n d i t i o n s  of a p a r t i c u l a r  problem 
permit. And then a method for determining each remaining unknown quan t i ty  must 
b e  s p e c i f i e d ,  e i t h e r  by inc lud ing  an  appropr i a t e  equa t ion  in  the  sys tem t o  b e  
so lved ,  or  by adopt ing  appropr ia te  model va lues .  Th i s  t r ans l a t ion  o f  t he  
physical  problem to a mathematical and numerical problem is accomplished 
below. 
The coupled ion and neutral  equations of motion (4-65c)  and  (4-65d) are 
the  appropr ia te  s ta r t ing  poin ts .  In  consonance  wi th  d iscuss ions  in  Sec t ion  V ,  
the  ion  pressure  tensor  term i s  neglected in  comparison with the scalar pres-  
s u r e  term. Thus,  the i n i t i a l   e q u a t i o n s  are 
+ -+ + + + -  x w i + g - -  - + 1  
n -  i 
V i n  pi 
(6-8a) 
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I" - 
(6-8b) 
(6-8~) 
in  Cartesian  tensor  notation  (equation (4-33)). 
In addition  to  being  coupled  to  each  other,  these  equations  are  coupled 
to  the  continuity  and  energy  equations  through mass densities (p , pi), press- 
ures  (pn, pi) and  collision  frequencies (I; ). Thus,  additional  infor- 
mation  or  equations  are  required in  order  to  solve  equations (6-8). From  the 
incoherent  scatter  radar  observations,  electron  number  density  profiles  are 
available.  Ion  composition  cannot  be  obtained  from  these  observations, SO an 
ion  composition  model,  based  on  the  rocket-borne  mass  spectrometer  measurement 
of Kopp, et  al.  (1973)  at  high  latitudes (68'N), is  used.  With  this  information, 
the  ion  continuity  equation is no longer  required.  Since  electric  fields  and 
n - 
in* 'ni 
velocities  are  generally  large  throughout  the  experiment,  the  order- 
of-magnitude  estimates in  Section IV indicate  that  the  pressure  gradient  and 
gravitational  terms  can be dropped  from  the  ion  equation  (6-8a).  In  addition, 
at  the  altitudes  of  interest (90 km to 200 km)  the  ion  temperature  can  be 
assumed  equal  to  the  neutral  temperature  (required  only  for  collision  fre- 
quency  calculations).  These  approximations  and  assumptions  obviate  the  use of 
the  ion  energy  equation. 
To supplement  the  neutral  equation of motion  a  model  atmosphere  is  adopted 
to  provide  neutral  number  densities  and  temperatures.  This  approach  is  taken 
partly  to  keep  the  computational  effort  reasonable  and  partly  due  to  lack of
information.  Since  temperature  measurements  were  not  made  in  the  experiment 
of 15 May  1974,  there  is no means  for  monitoring  any  theoretical  calculations 
of temperature.  Also,  by  using  a  static  model  €or  neutral  temperature and 
6-13 
d e n s i t i e s ,  the source  o f  ca l cu la t ed  ve loc i ty  va r i a t ions  can  be  more e a s i l y  
ident i f ied .   For  a series of   ca lcu la t ions   o f   increas ing   complexi ty ,   th i s  
approach is a r e a s o n a b l e  f i r s t  s t e p .  
The neu t r a l  a tmosphe r i c  model adopted is the Jacchia  1971 model ( Jacchia ,  
1971; a l s o  c f .  C I R A  1972) for  an exospheric  temperature  of  1000°K (see  F igure  
1-3).  Although this   choice  of   exospheric   temperature  is a r b i t r a r y ,  i t  does 
correspond to  the exospheric  temperature  used by  Brekke, et  a1 (1973,  1974a) 
i n  t h e i r  d a t a  a n a l y s i s  (however, they employed a n e u t r a l  model by Banks and 
Kockarts  (1973)).   Effects of  model d i f f e rences  w i l l  be  discussed later.  I t  
may be noted that recent temperature measurements reported by Watkins and 
Banks (1974) i n d i c a t e  t h a t  1000°K is  a reasonable  choice  for  the  exospher ic  
tempera ture  for  a problem  such as t h i s .  Their observat ions show no  pronounced 
diurnal  var ia t ions;  however ,  temperature  excursions of 100°K t o  300°K over  
time per iods  of a n  h o u r ,  a s s o c i a t e d  w i t h  l a r g e  e l e c t r i c  f i e l d s ,  a r e  common. 
As a r e s u l t  of using a model atmosphere, the continuity and energy equa- 
t i o n s  are no longer  required.  However, t h e r e  is an addi t ional  consequence for  
t h e  n e u t r a l  momentum equation. The Jacchia 1971 model is a s t a t i c  d i f f u s i o n  
model'in which i t  is assumed t h a t  e a c h  n e u t r a l  c o n s t i t u e n t  is 5n d i f f u s i v e  
equi l ibr ium.  For   present   purposes   the  important   feature  of t h i s  c o n d i t i o n  is 
t h a t  t h e  v e r t i c a l  p r e s s u r e  g r a d i e n t  e x a c t l y  b a l a n c e s  t h e  g r a v i t a t i o n a l  accel- 
e r a t i o n  i n  t h e  momentum equat ion - t h e r e  is no v e r t i c a l  mot ion .  In  rea l i ty ,  
small v e r t i c a l  v e l o c i t i e s  are observed  (Rieger,   1974).  However, because  the 
grav i ta t iona l  and  pressure  grad ien t  terms are l a rge r  t han  the  ve loc i ty  terms, 
by fac tors  of  10' to   10  under   these  condi t ions,  a r e l a t i v e l y  small adjustment 
of  the  pressure  grad ien t  can  counterac t  ver t ica l  mot ions ,  caus ing  them t o  
vanish o r  remain qui te  small. Consequently,   vertical   motions are suppressed 
i n   e q u a t i o n s  (6-8b)  and  (6-8c): d i f fus ive   equ i l ib r ium is assumed. 
3 
Fina l ly ,  a l l  ho r i zon ta l  g rad ien t s  are neglected.   This  is requi red  by the  
f a c t  t h a t  a l l  observa t ions  are made a t  a. s ing le  loca t ion :  no  informat ion  on 
t h e  h o r i z o n t a l  v a r i a t i o n  of p rope r t i e s  is a v a i l a b l e .  I m p l i c i t  i n  t h i s  assump- 
t i o n  is horizontal  uniformity,  which is a bad assumption a t  h igh  l a t i t udes .  
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However,  horizontal  gradients  affect  only  certain  terms  and  if  these  terms %e 
small  relative  to  others,  the  consequences  may  be,negligible.  One  of  the 
objecthes of  this  calculation  is  to  test  "this  assumption. 
With  the  approximations  and  assumptions  made,  the  ion  equation  of  motion 
in  ehuation  (6-8a)  reduces  to 
v i 
in 
which  is  equivalent  to  equation. (6-1). The  neutral  equation  (6-8b)  is  corre- 
spondingly  reduced  to 
-L 
a vn 1 - v T - Vni(Vn - Vi) + 2vn x, QE , " - "- - + +  + +  at 'n n (6- 10) 
where  the  form of remains  as  given  in  (6-8a) , but  many of the  terms  vanish. 
- 
n 
To solve  equations  (6-9)  and (6-10) numerically,  they  must  first  be 
decomposed  into  scalar  component  equations.  Based  on  physical  considerations, 
it is  convenient  to  treat  these  equations  in  two  different  Cartesian  coordin- 
ate  systems;  the  computer  can  easily  transform  the  coordinates  numerically  as 
required  for  calculations.  The  ion  equation  is  treated  in  a  system  designated 
here as "plasma"  coordinates (1, 2, 3 ) ,  in  which  the  3-component  is  parallel 
to B, the 2- component  is  toward  geomagnetic  east  in  the  plane  transverse  to B,
and  the  1-component  lies  in  the  geomagnetic  meridian  plane;  this  is  shown 
in  Figure  6-4a.  The  neutral  equation  is  decomposed  in  a  local  Cartesian  coordip- 
ate  system (x, y, z )  oriented  along  geographic  coordinates  with x positive 
to  the  south,  y  positive  to  the  east,  and  z  positive  vertically  upward,  as  shown 
in  Figure  6-4b.  Angular  relations  between  the  coordinate  systems  are  shown  in 
Figure  6-4c.  Transformation  equations  between  these  coordinates  for  an  arbitrary 
+ "r 
vector 4 are: 
(i) From  plasma  coordinates  (1, 2, 3) to local  geographic  coordinates 
(x, Y, z )  
q, = q2 sin 6 - cos &(q, sin 1 + q cos I) 3 (6-lla) 
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qY 
= q2 COS 6 + sin 6(ql s i n  I + q3 COS I) (6-llb) 
qz = q, cos  I - q3 s i n  I (6- l lc)  
(ii) From local geographic coordinates (x,  y, z ) , t o  plasma coordinates 
(1, 2, 3) 
q1 = qz cos I - s i n   I ( q x  COS 6 - q s i n  6) (6-12a) 
Y 
q2 = q x   s i n 6  + % COS 6 (6-12b) 
43 = -qz s i n  I - cos  I(qx  cos 6 - q s i n  6) Y (6-12~)  
Consis tent  with the assumptions of Brekke, et al. (1973,  1974a)  and  dis- 
cuss ions  in  Sec t ions  I and I V ,  t he  electric f i e l d  is assumed to  be uniform,  and 
t h e  component p a r a l l e l  t o  t h e  g e o m a g n e t i c  f i e l d  i s  assumed to  be  neg l ig ib l e .  
In  the plasma coordinate  system, this  is given by 
E 3 = 0  . (6-13a) 
I f  t h i s  is used in  equat ion (6-12c) ,  EZ can be expressed in  the terms of Ex 
and E as 
Y 
EZ = - cot   I (Ex  cos  6 - E s i n  6) . 
Y 
(6-13b) 
When t h e  i o n  momentum equat ion (6-9) i s  wr i t ten  out  in  p lasma coord ina tes ,  
t he  d i r ec t iona l  coup l ing  due  to  the  Loren tz  fo rce  can  be  removed a lgeb ra i ca l ly  
g i v i n g  t h e  e x p l i c i t  r e s u l t s  
- 
1 
V i n  ( > c + v  n2 ) + ( q 2 ? g  i n  (6-14a) 
1 
- 
vi2 = [1 + (;i/vin)2 ] n2 (> c ' -  v n l  ). -( > c] (6-14b) + 'in 
vi3 = 
6-17 
(6 -14~)  
I 
The n e u t r a l  v e l o c i t y  component e q u a t i o n s  i n  loca l  geographic  coord ina tes  are 
2v OE s i n  X 
nY 
(6-15a) 
v = o ,  nz 
2vnX RE s i n  X (6-15b) 
( 6 - 1 5 ~ )  
where X is  geographic   l a t i tude .  io obta in   the   v i scous  terms i n  t h i s  form, i t  
i s  assumed t h a t  t h e  v i s c o s i t y  c o e f f i c i e n t  v a r i e s  s l o w l y  i n  a l t i t u d e  compared with 
neutral  veloci ty  var ia t ions,  an assumption which has  been found to  be val id .  
The set  of n e u t r a l  v e l o c i t y  component equat ions is  s e e n  t o  b e  a set of 
c o u p l e d  ( i n  t h e  C o r i o l i s  t e r m s )  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s ,  f i r s t  o r d e r  i n  
time and  second  order i n  space .  In  addi t ion  to  be ing  coupled  among themselves, 
these  equat ions  are coupled  to  the  ion  equat ions  through the  co l l i s ion  terms. 
Although the ion equations are of a t ime-independent  form,  the ion veloci t ies  
are i m p l i c i t  func t ions  of time through the t i m e  dependence of the e lectr ic  
f i e l d  a n d  t h e  n e u t r a l  v e l o c i t i e s .  S i n c e  3 and Tni (which v a r i e s  d i r e c t l y  w i t h  
N ) are  spec i f ied  outs ide  the  sys tem of  equat ions  ( f rom scatter radar observa- 
t i o n s )  , numer ica l  so lu t ion  is the only feasible  approach.  
e 
Col l i s ion  f requencies  are computed accord ing  to  equat ion  (4-14c)  and t h e  
species   col l is ion  f requencies   presented  in   subsect ion  5 .3 .3 .   Because s t a t i c  
models of the neutral  atmosphere and ion composition are employed, the ion-  
n e u t r a l   c o l l i s i o n   f r e q u e n c i e s  ; remain   f ixed   th roughout   the   ca lcu la t ion .  
However, as noted above varies with N and must be updated from observation. 
The v i s c o s i t y  c o e f f i c i e n t  is evaluated  from  equations  (5-61a,  b).  Since i t  
depends only on t h e  n e u t r a l  model, t h e  v i s c o s i t y  a l t i t u d e  p r o f i l e  is cons tan t  
throughout  the calculat ion.  
i n  - 
' 'ni e 
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6.3.2 Numerical  Methods  and  Boundary  Conditions 
To so lve  equat ions  (6-61a, b )  a n  e x p l i c i t  f i n i t e  d i f f e r e n c e  t e c h n i q u e  is 
employed.  For t h i s  d i s c u s s i o n ,  l e t  subsc r ip t  m d e s i g n a t e  t h e  s p a t i a l  g r i d  
index  and  superscr ip t  n t h e  t i m e  g r id  index ,  as shown i n  F i g u r e  6-5.  The 
p a r t i a l  d e r i v a t i v e  of a v a r i a b l e  V w i th  r e spec t  t o  t i m e  is approximated by t h e  
f i n i t e  d i f f e r e n c e  e x p r e s s i o n  
n+l 
” av vm - Vmn 
a t  A t  Y (6-16) 
where A t  is the  un i fo rm g r id  spac ing  in  the  t d i r ec t ion .  S imi l a r ly ,  t he  
sec0n.d p a r t i a l  d e r i v a t i v e  of V w i th  r e spec t  t o  z i s  approximated by 
- 2vmn + VWl n 
9 
(Az) 
2 (6-17) 
where Az is  the  g r id  spac ing  in  the  x -d i r ec t ion .  
To use these expressions,  equat ions (6-15a,  b)  are f i r s t  p l a c e d  i n  t h e  
form 
(6-18a) 
(6-18b) 
where the  func t ions  Q ,  R ,  S can be identified by comparison with equations (6- 
15a ,  b ) .  When t h e  d e r i v a t i v e s  i n  e q u a t i o n s  (6-18a,  b) are replaced  according 
t o  e q u a t i o n s  (6-16)  and  (6-17), t he  r e su l t i ng  equa t ions  can  be  p l aced  in  the  
form 
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Figure 6-5. GRID  POINT  DESIGNATION IN DISCRETE 2-t SPACE  FOR A 
VARIABLE V 
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Evaluation of equations (6-19a, b )  r e q u i r e s  t h e  s p e c i f i c a t i o n  o f  i n i t i a l  
and  boundary  conditions.  For i n i t i a l  c o n d i t i o n s ,  t h e  n e u t r a l  v e l o c i t i e s  are 
taken to 'be zero.  Consequences of this  assumption w i l l  be  d iscussed  later. 
Because a second  spa t i a l  de r iva t ive  is involved; two boundary conditions must 
be  spec i f ied .  For  f in i te  d i f fe rence  equat ions  of  the  form in  (6-19) ,  i t  is 
appropr i a t e  t o  spec i fy  one  cond i t ion  a t  each  boundary i n  z.  Thus, the lower 
boundary is taken  to  be  90  km and  the  neu t r a l  ve loc i ty  is  assumed to  van i sh  
there .  A t  the  upper  boundary, z = 250 km, t h e  v e r t i c a l  d e r i v a t i v e  o f  t h e  
n e u t r a l  v e l o c i t y  is assumed t o  v a n i s h .  Tests involving changes of these bound- 
ary condi t ions have shown tha t  the  lower  boundary  condi t ion  has  negl ig ib le  
e f f e c t s  a t  100 km and above, while the upper boundary condition has negligible 
e f f e c t s  on r e s u l t s  a t  and  below 200 km. These  r e su l t s  are cons i s t en t  w i th  
similar resul ts  reported by Fedder  and Banks (1972), who f i n d  t h a t  s i g n i f i c a n t  
boundary condi t ion effects  are l i m i t e d  t o  w i t h i n  About one scale height  of  the 
boundary (scale  heights  are approximately 5 km at 90 km and 40 km at  250 km). 
It has  been  found tha t  the  gr id  s teps  A t  and Az cannot be selected inde- 
pendent ly ,   due  to   numerical   instabi l i t ies .   Al though  the form  of equat ions 
(6-18a,  b) is somewhat more c o m p l i c a t e d ,  t h e  s t a b i l i t y  c r i t e r i o n  f o r  t h e  u s u a l  
diffusion equat ion (equat ions (6-18a,b)  with R and S set to  sero)  has  proved  
t o  b e  a r e l i a b l e  i n d i c a t o r .  T h i s  c r i t e r i o n ,  as given by Pot ter  (1973) ,  
r e q u i r e s  t h a t  t h e  i n e q u a l i t y  
(6-20) 
be   sa t i s f ied   th roughout   the  domain of the  calculat lon.   Accordingly,   the   gr id  
s t e p s  employed are Az = 5 km and A t  = 20 seconds.  Inequality (6-20) is satis- 
f i e d  a t  a l l  a l t i t u d e  from 90 km t o  250 km, al though the l i m i t  is approached a t  
the upper boundary. Considerations of requirements of the .physical problem, 
computer storage and processing t i m e s ,  and  numer i ca l  s t ab i l i t y  were a l l  taken 
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i n t o  a c c o u n t  t o  a r r i v e  a t  t h e  g r i d  s t e p  s i z e s  and l o c a t i o n  of the upper  
boundary f o r  t h e  c a l c u l a t i o n .  
One of the  ear ly  numer ica l  tests performed with this  set of equat ions  was 
the use of the t ime-dependent ion equations of motion, to  de te rmine  condi t ions  
f o r  which the  time-independent  form is va l id .  The time-dependent  ion  equations 
o f  mot ion -have  the  f in i t e  d i f f e rence  form ( t a k i n g  t h e  l-component as an 
examp l e )  
(6-21) 
J i t h  a n  i n i t i a l  c o n d i t i o n  of  vi = 0, i t  w a s  found that  for  
-+ 
A t  > rin , where T 
is the mean t ime be tween ion-neut ra l  co l l i s ions ,  numer ica l  ins tab i l -  
~ i n  
= 11; i n  
i t i es  rapidly  developed.  This is  easi ly  understood from the equat ions.  
I n i t i a l l y ,  t h e  e l e c t r i c  f i e l d  term is the only nonzero term in  bo th  ion  and 
neut ra l  equat ions .   I f  i t  accelerates t h e   i o n s   f o r  a time A t  > T the   ions 
a t t a i n  an un rea l i s t i ca l ly  l a rge  ve loc i ty .  Neu t ra l s  r e spond  s lowly  to  ion  
col l is ions because of  much l a r g e r  number d e n s i t i e s ,  so t h e  n e u t r a l  v e l o c i t y  
remains  c lose , to  zero .  In  the  next  time s t e p  and t h e r e a f t e r ,  t h e  c o l l i s i o n  
term i n  (6-21)  dominates ,  with the resul t  that  the s ign of  the veloci ty  
a l te rna tes  wi th  each  succeeding  time s t e p ,  and grows r ap id ly  i," magnitude. 
For A t  < Tin, th i s  does  not  occur ,  and  reasonable  resu l t s  can  be  obta ined .  
i n  ' 
For a c o n s t a n t  e l e c t r i c  f i e l d ,  i t  w a s  found tha t  the  ion  ve loc i ty  reaches  
e s s e n t i a l l y   e q u i l i b r i u m   v a l u e s   i n  6 t o  8 c o l l i s i o n  times (T ). Since T 
varies   f rom 3 x seconds a t  90 km t o  1 second a t  250 km ( fo r  models  used 
h e r e ) ,  a wide range of equilibrium times cor responds  to  the  a l t i tude  range  
under  study. The d i f f i c u l t i e s  i n  u s i n g  e q u a t i o n  (6221)  under  such  circum- 
s t ances  are apparent.  However, the important  point  of t h e s e  r e s u l t s  is  not  the 
r a n g e ,  b u t  t h e  f a c t  t h a t  a l l  times are s h o r t  compared t o  t h e  time s c a l e s  of 
in te res t   here .   S ince   the   Chatan ika   incoherent  scatter radar .observa t ions  are 
averaged over about 6 minutes ,  that  is  t h e  time s c a l e  f o r  change  of t h e  elec- 
tric f i e l d .  Hence, use  of the  time-independent  ion momentum equat ions  introduces 
i n   i n  
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e s s e n , t i a l l y  n o  e r r o r  i n t o  t h e  c a l c u l a t i o n ;  a n d  t h e  i o n  v e l o c i t y  f i e l d  c a n  b e  
cons idered  to  be  a lways  in  equi l ibr ium wi th  the  electric f i e l d  and n e u t r a l  
v e l o c i t y .  f i e l d .  T h i s  r e s u l t s  i n  a considerable  reduct ion of the computational 
e f f o r t .  
.6.4 MODEL  CALCULATIONS 
Before  per forming  an  ex tended  ca lcu la t ion  and  a t tempt ing  to  in te rpre t  the  
r e s u l t s ,  i t  is h e l p f u l  t o  assess the importance of  the var ious factors  involved.  
While order-of-magnitude estimates are use fu l  i n  judg ing  the  immedia t e  e f f ec t  
of a va r i ab le  on  the  sys t em,  to t a l  e f f ec t s  ove r  ex tended  pe r iods  o f  time are 
d i f f i c u l t  t o  d e t e r m i n e  by t h i s  means. This i s  one purpose of the model calcu- 
la t ions  to  be  presente 'd  here .  By adopting a simple e lectr ic  f i e l d  model  and a 
s t a t i c  i o n  d e n s i t y  model,  the temporal response,  or rise time, of t h e  ion- 
n e u t r a l  wind system can be determined. Effects of coriolis and viscous forces  
can  be  a sce r t a ined  by select ively femoving these terms from the equations and 
re-solving  the  problem. Once t h e s e  e f f e c t s  are known, a b e t t e r  i n t e r p r e t a t i o n  
o f  t h e  r e s u l t s  f o r  t h e  p h y s i c a l l y  real is t ic  problem can be formulated. 
A model ca lcu la t ion  of  th i s  na ture  has  been  per formed by Fedder and Banks 
\ 
(1972). They consider  a polar  cap case i n  which magnetic f i e l d  l i n e s  are 
v e r t i c a l ;  and they retain the t ime-dependent  form for  the ion equat ions.  
Otherwise,  their  assumptions,  approximations and resu l t ing  equat ions  cor re-  
spond to  those  above ,  wi th  one  impor tan t  except ion:  they  neglec t  the  cor io l i s  
term. Effects  of  the Coriol is  force have been found to  be s ignif icant  by 
Heaps  (1972) i n  c a l c u l a t i o n s  of high-latitude thermospheric winds over extended 
times; and i t  is expected that  they should be s ignif icant  here  a lso.  Since 
the analysis  of  Fedder  and Banks (1972)  t r ea t ed  the  e f f ec t s  o f  co l l i s iona l  
coupl ing  and  v iscos i ty  in  some d e t a i l ,  t h e  model ca l cu la t ions  he re  are primar- 
i l y  t o  supplement  those  results by i n c l u d i n g  c o r i o l i s  e f f e c t s .  To accomplish 
t h i s  most c l ea r ly ,  t he  quas i - s t ep  func t ion  electric f i e ld  used  by Fedder and 
Banks (1972) is employed here:  
+ A 
E = -E(t)y 
where 
(6-22a) 
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1 
where 
E ( t )  = 0, t < 0 
E( t )   20 [1  - cos(1~t/1800)1 mV m- , i 
0 5 t 5 1800 seconds i (6-22b) 
E ( t )  = 40 mV m-l ,  t > 1800  seconds 1 
For these calculat ions,  geomagnet ic  f ie ld  geometry corresponding to  
Chatanika,  Alaska is used.   Differences  in  results between t h i s  geometry  and 
the polar cap geometry of Fedder and Banks  (1972) are small e x c e p t  f o r  t h e  
v e r t i c a l  component  of i o n  v e l o c i t y ,  which is no t  cons ide red  in  de t a i l  he re .  A 
r e p r e s e n t a t i v e  i o n i z a t i o n  p r o f i l e  is used in  con junc t ion  wi th  the  ion  compo- 
s i t i o n  and neutral  atmospheric models previously discussed to compute r equ i r ed  
c o l l i s i o n  f r e q u e n c i e s .  The ion iza t ion -dens i ty  p ro f i l e  and  r e su l t i ng  co l l i s ion -  
frequency and gyrofrequency profiles are shown i n  F i g u r e  6-6. 
C a l c u l a t i o n s  f o r  t h e  e l e c t r i c  f i e l d  model in equations (6-22a, b) have 
been  car r ied  out" for  a per iod of  24 hours ,  both with and without  the Coriol is  
force.  The ion  and  neu t r a l  ho r i zon ta l  ve loc i ty  components  (geographic  coordi- 
na tes )  thus  obta ined  are shown i n  F i g u r e  6-7 as func t ions  of time f o r  a l t i t u d e s  
of  115 km, 125 km, and  150 km. V e l o c i t i e s  computed wi thout  the  Cor io l i s  force  
in  F igures  6-7 a ,  c are cons i s t en t  w i th  the  r e su l t s  of Fedder and Banks (1972); 
t h e  more rapid response of t h e i r  n e u t r a l  v e l o c i t i e s  t o  t h e  i o n  v e l o c i t y  d r i v i n g  
fo rce  is due t o  t h e i r  u s e  of l a r g e r  c o l l i s i o n  f r e q u e n c i e s .  
In  th i s  approximat ion ,  it is s e e n  t h a t  n e u t r a l  v e l o c i t y  x-components 
(Hal l  d r i f t  d i rec t ion)  approach  the  ion- f low ve loc i ty  over  time periods of  ten 
hours  and  more,  the  longer times cor responding  to  lower  a l t i tudes .  This  
a l t i t ude  va r i a t ion  o f  r e sponse  times is unders tood  in  terms of  neut ra l  dens i -  
t ies  inc reas ing  exponen t i a l ly  wi th  dec reas ing  a l t i t ude ,  i n  e f f ec t  r educ ing  the  
degree of  ionizat ion,  even for  l i t t l e  change i n  i o n i z a t i o n  number dens i ty .  A t  
low a l t i t udes ,  t he  neu t r a l  a tmosphe re  thus  r equ i r e s  a l a r g e r  t o t a l  t r a n s f e r  of 
momentum to  ach ieve  a given veloci ty  than a t  h ighe r  a l t i t udes .  S ince  the  rate 
of momentum t r a n s f e r  v a r i e s  less w i t h  a l t i t u d e  t h a n  t h e  n e u t r a l  number d e n s i t y ,  
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Figure  6-6. COLLISION  FREQUENCIES  AND GYROFREQUENCY USED I N  MODEL 
CALCULATIONS 
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Figure  6-7. VELOCITY COMPONENTS AS FUNCTIONS  OF  TIME  AT  ALTITUDES 
1 15 KM, 125 KM, AND 150 KM FROM MODEL CALCULATIONS : 
(a)  x-COMPONENTS  FOR CORIOLIS FORCE OMITTED; (b) x- 
COMPONENTS FOR CORIOLIS FORCE INCLUDED 
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Figure 6-7. VELOCITY COMPONENTS AS FUNCTIONS  OF  TIME  AT  ALTITUDES 
1 1 5  KM, 125 KM, AND 150 KM FROM MODEL CALCULATIONS : 
(C) y-COMPONENTS FOR CORIDLIS FORCE OMITTED; (d) y- 
COMPONENTS FOR c o R r o L r s  FORCE INCLUDED 
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more t i m e  is  r e q u i r e d  f o r  t h e  n e u t r a l  v e l o c i t y  a t  l o w e r  a l t i t u d e s  t o  come i n t o  
e q u i l i b r i u m  w i t h  t h e  i o n  ( c o l l i s i o n a l )  d r i v i n g  f o r c e .  From the  oppos i te  po in t  
of v i ew,  the  e f f ec t  o f  t he  neu t r a l s  on  ions  is c l e a r l y  e v i d e n t  i n  t h e  r e s p o n s e  
o f  t h e  i o n s  t o  t h e  electric f i e l d .  A t  115 km, th i s  r e sponse  t i m e  is  very 
la rge  and  i s  c lose ly  coupled  wi th  the  neut ra l  response  time because of t h e  
c lose  co l l i s iona l  coup l ing  o f  t he  ions  to  the  neu t r a l s .  
The y-components are more d i f f icu l t  to  unders tand  immedia te ly  because  
they involve a balance between the geomagnetic field and co l l i s iona l  coup l ing  
w i t h  n e u t r a l s  i n  c o n t r o l l i n g  i o n  m o t i o n s .  However, upon re ference  to  equat ions  
(6-14a, b ) ,  i t  i s  seen  tha t  because  of  ion-neut ra l  co l l i s ions  a t  lower a l t i -  
tudes,  both components of bo th  the  e lectr ical  f i e l d  and n e u t r a l  v e l o c i t y  
a f f e c t  e a c h  component  of i on  ve loc i ty .  Th i s  d i r ec t iona l  coup l ing  is  t h e  
o r i g i n  o f  t h e  r e l a t i v e l y  l a r g e  i o n  v e l o c i t i e s  p a r a l l e l  t o  t h e  e lectr ic  f i e l d  
( P e d e r s e n  d r i f t )  i n  t h e  e a r l y  s t a g e s  a t  115 km and  125 km. The neut ra l  ve loc-  
i t ies  again respond to  the col l is ional  coupl ing and approach the ion veloci ty .  
However, because of  the changing neutral  veloci ty  components t h e  i o n  v e l o c i t y  
y-component begins  decreasing and becomes smaller t h a n  t h e  n e u t r a l  v e l o c i t y .  
A t  t h i s  time t h e  i n e r t i a  of n e u t r a l  g a s  r e s u l t s  i n  a "coasting" motion, now 
becoming a d r iv ing  fo rce  fo r  t he  ions  in  ma in ta in ing  the i r  mo t ion .  At t h e  
same time n e u t r a l  momentum is be ing  d i f fused  in  a l t i tude  through v iscous  
e f f e c t s ,  as d i s c u s s e d  i n  de ta i l  by Fedder and Banks (1972). 
These r e s u l t s  may  now be compared with those of Figure 6-7b, d ,  f o r  which 
t h e  C o r i o l i s  term is included. The e f f e c t s  on t h e  n e u t r a l  v e l o c i t i e s  are 
p ro found ,  and  ex tend  to  the  ion  ve loc i t i e s  a t  125 km and 115 km where the 
co l l i s iona l  coup l ing  o f  i ons  to  neu t r a l s  is important. The magnitudes  of  the 
n e u t r a l  v e l o c i t y  x-components are reduced to  about  one third of the  equi l ibr ium 
values being approached when c o r o i l i s  f o r c e s  are neglec ted ,  wi th  the  s ign  
changing a t  lower  a l t i t udes .  In  the  y-components  of n e u t r a l  v e l o c i t y ,  t h e  
d i f f e r e n c e s  a t  d i f f e r e n t  a l t i t u d e s  are p a r t i c u l a r l y  pronounced.  Since  the 
C o r i o l i s  f o r c e  b a s i c a l l y  c o u p l e s  t h e  d i r e c t i o n s ,  t h e  o s c i l l a t o r y  b e h a v i o r  is  a 
manifestation  of a r o t a t i n g  v e l o c i t y  v e c t o r .  The d i f f e r e n t  e f f e c t s  a t  d i f f e r -  
e n t  a l t i t u d e s  are due t o  t h e  v a r i a t i o n  of response times of t he  neu t r a l  ve lo -  
c i t y  f i e l d  w i t h  a l t i t u d e .  
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For example, a t  150 km, where the response time is somewhat smaller than 
the  13  hour  pe r iod  o f  t he  Cor io l i s  term, the  x-component of n e u t r a l  v e l o c i t y  
b e g i n s  t o  grow rap id ly ,  as i n  F i g u r e  6-6a. Through co r lo l i s  coup l ing ,  however, 
p a r t  of t h i s  motion is d i v e r t e d  i n t o  t h e  y-component. When a f ina l  s t eady-  
s ta te  is achieved the y-component is much l a rge r  t han  fo r  t he  p rev ious  case 
and  the x-component is much smaller. This is not  a s i m p l e  case of j u s t  
r o t a t i n g  t h e  v e l o c i t y  v e c t o r  however, because the magnitude of the velocity 
vec to r  is smaller when the  Cor io l i s  fo rce  is included. The neu t r a l  r e sponse  
t o  c o l l i s i o n s  w i t h  i o n s  is not  rap id  enough f o r  t h e  n e u t r a l  v e l o c i t y  t o  ap- 
p r o a c h  t h e  i o n  v e l o c i t y  b e f o r e  C o r i o l i s  e f f e c t s  s i g n i f i c a n t l y  a l te r  the  
d i r e c t i o n  of the former. 
A t  115 km, it  appears from Figures 6-7b, d t h a t  t h e  n e u t r a l  v e l o c i t y  
f i e l d  w i l l  o s c i l l a t e  d u e  t o  t h e  C o r i o l i s  f o r c e  f o r  a considerable period (of 
the  order   of   days) .   This   appears   to   be  due  to   the  fact   that   the   response time 
of t he  neu t r a l s  t o  ion  d rag  exceeds  the  Cor io l i s  pe r iod  ( see  F igu res  6-7 a ,b ) .  
A n  immediate consequence of these results is tha t  la rge  ion-neut ra l  
ve loc i ty  d i f f e rences  are maintained a t  a l l  a l t i t udes ,  even  when an equilibrium 
condi t ion  is reached.  This i s  i n  c o n t r a s t  t o  t h e  case when c o r i o l i s  f o r c e s  
are ignored,  in  which the equi l ibr ium condi t ion is i d e n t i c a l  i o n  and n e u t r a l  
v e l o c i t i e s .  A s  a r e s u l t ,  J o u l e  h e a t i n g ,  which v a r i e s  as the  square of t h e  
ion-neut ra l   ve loc i ty   d i f fe rence   ( see   equat ions  (4-52)  (4-54))  should  remain 
r e l a t ive ly  l a rge  unde r  equ i l ib r ium cond i t ions  when t h e  c o r i o l i s  f o r c e  is  taken 
into  account .   This  i s  cons is ten t  wi th  the  conclus ions  of  Heaps (1974), who 
examined t h e  e f f e c t s  of  the  Cor io l i s  force  on  Joule  hea t ing  in  a s ingle-f luid-  
approximation calculat ion.  
Ef fec ts  of  Cor io l i s  forces  are now examined e x p l i c i t l y  i n  terms of a l t i -  
t u d e  s t r u c t u r e .  C a l c u l a t e d  a l t i t u d e  p r o f i l e s  o f  t h e  v e l o c i t y  f i e l d s  are shown 
f o r  t = 5 hours and t = 24 hour s  fo r  no C o r i o l i s  f o r c e  i n  F i g u r e s  6-8a, c and 
wi th  the  Cor io l i s  fo rce  inc luded  in  F igu res  6-8b,d. Figure 6-8a shows the  
e x t e n t  t o  which the  equi l ibr ium is approached i n  5 hours and Figure 6-8c shows 
v i r t u a l l y  t h e  f i n a l  s ta te ,  when no Cor io l i s  coupl ing  of d i r e c t i o n s  is consi- 
dered. A t  h i g h  a l t i t u d e s  t h e  i n t u i t i v e  p i c t u r e  is f u l f i l l e d ;  below  125 km t h e  
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Figure 6-8. ALTITUDE STRUCTURE OF VELOCITY.COMPONENTS  FROM  ODEL 
CALCULATIONS: ( a )  FOR T = 5 HOURS WITH  CORIOLIS FORCE 
OMITTED; (b) FOR T = 5 HOURS WITH  CORIOLIS FORCE 
INCLUDED 
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Figure 6-8. ALTITUDE STRUCTURE OF VELOCITY COMPONENTS FROM MODEL  CALCULA- 
TIONS: ( c )  FOR T = 24 HOURS WITH  CORIOLIS FORCE OMITTED; ( d )  
FOR T = 2 4  HOURS WITH  CORIOLIS FORCE INCLUDED 
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complexities introduced by t h e  t r a n s i t i o n  f r o m  i o n - n e u t r a l  c o l l i s i o n a l  c o u p l i p g .  
t o  ion  magnet ic  f ie ld  coupl ing  is ev iden t ,  bu t  w i th  a similar end r e s u l t :  i o n  
and n e u t r a l  v e l o c i t i e s  are almost  the same a t  a l l  a l t i t u d e s .  
\ 
In  c o n t r a s t ,  a l t i t u d e  p l o t s  i n  F i g u r e  6-8b, d ,  f o r  which t h e  C o r i o l i s  
fo rce  is included, show a v e r y  d i f f e r e n t  a l t i t u d e  s t r u c t u r e  f o r  i o n s  and 
n e u t r a l s  a t   a l l  a l t i t u d e s .  E f f e c t s  on t h e  i o n  v e l o c i t y  are seen to  be small  
except a t  low a l t i t u d e s ,  as expected. A t  h i g h  a l t i t u d e s ,  t h e  p r o f i l e  i n  
Figure 6-8d r e p r e s e n t s  v i r t u a l l y  a n  e q u i l i b r i u m  c o n f i g u r a t i o n ,  w h i l e  a t  {ow 
a l t i t u d e s  t h e  s t r u c t u r e  c a n  b e  e x p e c t e d  t o  c h a n g e  somewhat, as discussed 
previous ly  . 
Simi la r  ca l cu la t ions  have  been  ca r r i ed  ou t  w i th  the  v i scous  terms omitted. 
Resul t s  are n o t  s u b s t a n t i a l l y  d i f f e r e n t  f rom those in  which viscosi ty  is 
included,  however, so t h o s e  r e s u l t s  are not  shown. The pr imary  e f fec t  of 
v i s c o s i t y  is to  d imin i sh  maximum values  of t h e  v e l o c i t i e s  and smooth out  the 
a l t i t u d e  v a r i a t i o n s  t o  a small ex ten t .  No s i g n i f i c a n t  d i f f e r e n c e s  i n  a l t i t u d e  
s t r u c t u r e  o f  t h e  v e l o c i t y  f i e l d s  are seen. This is not  really unexpected,  due 
t o  t h e  n a t u r e  of  viscous forces .  It may be noted that Fedder and Banks (1972) 
found v i s c o s i t y  t o  b e  e f f e c t i v e  i n  t r a n s p o r t i n g  h o r i z o n t a l  momentum through 
about  one scale he ight .  Thei r  ca lcu la t ion  w a s  pa r t i cu la r ly  des igned  to  test 
t h i s  a s p e c t  by beginning with a s t r o n g  v e r t i c a l  g r a d i e n t  a t  155 km and no 
o t h e r  d r i v i n g  f o r c e  i n  t h e  n e u t r a l  wind equat ion.  Because the col l is ional  
d r iv ing  fo rces  ma in ta in  the  g rad ien t s  i n  the  p re sen t  ca l cu la t ions ,  v i scous  
fo rces  are not  seen so prominently. Under  more r e a l i s t i c  c o n d i t i o n s ,  e f f e c t s  
could well be more pronounced. Nevertheless,  viscosity is not  expected to  
a l ter  t h e  b a s i c  a l t i t u d e  c o n f i g u r a t i o n  o f  t h e  v e l o c i t y  f i e l d s  t o  any g r e a t  
ex ten t .  
The i n v e r s e  s i t u a t i o n  is now examined; that is, the decay of  the veloci ty  
f i e l d s  from an i n i t i a l  c o n f i g u r a t i o n  is c a l c u l a t e d  f o r  t h e  c a s e  i n  which t h e  
e l e c t r i c  f i e l d  is  set to   zero .  It is noted   tha t   th i s   should   cor respond  to  a 
very  unl ike ly  condi t ion ,  because  even  in  the  absence  of  an  ex terna l  e lec t r ic  
f i e l d ,  a dynamo e l e c t r i c   f i e l d  would be generated by the E region wind system. 
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However, i t  w a s  seen i n  Figure 6-3a tha t  e l e c t r i c  f i e l d s  are observed t o  "turn 
off" r a the r  abrupt ly;  so t h i s  example may not be  so unreasonable. 
event the  purpose here  i s  simply t o  gain some idea  of t he  i n e r t i a l  p roper t ies  
of the  wind sys tem,  pr imari ly  t o  see how important t he  i n i t i a l  condi t ions are 
t o  the ca lcu la ted  winds some hours later. 
I n  any 
The i n i t i a l  wind configurat ion is  t h a t  shown i n  Figure 6-7d, which i s  the  
ca lcu la ted  ve loc i ty  f i e l d  a f t e r  24 hours under the inf luence of t he  e l e c t r i c  
f i e l d  i n  equation (6-22). The f u l l  set of equations (6-14) and (6-15) is 
employed, as i t  was t o  obtain the  i n i t i a l  configuration. 
fo r  the ve loc i ty  components a t  115 km, 125 km, and 150 km are shown f o r  10 
hours i n  Figures 6-9a, b. 
hours and 10 hours a f t e r  decay begins are shown i n  Figures 6-9c, d. 
de t a i l ed  numerical r e s u l t s  i t  is found that the  Cor io l i s  term dominates the 
motion, pa r t i cu la r ly  a t  lower a l t i t udes .  
Viscosity is found t o  be  more important i n  the decay mode than when the  veloc- 
i t y  f i e l d  is  bui lding up. 
Temporal va r i a t ions  
Alt i tude s t ruc ture  of the  ve loc i ty  f i e l d s  a t  3 
From the 
Th i s  is evident i n  Figures 6-9a, b. 
Perhaps the  most important fea ture  of these r e s u l t s ,  however, is the 
i n e r t i a  i n  t h e  110 km t o  120 km region. 
input ,  v e l o c i t i e s  there  are reduced by about one h a l f ,  while a t  200 km the  
v e l o c i t i e s  have a l l  but  vanished. This indicates  t ha t  i n i t i a l  conditions f o r  
the ca lcu la t ions  with observed e l e c t r i c  f ie lds  may be s i g n i f i c a n t  fo r  an 
extmded paricd after the ca lcu la t ion  begins. It a l s o  shows tha t  s m a l l  e lec-  
t r i c  f i e l d s  fo r  the  i n i t i a l  2 o r  3 hours of a ca lcu la t ion  do not  guarantee 
t h a t  i n i t i a l  neu t r a l  v e l o c i t i e s  w i l l  be small or  w i l l  become small before  the 
ve loc i ty  f i e l d s  are s i g n i f i c a n t l y  a f fec ted  by the l a rge r  e l e c t r i c  f i e l d s  of 
A f t e r  10 hours with no momentum 
i n t e r e s t .  
n e u t r a l  ve loc i t i e s .  
This must be considered i n  t h e  comparison of calculated and observed 
Resul ts  of i n t e r e s t  from these model calculat ions may be summarized as 
follows. I n  the development of the  velocity f i e l d s  through c o l l i s i o n a l  coup- 
l i n g  alone, 8 t o  10 hours are required a t  high a l t i t u d e s  (2150 km) f o r  the  
n e u t r a l  ve loc i ty  t o  approach the i0n velocity,  while a t  low a l t i t u d e s  (5120 km) 
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F i g u r e  6-9. VELOCITY  F IELD DECAY (NO  ELECTRIC  F IELD)  FROM I N I T I A L  
CONFIGURATION  GIVEN I N  FIGURE 6-8d: (a )  x-COMPONENTS 
AS FUNCTIONS OF T I M E  FOR ALTITUDES 115 KM, 125 KM, AND 
150 KM; ( 6 )  SAME AS ( a )  FOR y-COMPONENTS; 
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Figure 6-9. VELOCITY  FIELD  DECAY  (NO  ELECTRIC  FIELD) FROM INITIAL 
CONFIGURATION  GIVEN IN FIGURE  6-8d: ( c )  ALTITUDE 
PROFILES  AT T = 3 HOURS:  (d)  ALTITUDE  PROFILES  AT 
T = 10 HOURS 
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wre than 24 hours are required.  The c o r i o l i a  f o r c e  p l a y s  a s i g n i f i c a n t  
role  in  both development  and decay of t h e  v e l o c i t y  f i e l d s .  It reduces the 
magnitude of the maximum neu t ra l  ve loc i ty  a t t a ined ,  and  ma in ta ins  a l a r g e r  
i o n - n e u t r a l  v e l o c i t y  d i f f e r e n c e  i n  a s teady  state. The C o r i o l i s  term causes 
a n  i n c r e a s e  i n  t h e  t i m e  r e q u i r e d  f o r  a n  e q u i l i b r i u m  v e l o c i t y  f i e l d  t o  b e  
ach ieved ,  pa r t i cu la r ly  a t  low a l t i t u d e s .  I n  t h e  d e c a y  mode f r o m  l a r g e  i n i t i t a l  
v e l o c i t i e s  i n  t h e  a b s e n c e  of d r i v i n g  f o r c e s ,  t h e  C o r i o l i s  term is dominant. 
F i n a l l y ,  l a r g e  i n i t i a l  v e l o c i t i e s  can pe r s i s t  w i thou t  d r iy ing  fo rces  in  excess  
of 10 hours a t  low a l t i t udes ;  hence  e f f ec t s  o f  i n i t i a l  cond i t ions  can  be  
ejcpected f o r  s e v e r a l  h o u r s  i n t o  a c a l c u l a t i o n  a t  t h e s e  a l t i t u d e s .  
6.5 VELOCITY  CALCULATIONS FOR 15  MAY 1974 
A series of  ca lcu la t ions ,  based  on observat ions made by the incoherent  
scatter r a d a r  f a c i l i t y  a t  Chatanika, Alaska on 15 May 1974, are now presented. 
S ince  success ive  ca lcu la t ions  are motivated by preceding ones, each set is 
examined  and  discussed i n  t u r n  b e f o r e  p r e s e n t i n g  r e s u l t s  o f  t h e  n e x t .  T h i s  
f a c i l i t a t e s  c l a r i t y  and a l l o w s  i n t e r p r e t a t i o n  t o  b e  d e v e l o p e d  i n  a n  o r d e r l y  
manner. 
6.5.1 Calculated Ion and Neutral Velocities as Functions of Altitude and Time 
The f i r s t  set o f  ca l cu la t ions  is the s imultaneous numerical  solut ion of  
the  ion  and  neut ra l  momentum equat ions (6-14)  and  (6-15). The ion mean gyro- 
frequency w and  ion-neutral  mean e f f ec t ive   co l l i s ion   f r equency   va ry   w i th  i i n  
a l t i t u d e  b u t  are c o n s t a n t  i n  time under  approximations  above. From the inco- 
he ren t  s ca t t e r  obse rva t ions ,  electric f i e l d  components are prescr ibed as 
functions of t i m e  (shown i n  F i g u r e  6-3a) and assumed uniform throughout the 
reg ion  of  in te res t .  Remaining  parameters i n  e q u a t i o n s  (6-141,  speed  of l i g h t  
c and geomagnet ic  f ie ld  s t rength B,  are constants . '  Neutral  wind  components 
are computed from equat ion (6-151, accord ing  to  the  numer ica l  scheme discussed 
in   subsect ion  6 .3 .2 .   Neutral  mass dens i ty  p and   v i scos i ty   coe f f i c i en t  on are . 
f u n c t i o n s  o f  a l t i t u d e  b u t  c o n s t a n t  i n  t i m e .  Geographic  la t i tude A and angular  
v e l o c i t y  QE are cons tan ts .  The neutral- ion mean e f f e c t i v e  c o l l i s i o n  f r e q u e n c y  
va r i e s  l i nea r ly  wi th  ion iza t ion  dens i ty  and ,  hence ,  va r i e s  i n  bo th  a l t i t ude  and 
time. To de te rmine  these  co l l i s ion  f requencies  a co l l i s ion  f r equency  p ro f i l e  
- 
n 
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normalized t o  1 ion  c m  (which varies on ly  wi th  a l t i t ude )  i e  mul t ip l ied  by 
the  ion iza t ion  dens i ty  p ro f i l e  appropr i a t e  t o  each  time. A new electric f i e l d  
vec to r  and  ion iza t ion  dens i ty  p ro f i l e  are provided by the  incoherent  scatter 
-3 
radar  a t  approximately 6 m i n u t e  i n t e r v a l s ;  l i n e a r  i n t e r p o l a t i o n  i s  used  to  
determine values a t  in te rmedia te  time poin ts .  
Calculated values  of t h e  i o n  and n e u t r a l . v e l o c i t y  components in  geographic  
coordinates  are shown as funct ions of time i n  F i g u r e  6-10 f o r  a l t i t u d e s  110 
km, 125 km, and  150 km. Al t i tude  110  km is  shown i n  p a r t i c u l a r  b e c a u s e  i t  
cor responds  to  the  center  of  the  f i r s t  range  ga te ,  da ta  for  which  is used t o  
de te rmine  the  neut ra l  winds  in  F igure  6-3b. S e v e r a l  i n t e r e s t i n g  f e a t u r e s  may 
be   no ted   i n   t hese   f i gu res .   F i r s t ,   t he   chang ing   r e l a t ions  of t h e   v e l o c i t y  
components a t  d i f f e r e n t  a l t i t u d e s  i n d i c a t e s  c h a n g i n g  a l t i t u d e  s t r u c t u r e  i n  t h e  
v e l o c i t y  f i e l d s .  T h i s  is displayed more c l ea r ly  in  F igu res  6 - l l a ,  b ,  c ,  which 
show t h e  a l t i t u d e  s t r u c t u r e  o f  t h e  v e l o c i t y  f i e l d s  a t  UT = 1506, 1714, and 
2234 hours.  Although  these times were s e l e c t e d  t o  d i s p l a y  some of  the  extreme 
ve loc i t i e s ,  t he  fo rm of t h e  a l t i t u d e  s t r u c t u r e  is n o t  a t y p i c a l ,  as reference 
to  F igu res  6-8 and 6-9 w i l l  i n d i c a t e .  Vertical g r a d i e n t s  i n  t h e  h o r i z o n t a l  
v e l o c i t y  components  can be qui te  large,  par t icular ly  a t  a l t i t u d e s  below 130 
km. It is a l s o  of i n t e r e s t  t o  o b s e r v e  i n  F i g u r e s  6-10 and 6-11 tha t  t he  
l a r g e s t  v e l o c i t i e s  f o r  b o t h  i o n s  and n e u t r a l s  do no t  necessa r i ly  occur  a t  t he  
h i g h e r  a l t i t u d e s ,  b u t  may a l s o  o c c u r  i n  t h e  dynamic t rans i t ion  reg ion ,  approxi -  
mately 115 km t o  130 km f o r  t h i s  c a l c u l a t i o n s .  
A second  s ign i f i can t  f ea tu re  of Figure 6-10 is  the slow and almost sinu- 
so ida l  va r i a t ion  o f  t he  neu t r a l  ve loc i ty  componen t s ,  i n  con t r a s t  w i th  the  
h ighly   s t ruc tured   tempora l   var ia t ion   o f   the   ion-ve loc i ty  components. This 
l a t te r  s t r u c t u r e ' c l e a r l y  f o l l o w s  d i r e c t l y  f r o m  s i m i l a r  s t r u c t u r e  i n  t h e  
electric f i e l d  components,  although  the  correspondence is not  exact.  Because 
o f  l a rge  numer i ca l  supe r io r i ty ,  and  the re fo re  g rea t e r  t o t a l  i ne r t i a ,  t he  
neut ra l  gas  averages  over  the  shor t  per iod  f luc tua t ions  in  the  ion  mot ions .  
This response is not  unexpected,  s ince i t  is c o n s i s t e n t  w i t h  t h e  r e l a t i v e l y  
long response times seen  p rev ious ly  in  the  model c a l c u l a t i o n s .  
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F i g u r e  6-10. CALCULATED VELOCIT IES AS FUNCTIONS OF T IME FOR ALTITUDES 
110 KM, 125 KM, AND 150 KM,  BASED ON OBSERVED ELECTRIC 
F I E L D S  AND ELECTRON D E N S I T I E S :  ( c )  X-COMPONENT, ION 
ONLY; (d )  X-COMPONENT,  NEUTRAL  ONLY 
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Figure 6-10. CALCULATED VELOCIT IES AS  FUNCTIONS OF T IME FOR ALTITUDES 
110 KM, 125 KM, AND 150 KM, BASED ON OBSERVED ELECTRIC 
F I E L D S  AND ELECTRON DENSIT IES:  (e)  y-COMPONENT, ION 
ONLY ; ( f )  y-COMPONENT,  NEUTRAL ONLY 
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Figure 6-11. EXAMPLES OF ALTITUDE STRUCTURE  FOR VELOCITIES OF FIGURE 6-10: 
( a )  AT UT = 1506 HOURS 
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Figure 6-1 1. EXAMPLES OF ALTITUDE STRUCTURE FOR VELOCITIES OF FIGURE 
6-10: ( b )  AT UT = 1714 HOURS 
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F i g u r e  6-11. EXAMPLES OF ALTITUDE  STRUCTURE FOR VELOCIT IES OF FIGURE 
6-10: ( c )  AT  UT = 2234 HOURS 
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" - 
A major  d i f fe rence  be tween th is  ca lcu la t ion  and  the  model c a l c u l a t i o n s ,  
however, i n  a d d i t i o n  t o  t h e  l a r g e  electric f i e l d  f l u c t u a t i o n s  i n  t h i s  c a s e ,  is 
l a r g e  f l u c t u a t i o n s  i n  i o n i z a t i o n  d e n s i t y .  T h i s  is i l l u s t r a t e d  i n  F i g u r e  6-12 
where the  t empora l  va r i a t ions  o f  i on iza t ion  dens i ty  a t  100 km, 110 km, 120 km, 
and  130 km are p lo t ted .  Large  f luc tua t ions  a t  a g i v e n  a l t i t u d e  i n  s h o r t  times 
are f r equen t  du r ing  the  times of g r e a t e s t  electric f i e l d  f l u c t u a t i o n .  It 
migh t  be  suspec ted  tha t  r e su l t i ng  f luc tua t ions  in  t h e  n e u t r a l - i o n  c o l l i s i o n  
frequency vni could induce similar v a r i a t i o n s  i n  t h e  n e u t r a l  v e l o c i t i e s .  Upon 
examination of equations (6-15)  however, i t  is recognized that  an order  of 
magni tude  increase  in   the  col l is ion  f requency  has   about   he same e f f e c t  as 
a similar i n c r e a s e  i n  t h e  i o n  v e l o c i t y  ( e l e c t r i c  f i e l d )  : an order  of  magnitude 
i n c r e a s e  i n  t h e  c o l l i s i o n  term. Over s h o r t  times, nei ther  produces a l a r g e  
va r i a t ion  in  the  neu t r a l  ve loc i ty ,  aga in  because  Ni/Nn << 1 at  a l l  a l t i t u d e s .  
- 
n i  
Cons iderable  a t ten t ion  is d i r e c t e d  t o  t h e  t e m p o r a l  v a r i a t i o n  i n  t h e  
n e u t r a l  v e l o c i t y  components because t h e  n e u t r a l  v e l o c i t y  components i n f e r r e d  
from the incoherent  scatter radar  observa t ions ,  shown i n  F i g u r e  6-3b, have 
l a r g e  f l u c t u a t i o n s  i n  s h o r t  times. Thus, the  temporal  structure  of  the  observed 
n e u t r a l  winds more c lose ly  resembles  tha t  of t h e  c a l c u l a t e d  i o n  v e l o c i t i e s  
t han  tha t  o f  t he  ca l cu la t ed  neu t r a l  ve loc i t i e s .  Even without  consider ing in  
de ta i l  the  magni tudes  of  these  ve loc i t ies ,  the  na ture  of  th i s  d i screpancy  
i n d i c a t e s  a problem. I f  t h e  winds inferred from the radar  observat ions are 
consis tent  with the assumptions made i n  t h e  d a t a  a n l a y s i e  and are approximately 
c o r r e c t  ( i n d i c a t i v e  of the  ac tua l  neut ra l  winds  a t  tha t  l oca t ion ) ,  t hen  from 
the  d iscuss ion  above ,  ion-neut ra l  co l l i s ion  coupl ing  a lone  cannot  account  for  
them: some important mechanism has  been  omitted. On t he  o the r  hand ,  t o  the  
e x t e n t  t h a t  c o l l i s i o n a l  c o u p l i n g  i e  important,  Figure 6-11  shows that  one of 
the  important  assumptions in  the radar  data  analysis  for  neutral  wind determin- 
a t i o n  i e  c a l l e d  i n t o  q u e s t i o n .  The da ta  ana lys i s  procedure  assumes a n e u t r a l  
wind which is uni form throughout  the  f i r s t  range  ga te ,  and  i t  is such a wind 
t h a t  is determined.  Figure 6-10 shows t h a t   c o n s i d e r a b l e   a l t i t u d e   s t r u c t u r e  
d o e s  e x i s t  i n  t h i s  r e g i o n ,  u n l e s s  c o l l i s i o n a l  c o u p l i n g  is unimportant ,  in  
which c a ~ e  the  da t a  ana lys i s  p rocedure  'is i n v a l i d  anyway (Brekke, et  al. 
1973). 
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With r e s p e c t  t o  t h e  e f f e c t  of a l t i t u d e  s t r u c t u r e  on t h e  a n a l y s i s  of rads? 
d a t a ,  two p o s s i b i l i t i e s  c a n  b e  s e e n .  The radar  is assumed to  avFrage the 
obse rve   i on   ve loc i ty   ove r   a l t i t ude  as in   equa t ion  (6-4).  Weighting  the 
average are the  e l ec t ron  ( ion )  dens i ty  Ne(k) and the radar  weight ing funct ion 
W(z). In  F igure  6-12 i t  w a s  seen  tha t  e lec t ron  dens i t ies  can  change  rap id ly  
$n time. Examples  of how r a p i d l y  t h e  a l t i t u d e  s t r u c t u r e  o f  Ne(z)  can  change 
are shown by t h e  a l t i t u d e  p r o f i l e s  i n  F i g u r e  6-13. It is e v i d e n t  t h a t  e v e n  i f  
t he  ve loc i ty  s t ruc tu re  r ema ins  cons t an t ,  va r i a t ion  o f  t he  e l ec t ron ,dens i ty  
prof i le  can  cause  a s h i f t  i n  t h e  a l t i t u d e s  most strongly weighted. From 
Figure 6-11, i t  is appa ren t  t ha t . sma l1  sh i f t s  i n  a l t i t ude  can  co r re spond  to  
large changes in  veloci ty .  Thus,  the scatter radar observations of apparent 
t empora l  va r i a t ions  in  ion  ve loc i ty  can  r e su l t  so l e ly  from v a r i a t i o n s  i n  t h e  
e l e c t r o n  d e n s i t y  p r o f i l e s ,  d u e  t o  l a r g e  v e r t i c a l  g r a d i e n t s  i n  t h e  v e l o c i t y  
f i e l d s .  Brekke, et al .  (1974a)  note  this  problem;  although  the mode o f , o p e r -  
a t ion for  the present  experiment  improves the s i tuat ion somewhat,  due t o  
b e t t e r  t i m e  r e s o l u t i o n ,  it nevertheless  remains a d i f f i c u l t y .  
3 
',I 
A second poss ib le  e f fec t  is due t o  v a r i a t i o n  i n  t h e  i o n  v e l o c i t y  a l t i t u d e  
s t r u c t u r e  i t s e l f .  S i n c e  t h e  i o n  v e l o c i t i e s  are immediately affected by e lec-  
t r ic  f i e l d  v a r i a t i o n s ,  o v e r  a period of a few minu tes  the  ion  ve loc i ty  a l t i t ude  
s t ructure  can change considerably,  while  that  of t h e  n e u t r a l  v e l o c i t y  is 
v i r t u a l l y  u n a l t e r e d .  I f  a n  e f f e c t i v e  a l t i t u d e  of observation is assumed to  be  
d e f i n e d  a s  t h a t  a l t i t u d e  a t  which the weighted average velocity and t h e  a c t u a l  
ve loc i ty  ag ree ,  i t  c a n  b e  s e e n  t h a t  t h i s  e f f e c t i v e  a l t i t u d e  c a n  s h i f t  by a 
change  o f  i on  ve loc i ty  a l t i t ude  s t ruc tu re ,  even f o r  f i x e d  e l e c t r o n  d e n s i t y  
p r o f i l e s .  
It appears  poss ib le  tha t  some  of these changes may be adequately compen- 
s a t e d  by the  da ta  ana lys i s  procedure ,  equat ions  (6-6)  and  (6-7).  For  'example, 
e f f e c t s  o f  v a r i a t i o n s  i n  e l e c t r o n  d e n s i t y  p r o f i l e s  are t aken  in to  a,ccount t o  
some ex ten t  by d i f f e r e n t  v a l u e s  of K-coefficients which essentially weight 
d i f f e r e n t  a l t i t u d e s  ( s e e  F i g u r e  3 of  Brekke, e t  al .  (1973);  note,  however, 
t h a t  t h e i r  K ' and K ~ '  l a b e l s  are reversed) .   Also ,   s ince   bo th   the   e lec t r ic  ' 
f i e l d  and ion  ve loc i ty  appear in  equat ion (6-7) ,  changes in  the one may 
1 
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compensate changes i n  the  o the r ,  w i th  l i t t l e  e f f e c t  on t h e  n e u t r a l  v e l o c i t y  
determined by that equation. 
Nevertheless,  the question remains,  how are the  ca l cu la t ed  ve loc i t i e s  o f  
Figure 6-9 to  be  compared w i t h  t h e  r e s u l t s  of observat ion in  Figure 6-3? 
Evidently, the answer is not  to  choose a f i x e d  a l t i t u d e  and compare the calcu-  
l a t e d  v e l o c i t i e s  as func t ions  of time a t  t h a t  a l t i t u d e ’ w i t h  o b s e r v e d  v e l o c i t i e s .  
A promising approach, however, appears to l i e  in  averaging  the  ca lcu la ted  
v e l o c i t i e s  i n  a l t i t u d e  a f t e r  t h e  manner of t h e  r a d a r ;  t h a t  is, numerically 
simulate the radar averaging. This has the advantage of providing a common 
form fo r  t he  obse rved  and  ca l cu la t ed  ve loc i t i e s ,  making a valid comparison 
poss ib le .  It a l so  o f f e r s  p rospec t s  fo r  r e so lv ing  some of t h e  d i f f i c u l t i e s  
noted above. 
6.5.2 Weighted Altitude Avenger of Calculat?d Velocities 
Computation of weighted al t i tude averages of t h e  c a l c u l a t e d  v e l o c i t i e s  
p re sen t s  no  d i f f i cu l t i e s .  Equa t ion  (6-4) def ines  the  manner i n  which t h e  
average is weighted, and equations of t h i s  t y p e  are used to compute weighted 
a l t i t u d e  a v e r a g e s  f o r  b o t h  i o n  and n e u t r a l  v e l o c i t i e s .  Numerically, t h e  
procedure is t h e  same as that used in computing the K-coefficients by equations 
(6-6a through c) .  For  ion  ve loc i t ies  th i s  resu l t  should  s imula te  the  inco-  
he ren t  r ada r  obse rva t ion ,  t o  the  ex ten t  t ha t  t he  ca l cu la t ed  a l t i t ude  s t ruc tu re  
c o r r e s p o n d s  t o  t h e  a c t u a l  a l t i t u d e  s t r u c t u r e .  For n e u t r a l  v e l o c i t i e s ,  t h e  
r e s u l t  r e p r e s e n t s  what t he  r ada r  would o b t a i n  i f  i t  were s e n s i t i v e  t o  t h e  
n e u t r a l  g a s  i n  t h e  way i t  .is to  ions .  
This  ca lcu la t ion  a l so  provides  an  oppor tuni ty  for  assess ing  the  accuracy  
of the  data  analysis  procedure for  determining the neutral  wind.  On the  one 
hand, the presumably accurate weighted alt i tude average of t h e  n e u t r a l  wind is 
obtained by direct  numerical  integrat ion.  On the  other  hand,  the same is done 
f o r  t h e  i o n s ,  which  should  accura te ly  represent  the r a d a r  r e s u l t .  By t r e a t i n g  
t h i s  r e s u l t  as an  observa t ion ,  tha t  is, by using i t  as +n i n p u t  t o  t h e  d a t a  
analysis  procedure (equat ions (6-6)  and (6-7)), neutra1”winds are obtained 
r e f l e c t i n g  a l l  s y s t e m a t i c  e r r o r s  and incons i s t enc ie s  inhe ren t  i n  the  p rocedure .  
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Direct compar ison  wi th  the  accura te  resu l t s  then  provides  a test of t h e  
accuracy of the procedure under realist ic condi t ions .  It is emphasized t h a t  
t h i s  is not  a comparison of  theory with observat ion;  ra ther  it is a test of 
t h e  d a t a  a n a l y s i s  p r o c e d u r e  ( d i f f e r e n t  t h e o r y )  t o  see how w e l l  i t  r e p r e s e n t s  
what i t  is supposed t o  r e p r e s e n t .  
Be fo re  p re sen t ing  r e su l t s  of t h e s e  c a l c u l a t i o n s ,  it is h e l p f u l  t o  i n t r o -  
duce some no ta t iona l  gu ides .  Used cons i s t en t ly ,  t hese  w i l l  help reduce con- 
f u s i o n  a s  d i f f e r e n t  v e l o c i t i e s  are examined and discussed through the remainder 
of t h i s  s e c t i o n .  C a l c u l a t e d  v e l o c i t i e s  w i l l  be denoted by lower case v ,  wi th  
3ubscr ip t  i o r  n i n d i c a t i n g  i o n  o r  n e u t r a l  as before .  A bar  ove r  t he  ve loc i ty ,  
v ,  w i l l  i n d i c a t e  a weighted  a l t i tude  average.   Observed+veloci t ies ,  o r  those 
obtained from observations,  w i l l  be denoted by c a p i t a l  i?, where the bar  indi-  
c a t e s  t h a t  i t  i s  a weighted  a l t i tude  average .  Wi th in  th i s  framework,  veloc- 
i t i e s  w i l l  be distinguished by whatever means is appropr i a t e ,  cons i s t en t  w i th  
previous notat ion.  
+ 
- 
I n  terms of th i s  no ta t ion ,  t he  we igh ted  ave rages  of t he  ion  and n e u t r a l  
ve lTc i t i e s+ob ta ined  d i r ec t ly  from equat ion (6-4) (3r  its anaiog) are denoted 
by vi  and v . The neu t r a l   ve loc i ty   ob ta ined  fzom by means of  equation 
(6-7), as discussed previousiy,  is  genoted  by in'. Horizontal  components 
(geographic  oordinates) of and Tn' are p resen ted   i n   F igu re  6-14. 
- - 
n i 
n 
-+ 
Examination of w i th   r e f e rence   t o  v a t  c o n s t a n t   a l t i t u d e s   i n   F i g u r e  
6-10,  shows t h a t  t h e  p r o c e s s  of taking weighted al t i tude averages introduces 
c o n s i d e r a b l e  s t r u c t u r e  i n t o  t h e  time v a r i a t i o n  of t h e  v e l o c i t y .  It can  be 
-+ 
n '  n 
i n f e r r e d  t h a t  f l u c t u a t i o n  o f  t h e  e l e c t r o n  d e n s i t y  p r o f i l e  is the  cause ,  s ince  
W(z) does  not  vary  in  time and  the  neu t r a l  wind is s e e n . i n  F i g u r e  6-10 t o  v a r y  
r e l a t ive ly  s lowly  a t  a l l  a l t i t udes .  I f  t he  gene ra l  t r end  o f  a, is  taken as a 
re ference  in  F igure  6-14, i t  appears  tha t  per turba t ions  of  up t o  50 percent  
c a n  r e s u l t  from s u c h  s h i f t s  i n  t h e  a l t i t u d e  W e i g h t i n g .  The absence  of similar 
l a r g e  p e r t u r b a t i o n s  i n  t h e  y-component a p p e a r s  t o  b e  d u e  t o  t h e  d i f f e r e n t  
a l t i t u d e  s t r u c t u r e  and smaller magnitude of t h i s  component during periods of 
l a r g e  e l e c t r o n  d e n s i t y  f l u c t u a t i o p s  ( s e e  F i g u r e s  6-11 and  6-12). F ina l ly ,  
even though the weighting function W(z) is centered a t  109 km, r e f e r e n c e  t o  
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Figure 6-10 shows  that  the  magnitudes  of Tm and  correspond  to  altitudes 
several  kilometers  higher,  the  exact  altitudes  varying  with  the  electron 
density  profiles. 
nY 
-k -k 
The  comparison  of v with Tn' in Figure 6-14 demonstrates  that  the+data n 
analysis  procedure  consistently  underestimates  the  actual  magnitude  of v 
(and  therefore V ) by  amounts  ranging  up  to 40 percent.  This  appears  to  be a 
systematic  effect  associated  with  the  altitude  structure-of  the  neutral  wind, 
since thz more  transient  effects  of  electron  density  fluctuations  are  evident 
in  both  and  v '. The  notable  feature  of  this  comparison,  however,  is  how 
well  the  temporal  variations  of  v  are  reproduced  by '. With  allowance  for 
the  systematic  bias  in  magnitude,  it i s  clear  that  the  data  analysis  procedure 
does  provide  a  reasonable  representation  of  the  weighted  altitude  average  of 
the  neutral  velocity.  However, it is  equally  clear  that  the  time  variation of 
this  velocity  is  not  the  same  as  a  straight  altitude  average  of  the  neutral 
wind,  because  the  weighting  due  to N (z) has  been  seen  to  introduce  some of 
this  variation. 
-+ n 
n 
3 
n  n -+ -f 
n  n 
e 
With  regard  to  the  magnitude  of  the  velocities  determined  by  equation 
(6-7), a brief  digression  is  instructive. To assure  that  the  data  analysis 
procedure  was  being  executed  exactly  as  prescribed  by  Brekke,  et  al. (1973), a 
portion of the  data  for  15  May  1974  was  processed  through  the  computer  program 
used  for  that  study  by J. R. Doupnik  and P. M. Banks,  and  used  to  verify 
comparable  calculations  in  this  investigation.  Proper  use  of  the  procedure 
has  been  comfirmed.  However,  in  the  course  of  this  verification  it  has  been 
seen  how  sensitive  the  magnitude  of  the  velocity  is  to  model  values  entering 
into  the  collision  frequency in. To  compute  ion-neutral  collision  frequencies, 
Brekke,  et al.  (1973,  1974a)  have  used  the  expres'sion 
- 
v = 7.5 x loe1' Nn , in (6-23) 
with  the  total  neutral  number  density N obtained  from  a  neutral  atmospheric 
model  given by Banks  and  Kockarts  (1973),  corresponding to an  exospheric 
temperature  of 1000°K. Collision  frequencies  used  here  are  computed  according 
to equation  (4-14c)  from  the  individual  species  collision  frequencies  .given in 
n 
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subsection 5.3.3.  They  also  depend  on  the  ion  composition  model  and  neutral 
atmosphere  model  discussed  in  subsection  6.3  When  these  different  approaches 
are  taken  and  the  final  values  are  computed  and  compared,  the  collision  fre- 
quencies,  used  by  Brekke,  et a1 (1973,  1974)  are  larger  than  those  used  here 
.by a factor  of  about  1.5  at 90 km, increasing  with  altitude  to a factor  of 2 
at 160 km. 
Neutral  winds  calculated  acczrding  to  equations (6-6) and (6-7) by 
Doupnik  and+Banks  are  denoted  by v( , while  those  calculated  in  this  study  are 
denoted  by 7. This  notation  indicates  that  both  are  computed frm+the ob5er- 
vational  data.  Horizontal  components  (geographic  coordinates)  of v' and 7 
for 0600 hours  UT  to 1800 hours  UT  on 15 May  1974  are  shown  in  Figure  6-15. 
It is  emphasized  that  both  of  these  represent  "observed"  neutral  wind  veloc- 
ities,  in  the  sense  that  they  are  obtained  from  observational  data.  The 
procedure  for  their  calculation  is  the  same;  only  the  collision  frequencies 
v differ  significantly.  This  comparison  shows  basically  the  same  temporal 
variation,  but  magnitudes  are  frequently  substantially  different.  These 
differences  are  not  systematic  in  an  obvious  manner.' 
- 
in 
The  purpose  of  this  comparison  is  to  emphasize  the  sensitivity  of  the 
neutral  winds  derived  from  observation  to  the  collision  frequency  model  employed 
to  deduce  them.  Because  of  uncertainties  involved  in  the  calculation  of  ion- 
neutral  collision  frequencies,  from  the  pertinent  interactions  to  the  numbers 
of  each  species  of  ion  and  neutral  particle  actually  present,  it  is  difficult 
to  support  one  set  of  collision  frequencies  against  another.  However,  to  the 
extent  that a degree  of  arbitrariness  is  involved,  its  effects  on  the  final 
results - neutral  wind  velocities - should  be  recognized  and  acknowledged. 
. 
In a study  of  this  nature,  such  considerations-do  not  undermine  the 
comparison  between  observation  and  theory, so long  as  the  same  collision 
frequencies  are  used  consistently  in  both  the  data  analysis  and  the  theoretical 
calculations.  There  is  at  least a rough  scaling  with  collision  frequency of
neutral  velocities  obtained from both  theory  and  data  analysis,  as  indicated 
by Figure 6-14. One  calculation  which  could  be  adversely  affected,  however, 
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Figure 6-15. NEUTRAL  VELOCITIES  DETERMINED  FROM  INCOHERENT  SCATTER  RADAR 
OBSERVATIONS  USING  THE  COLLISION  FREQUENCIES  OF  THIS  STUDY 
COLLISION  FREQUENCIES  OF  BREKKE  ET  AL. (1973) (vn'): 
(Vn - SAME  VELOCITIES AS FIGURE 6-3b))  AND  USING  THE 
( a )  X-COMPONENTS; ( b )  y-COMPONENTS 
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is t h a t  of Joule heating, which depends on (vi - Vn) . Since vi .is determined - 2  
d i r e c t l y  by observation, i ts accuracy is af fec ted  only  by  the  exper imenta l  
e r r o r .  However, because v is a l s o  s u b j e c t  t o  t h i s  a d d i t i o n a l  b i a s  i n  t h e  
d a t a  a n a l y s i s ,  a Jou le  hea t ing  ca l cu la t ion  is s u s c e p t i b l e  t o  similar er ror .  
This is  mere ly  noted  for  fu ture  s tud ies  because  no  such  ca lcu la t ion  is c a r r i e d  
out  here .  
n 
With that digression concluded, the primary comparison can be made between 
-f 
t he  theo re t i ca l  we igh ted  a l t i t ude  2ve rage  o f  t he  neu t r a l  ve loc i ty ,  vn, and 
that determined from observation, These are p resen ted  in  F igu re  6-16. 
The i n i t i a l  i m p r e s s i o n  is one of  su5stant ia l  disagreement .  Firs t ,  despi te  the 
t empora l   s t ruc tu re   i n t roduced   i n to  by tak ing   the   weighted   a l t i tude   average ,  
t h e  t e m p o r a l  v a r i a t i o n  i n  v is la rger  in  both  f requency  and magnitu2e of 
f l u c t u a t i o n s .  From the  comparison  in   Figure 6-14, i t  is clear t h a t  7 is a 
reasonably  accura te  re f lec t ion  of  the 'weighted  a l t i tude  average  of n e u t r a l  
v e l o c i t y  i n  terms of   the  observat ional   data .  However, Brekke, e t  a l .  (1974a) 
no te  tha t  t he  da t a  r ep resen t  t i m e  averages - for  this  experiment  over  a per iod 
of 6 minutes. I f  v e l o c i t i e s  o r  e l e c t r o n  d e n s i t i e s  are changing  subs tan t ia l ly  
d u r i n g  t h i s  t i m e ,  t h e  r e s u l t s  w i l l  be  inaccurate .  It is  e v i d e n t  t h a t  t h i s  
happening when l a r g e  d i f f e r e n c e s  are seen between consecutive measurements; 
and Figures 6-3a and 6-12a show th i s  t o  occur  f r equen t ly  in  th i s  expe r imen t .  
So t hese  l a rge  r ap id  f luc tua t ions  must be taken as a q u a l i t a t i v e  i n d i c a t i o n  o f  
v a r i a b i l i t y ,  r a t h e r  t h a n  a quant i ta t ive  measure  of r e a l i t y .  The more s t a b l e  
q u a n t i t i e s  are a more accurate measure of t he  phys ica l  va r i ab le s .  
 
- 
'n 
+ n 
n 
n 
i 
-+ -+ 
Even from th i s   po in t   o f  v i e w ,  the  discrepancy  between and 7 remains n n 
s u b s t a n t i a l .  Two c h a r a c t e r i s t i c s  are apparent .   Firs t ,   the   general   magni tudes 
of vnx and 7 are considerably smaller than the broad maximums a t t a i n e d  by 
- - nY 
v and v Secondly ,  the  genera l  d i rec t ions  of 7 and vn bear  l i t t l e  coher- 
e n t  r e l a t i o n  t o  one  another.  Consequently i t  can be concluded that  the theoret-  
i ca l  b a s i s  f o r  t h e  c a l c u l a t e d  r e s u l t s  is inadequate for descr. ibing the iono- 
sphe r i c  cond i t ions  ac tua l ly  p re sen t  when the observat ions were made. However, 
s i n c e  t h e  v e l o c i t i e s  c a l c u l a t e d  t h e o r e t i c a l l y  are somewhat la rger  in  magni tude  
than  those  observed,   the   col l is ional   coupl ing i s  evidently  important.  I t  
-+ 
nx ny' . n 
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a p p e a r s  t h a t  o t h e r  mechanisms of comparable importance are o p e r a t i n g  i n  a t  
least p a r t i a l  o p p o s i t i o n  t o  t h e  c o l l i s i o n a l  f o r c e  so tha t  the  bui ld-up  of 
n e u t r a l  v e l o c i t i e s  is i n h i b i t e d .  
It is  h e l p f u l  t o  recall  b r i e f l y  t h e  b a s i s  of t h e  t h e o r e t i c a l  c a l c u l a t i o n  
i n  o r d e r  t o  see the  imp l i ca t ions  o f  t hese  r e su l t s .  The phys ica l  model is  one 
of l a r g e  e lec t r ic  f i e l d s  of magnetospher ic  or ig in  caus ing  ions  to  move with 
l a r g e  f l o w  v e l o c i t i e s .  Some o f  t h i s  momentum is t r a n s f e r r e d  t o  t h e  n e u t r a l  
gas  through co l l i s ions ,  caus ing  i t  t o  move. The neutral  gas  motion is then 
modified somewhat by v iscous  and  Cor io l i s  forces ,  these  modi f ica t ions  be ing  
coupled back to  the ions by c o l l i s i o n s .  From the comparisons in  Figure 
6-16, these processes  are i m p o r t a n t ,  b u t  i n s u f f i c i e n t  t o  d e s c r i b e  t h e  a c t u a l  
physical   behavior  of  the  sytem. However,  more information is now a v a i l a b l e  
t h a n  i n i t i a l l y .  Not only are v e l o c i t i e s  d u e  t o  c o l l i s i o n a l  c o u p l i n g  known, 
but  the  s ize  of  the  d iscrepancy  be tween these  ve loc i t ies  and  the  observa t ion  
v e l o c i t i e s  is known. This  information  can now be used to  es t imate  the terms 
omi t ted  form the  theore t ica l  ana lys i s ,  tha t  is, those terms requ i r ed  to  r e so lve  
the discrepancy.  
6.5.3 Estimates of Pressure Gradients 
I n  o r d e r  t o  c a r r y  o u t  a c a l c u l a t i o n  of t h i s  n a t u r e  t h e  o r i g i n a l  assump- 
t i ons  in  subsec t ion  6 .3 .1  must be  reviewed.  Those  involving  the  ion momentum 
equa t ion  a re  on a sound physical  basis  and appear  to  require  no modification. 
However, i n  t h e  n e u t r a l  momentum equat ion ,  the  neglec t  of  hor izonta l  g rad ien ts  
was recognized as a mathematical expendient a t  t h e  o u t s e t ;  t h i s  must now be 
reconsidered. The uncoupl ing of  the neutral  ver t ical  component  and use of 
s t a t i c  equi l ibr ium model i n  its place remains an approximation, but probably 
not  a m a j o r  c o n t r i b u t o r  t o  t h e  d i s c r e p a n c i e s  i n  t h e  h o r i z o n t a l  component. 
So ,  the pr imary requirement  for  more real is t ic  ho r i zon ta l  neu t r a l  equa t ions  
of mot ion  appears  to  be  the  inc lus ion  of ho r i zon ta l  g rad ien t s .  
Thus, i t  i s  now assumed tha t  t he  neu t r a l  ve loc i t i e s  de t e rmined  f rom 
incoherent scatter radar  observat ions obey the following equations of motion: 
6-58 
" -= -La+n  a 'nx 2 
at Pn ax Pn 'nx, + '7, 3pn a x (v 3J - ( i j  n V)Vnx 
- Vni('nx 
- - vix) + 2V nE sin A 
nY 
(6-24a) 
- - (V - V ) - 2Vnx nE sin X . 'ni ny  i (6-24b) 
In order to make  use  of  the  observational data; weighted  altitude  averages  are 
required.  This is accomplished  formally by multiplying  equations  (6-24a, b) 
by Ne(z)  W(z) , integrating over the  first  range  gate,  and  normalizing  to 
(equation (6-6d)). When this  is  done  the  results inay be  written 
Iw 
(6-25) 
where J" is  the  weighted  altitude  average of Tnil after  the  manner  of  equation 
(6-4). An analogous  equation  may be written  for V 
ni 
nY 
Except  for  the  last  term  in  this  equation, all terms  in  which  the  integral 
symbol is not written explicitly  must be considered  approximations,  since  they 
do  not  follow  directly  from  equation (6-4). The left side  in particular 
requires  that  electron  densities  vary  slowly  during  the  interval  in which the 
time  derivatives  are  evaluated. Since successive  radar  observations  are  used, 
this is consistent with the similar requirement  for  accurate  observational 
data.  It  must be noted  that  only inx and v are known from  observational 
data. So those  terms  remaining as integrals  are to be  regarded  as  unknown 
quantities . 
nY 
6-5 9 
To 
must be 
Since  vn 
make a comparison  with  the  calculated  results, a similar  operation 
performed  on  the  original  equations  (6-15a, b). This  gives 
Ne W aLvnx 
’n az 3 IW 
dz - - vni (vnx - vix)Ne W dz 1 at 
- 2 
2=L/2*NeWdz-Lj< avn a v  (v - v  )NeWdz 
at IW Pn  az IW ni ny  iy 
X 
and v are  known  as ny 
(6-26a) 
x .  (6-26b) 
functions of altitude,  the  integrals  in  these 
equations  can be evaluated  numerically  without  difficulty;  that is, each  term 
io a known  quantity. 
The  difference  between  equations  (6-25)  and  (6-26a) is now  taken;  this 
results  in 
“n a N W  + 1 INe W - - (V Vn)dz - L/ e * dz - 
31w P, ax  IW  Pn  ax 
(6-2 7) 
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Severa l  of these  terms are probably small and  can  be  omitted. The first - 
term on t h e  r i g h t  s i d e  is neg l ig ib ly  small i f  t h e  a l t i t u d e  s t r u c t u r e s  of V nx 
and  vnx are similar, o r  i f  b o t h  terms are small. This term f o r  vnx has been 
found in  numer i ca l  ca l cu la t ions  to  be  a lways  a t  least one t o  two orde r s  of 
magnitude smaller t h a n  t h e  c o l l i s i o n  terms at  t h e s e  a l t i t u d e s .  Moreover, it 
seems u n l i k e l y  t h a t  Vnx h a s  l a r g e r  v e r t i c a l  v e l o c i t y  g r a d i e n t s ,  since t h e  
magnitude of vnx is gene ra l ly  smaller and v e r t i c a l  g r a d i e n t s  i n  vnx are them- 
se lves   l a rge .  Hence, i t  appears   reasonable   to   omit   th is  term. As another 
approximation,  the other  viscous terms (second and t h i r d  terms on t h e  r i g h t  
s i d e )  are assumed n e g l i g i b l e  i n  comparison with the nonlinear term ( f i f t h  term 
on t h e  r i g h t  s i d e ) .  This seems reasonable  from  order  of  magnitude  considera- 
t i o n s ,  which can be specified more p rec i se ly  than  i n  Sec t ion  I V  because condi- 
t i o n s  are more r e s t r i c t e d .  The r a t i o  of viscous  to  nonl inear  terms is given 
by (order-of-magnitude only) 
(6-28) 
where nn - po i se ,  V - 10 c m  s-l , p, 2 2 x gm cme3 and L is a 4 
L 7 
t y p i c a l  h o r i z o n t a l  scale length exceeding 10" t o  1 0 '  cm. 
With these approximations,  equation (6-27) is s impl i f i ed  and rearranged 
so t h a t  unknown quant i t ies  appear  on t h e  l e f t  s i d e  w h i l e  terms which can be 
evaluated are on t h e  r i g h t .  The r e s u l t  is 
6-61 
(6-29a) 
. - - . . . ... ". ._ . _. .. "" 
The corresponding equat ion for  the y-component i a  
I Ne W[k + (Vn + V)Vnd dz = - 2 QE. s in  X(Tnx - - vnx) 
-* - - V .  ) + - I Ne W vni (vny - v ) dz 1 - - 'ni('ny ly i Y  
(6-29b) 
The l e f t  s i d e  is seen  to  inc lude  both  the  pressure  grad ien t  and  nonl inear  
terms. Thei r  re la t ive  cont r ibu t ions  can  be  es t imated ,  based  on observed 
v e l o c i t i e s ,  i f  i t  is  assumed t h a t  t h e  h o r i z o n t a l  scale length  L is approximately 
t h e  same fo r  bo th  p re s su re  and  ve loc i ty  va r i a t ions .  With tha t  p rov i s ion ,  t he  
r a t i o  of non l inea r  t o  p re s su re  g rad ien t  terms is (order-of-magnitude) 
(6- 30a) 
From Figure 6-16, observa t ion  va lues  of V are of the  o rde r  of  100 m $ . 
With  assumed values of m - 25 AMU and Tn - 400°K, c o n s i s t e n t  w i t h  t h e  n e u t r a l  
model  employed, t h e  r a t i o  is 
-1 
n 
n 
(6-30b) 
A c t u a l l y ,  v e l o c i t i e s  i n  F i g u r e  6-16 sometimes  exceed  100 m s by f a c t o r s  of 2 
t o  4 ;  and, on the  o ther  hand ,  Tn very l ikely exceeds 400°K by s u b s t a n t i a l  
amounts, on occasion,   due  to   local   heat ing.   For   this   reason,   the   nonl inear  
term is re t a ined  in  equa t ions  (6 -29a ,  b ) .  However,  from  (6-30b), i t  is  clear 
t h a t  i t  is the  p re s su re  g rad ien t  which is general ly  being evaluated by these  
equations.  
-1 
Numerical evaluation of terms on the  r igh t  s ide  o f  equa t ions  (6-29a, b) 
g ives  the  acce le ra t ions  shown in  F igu re  6-17a, c. These are based on the 
c a l c u l a t i o n  and observat ion values  shown in  prev ious  f igures ,  and  a t  time 
6-62 
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Figure 6-17. PRESSURE  GRADIENT  ACCELERATIONS AS DETERMINED FROM 
EQUATIONS (6-29a, b): ( a )  x-COMPONENT; (6) y-COMPONENT 
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points  corresponding t o  the  observa t ions .  The r a the r  l a rge  f luc tua t ions  wh ich  
f requent ly  occur  be tween consecut ive  poin ts  tend  to  obscure  the  genera l .  t rend . .  
Since they may r e s u l t  f rom inaccuracies  in  the data ,  due to  rapidly changing 
condi t ions,  and from contr ibut ions from the nonl inear  term for  the larger  
v e l o c i t i e s ,  t h e s e  f l u c t u a t i o n s  do no t  necessa r i ly  r ep resen t  good values of 
t he  p re s su re  g rad ien t .  To see the general  magni tude of  this  term more c l e a r l y ,  
t h e s e  f l u c t u a t i o n s  are smoothed somewhat  by taking simple averages between 
consecut ive   po in ts .   These   resu l t s   a re  shown i n  F i g u r e  6-17b,  d. 
Despi te  th i s  averaging  of  resu l t s ,  cons iderable  tempora l  s t ruc ture  remains .  
Never the less ,  t rends  in  the  magni tude  and  d i rec t ion  of  the  pressure  grad ien t  
are now more apparent ,  par t icu lar ly  dur ing  the  second e lectr ic  f i e l d  enhance- 
ment. I n  t h e  x-component, t h e  f i r s t  two h o u r s  i n d i c a t e  n o  d e f i n i t e  d i r e c t i o n .  
D u r i n g  t h e  f i r s t  enhancement  (0600 t o  1100 hours UT; see Figure 6-3a) t h i s  
component f luc tua te s  cons ide rab ly ,  bu t  appea r s  t o  be  somewhat  more negat ive 
than  pos i t i ve ,  i nd ica t ing  gene ra l ly  h ighe r  p re s su res  (hea t  sou rces )  t o  the  
north.  Between enhancements,   the  pressure  gradient is  r e l a t i v e l y  s m a l l ,  and 
pe rhaps  s l i gh t ly  more negat ive  (northward)   than  posi t ive.   For   the  durat ion  of  
the  second e lec t r ic  f ie ld  enhancement  (1200 t o  1800 hours UT), the  mer id iona l  
pressure  grad ien t  is predominate ly  pos i t ive ,  ind ica t ing  hea t  sources  pr imar i ly  
t o   t h e   s o u t h .   T h e r e a f t e r ,   t h i s  component  becomes small, f l uc tua t ing   abou t  
zero for  about  two hours, and then remains small but  pr imar i ly  nega t ive  (hea t  
sources  to  the north)  for  the remainder  of  the experiment .  
A similar examination of t h e  y-component of  the  pressure  grad ien t  revea ls  
bo th  s imi l a r i t i e s  and  d i f f e rences .  The i n i t i a l  two hour  period is  again 
charac te r ized  by smal l  magni tudes  wi th  indef in i te  d i rec t ion .  Dur ing  the  f i r s t  
e lectr ic  f ie ld  enhancement ,  the  s ign  is more d e f i n i t e  t h a n  f o r  t h e  x-component 
and t h e  f l u c t u a t i o n s  smaller in  ampl i tude .  The predominately  posi t ive  pressure 
grad ien t  (hea t  source  to  the  eas t )  appears  to  become pr imar i ly  nega t ive  
s h o r t l y  b e f o r e  1000 hours UT and remains moderately small u n t i l  a b o u t  1230 
hours.   For  the  duration of the  second  enhancement t h i s  component i s  pr imar i ly  
negative (Iwat sources t o  the w c s t ) ,  a l though la rge  rap id  f luc tua t ions  occur  
between 1500 hours  and  1800  hours UT. In  con t r a s t  w i th  the  x-component, 
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however,  the  y-component  does  not  become  appreciably  smaller  in  magnitude 
after  termination  of  the  second  electric  field  enhancement.  Rather  it  becomes 
more  definite,  in  its  sign,  still  indicating  heat  .sources  to  the  west.  This 
situation  remains  until  about 2200 hours UT,  when  the  sign  becomes  indefinite. 
, .  
Magnitudes  of  these  accelerations  are  seen  to  be a few  tens of centimeters 
per  second  per  second  during  electric  field  enhancements  and a few centimeters 
per  second  per  second  otherwise.  This  distinction  is  less  clear  for  the y-
component,  however,  than  for  the  x-component.  These  magnitudes  may  be  compared 
with  pressure  gradient  accelerations  used  in  global  theoretical  models of the 
neutral  wind  system.  Pressure  gradients  in  the  models of Kohl  and  King (1967) 
and Blum and  Harris  (1975)'  are  both  based  on  one of th  neutral  model  atmos- 
pheres  of  Jacchia.  Amplitudes  of  these  pressure  gradients  for E region  alti- 
tudes  are s 1 cm s . Thus,  pressure  gradients  during  disturbed  conditions  at 
high  latitudes  are  typically  at  least  an  order  of  magnitude  larger  than  those 
driving  the  global  neutral  wind  models,  which  are  due  primarily  to  solar 
heating  at  low  latitudes.  It  is  therefore  not  surprising  that  observations  of 
neutral  winds  at  high  latitudes  under  geomagnetically  disturbed  conditions 
frequently  disagree  with  these  models  (e.g.  Stoffregen,  1972;  Meriwether, 
et  al.  1973;  Brekke,  et  al.  1974a;  Rothwell,  et  al.  1974).  For  these  cond- 
itions  no  other  calculated  or  experimentally  derived  estimates  of  horizontal 
pressure  gradients  are  known to be available  for  comparison.  Accelerations 
due  to  ion  drag  are of the  same  order  as  these.  due  to  pressure  gradients. 
- 2  
To interpret  these  results,  it  is  important  to  note a significant  differ- 
ence  between  ion  drag  and  pressure  gradients  as  driving  forces  for  neutral 
winds.  For  ion  drag  the  direction  of  the  electric  field  as  well  as  its  distri- 
.bution and  magnitude  must  be  considered. . Pressure  gradients,  however,  depend 
only  on  the  distribution  (geometry)  and  magnitude  of  pressure  enhancements 
(primarily  heat  sources).  Since  these  results  involve  only  pressure  gradients, 
interpretation  requires  an  explanation f the  implied  distribution  of  heat 
sources.  Local  heating,  for  example  Joule  heating  associated  with  ion-neutral 
velocity  differences  at  the  point  of  observation,  need  not be considered, 
since  it  would  represent a local  maximum  for  which  the  local  gradient  would 
6-6 7 
vanish. Rather it is  heat  sources  in  surrounding regions,  which are not  
observed by t h e  r a d a r ,  t h a t  m u s t  be considered. 
Comparison o f  t h e  electric f i e l d s  i n  F i g u r e  6-3a and  the  e l ec t ron  number 
d e n s i t i e s  a t  c o n s t a n t  a l t i t u d e  i n  F i g u r e  6-12 shows t h a t  p e r i o d s  of enhanced 
electric f i e ld  occur  du r ing  the  same per iods  as a u r o r a l  E layers .  This  i s  not  
meant on a ( t ime)  point  by point  basis ,  because large electric f ie ld  magnitudes 
are o f t e n - a n t i c o r r e l a t e d  w i t h  E r eg ion  e l ec t ron -  dens i t i e s ; -bu t  r a the r  pe r iods  
o f  l a r g e  r a p i d  f l u c t u a t i o n s  i n  electric f ie ld  magnitude coincide with similar 
f l u c t u a t i o n s  i n  E r eg ion  e l ec t ron  dens i t i e s .  S ince  a developed auroral  E 
l a y e r  i s  a r e l i a b l e  i n d i c a t o r  o f  a u r o r a l  a c t i v i t y ,  i t  can be concluded from 
Figure 6-12 that  the ionosphere over  Chqtanika w a s  i n  t h e  a u r o r a l  o v a l ,  t h a t  
is, i n  t h e  m i d s t  o f  a u r o r a l  a c t i v i t y ,  f r o m  s h o r t l y  a f t e r  0600 hours to  abou t  
1800 hours UT, wi th  a possible  except ion during a br ief  per iod between 1200 
hours  and 1300 hours UT. Fu r the r ,  au ro ra l  hea t ing  in  the  fo rm of bo th  ene rge t i c  
p a r t i c l e  p r e c i p i t a t i o n  and Joule heating was occurr ing  concurren t ly  in  the  
same loca t ions .  Based on s t a t i s t i c a l  models  of  the auroral  oval  (Feldstein 
and Starkov, 1967), i t  can be assumed t h a t  b e f o r e  a n d  a f t e r  t h i s  p e r i o d ,  a l l  
a u r o r a l  a c t i v i t y  i n  t h e  v i c i n i t y  o f  C h a t a n i k a  w a s  t o  t h e  n o r t h .  
In  th i s  con tex t  t he  p re s su re  g rad ien t s  i n  F igu res  6 -17c ,  d can be examined. 
D u r i n g  t h e  i n i t i a l  two hour  pe r iod ,  no  pa r t i cu la r  d i r ec t iona l i t y  is e v i d e n t  i n  
the  pressure  grad ien t .  Af te r  Chatan ika  en ters  the  auroraLova1 near  0600 
hours UT (2000 hours AST), t h e  p r e s s u r e  g r a d i e n t  i n d i c a t e s  t h a t  h e a t i n g  l ies 
p r i m a r i l y  t o  t h e  n o r t h  a n d  east, which is cons i s t en t  w i th  the  gene ra l  p i c tu re  
of  auroral  act ivi ty  being concentrated toward the local  midnight  and ear ly  
morning  sector  (Akasofu,  1968). From 0900 h o u r s  t o  1100 hours UT (1000  hours 
UT is AST midnight ) ,  no  cons is ten t  d i rec t ions  are ind ica t ed ;  t h i s  can  be  
viewed a s  a consequence of a somewhat symmetric d i s t r i b u t i o n  of  heat  sources  
about  Chatanika. The per iod 1100 h o u r s   t o  1300 hours is somewhat ambiguous; 
a more de t a i l ed  d i scuss ion  is  deferred.   During  the  second  active  period,  from 
1300 hours  to  1800 hours  UT (0300 h o u r s  t o  0800 hours AST) the  pressure  grad i -  
en ts  ind ica te  predominant  hea t ing  to  the  south  and  west. Again the  hea t ing  
toward the west is  cons is ten t  wi th  pr imary  ac t iv i ty  in  the  loca l  midnight .and  
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e a r l y  morning sec to r  o f  t he  au ro ra l  ova l .  The d e f i n i t e  ,southward direction of 
t h e  h e a t  s o u r c e s  shows tha t  Chatan ika  is  w e l l  wi th in  the aurora l  ova l .  Soon 
a f t e r  1800 hours UT t h e  e lectr ic  f i e ld  dec reases  ab rup t ly  to  ve ry  small va lues ,  
concurrent  with the disappearance of  the auroral  E layer. Thus, Chatanika has 
l e f t  t h e  a u r o r a l  o v a l ,  o r  vice versa.  
Af t e r  1800  hours UT, l o c a l  a c t i v i t y  is  a t  a low l eve l .  The  y-component 
of t h e  p r e s s u r e  g r a d i e n t ,  however, remains r e l a t i v e l y  l a r g e  i n  magnitude with 
a d e f i n i t e  westward direction, decaying slowly dver the  next  4 hours.  It 
a p p e a r s  t h a t  h e a t i n g  on t h e  n i g h t  s i d e  h a s  b u i l t  up and maintained pressure 
d i f f e r e n t i a l s  which are af fec t ing  the  days ide  reg ion .  In  cont ras t ,  the  x- 
component drops rapidly to very small magnitudes by 1830 hours UT, and remains 
small and e s sen t i a l ly  und i r ec t ed  fo r  abou t  an  hour .  Then i t  becomes d e f i n i t e l y  
nega t ive ,  i nd ica t ing  hea t  sou rces  to  the  no r th  where the dayside auroral-oval-  
cusp region i s  located.  
Sepa ra t ion  o f  spa t i a l  and  tempora l  e f fec ts  in  observa t ions  a t  a s i n g l e  
loca t ion  is  d i f f i c u l t ,  p a r t i c u l a r l y  when i t  involves  a dynamic r e g i o n  l i k e  t h e  
a u r o r a l  o v a l ,  which has a r e l a t i v e l y  f i x e d  o r i e n t a t i o n  w i t h  r e s p e c t  t o  t h e  s u n  
but  can  expand  or  contract   due  to  magnetospheric  electrodynamics.   Nevertheless,  
some plausible  inferences can be drawn. The per iod 1100  hours t o  1300  hours 
is a good example.  Between 1100 hours  and  1200  hours UT t h e  e l e c t r i c  f i e l d  
(Figure 6-3a) has  become q u i t e  small, while  a small au ro ra l  E l ayer  (F igure  6- 
12)  pe r s i s t s .  Between about  1215  hours  and  1245  hours UT t h e  a u r o r a l  E l aye r  
vanishes  and a l a rge  e l ec t r i c  f i e ld  deve lops .  Seve ra l  poss ib l e  exp lana t ions  
fo r  t hese  obse rva t ions  ex i s t :  (1) the  auroral   oval   could  have  contracted s o  
tha t  Chatan ika  w a s  to  the  south  of  i ts  equatorward border; (2)  Chatanika could 
have encountered an extended region of low a c t i v i t y  ( f i r s t  a region of low 
electric f i e l d ,  t h e n  low a u r o r a l  p r e c i p i t a t i o n ) ,  w h i l e  a c t i v i t y  c o n t i n u e d  i n  
surrounding regions;  this  could occur  by Chatan ika  ro ta t ing  through a more o r  
less f ixed region of  low a c t i v i t y ,  o r  t h e  r e g i o n  c o u l d  d r i f t  by Chatanika due 
to  e lec t rodynamic  forces ;  o r  (3)  ac t iv i ty  could  s imply  cease i n  t i m e  over a 
l a r g e  s p a t i a l  r e g i o n  due to  source  reg ion  tempora l  var ia t ions .  
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The f i r s t  p o s s i b i l i t y  does not seem to  be  suppor ted  by the  ava i l ab le  
information. It  could not  have occurted except  during the br ief  per iod when 
t h e  a u r o r a l  E layer   vanished.   Calculat ions  of   Jones  and Rees (1973) show 
t h a t  an a u r o r a l  E l a y e r  w i l l  decay t o  background levels i n  a minute  or  less 
a f t e r  removal  of  the  ionization  source.   This  appears  to  happen  near 1215 
hours UT, b u t  n o t  p r i o r  t o  t h a t  t i m e .  However, dur ing  the  per iod  of  no  aurora l  
E l a y e r ,  a l a r g e  e l e c t r i c  f i e l d  d e v e l o p s .  For a l l  o the r  times in  these  obse r -  
va t ions ,  l a rge  e lectr ic  f i e l d s  o c c u r  i n  t h e  immediate v i c i n i t y  of a u r o r a l  
ac t iv i ty .  Fu r the rmore ,  du r ing  th i s  same t i m e  a subs t an t i a l  p re s su re  g rad ien t  
d e v e l o p s  d i r e c t e d  f i r s t  toward the  south.   This  could  not  happen  if   Chatanika 
were t o  t h e  s o u t h  of t h e  a u r o r a l  o v a l  a t  t h i s  time. For t h i s  same reason ,  the  
second  explanaiion.  appears more l i ke ly  than  the  th i rd .  It seems probable  tha t  
Chatan ika  ro ta ted  in to  a s l o t  between bands of a c t i v i t y  o r i e n t e d  a l o n g  t h e  
aurora l  ova l .  However, d a t a  from o the r  l oca t ions  would be  requi red  to  subs tan-  
t i a t e  t h i s .  
S imi la r  cons idera t ions  can  be  appl ied  to  the  t i m e  p e r i o d  a f t e r  1800 hours 
UT. Here the evidence supports  the view that  the posi t ion of  Chatanika rela- 
t i v e  t o  t h e  a u r o r a l  o v a l  h a s  s h i f t e d  t o  t h e  s o u t h .  E l e c t r i c  f i e l d s  and E 
L-\ 
l aye r  number d e n s i t i e s  are cons i s t en t  w i th  th i s  i n t e rp re t a t ion .  A l so  the  x- 
component  of t he  p re s su re  g rad ien t  f avor s  th i s  view.  Heating  to  the  south of 
Chatanika is ind ica t ed  fo r  s eve ra l  hour s  be fo re .  Shor t ly  be fo re  1730 hours 
UT, t he  p re s su re  g rad ien t  beg ins  to  dec l ine  r ap id ly .  Th i s  would be  expected 
i f  t h e  a u r o r a l  o v a l  were contracting northward s o  tha t  p re s su res  p rev ious ly  
b u i l t  up i n  t h e  s o u t h  were becoming balanced by pressures  deve loping  in  the  
north.  Such a balancing i s  more l i k e l y  t h a n  a decay of the pressure in the 
south because these decay times are of t he  o rde r  of hours (Thomas and Ching, 
1969; Rees, 1971b). From Figure  6-17c, i t  appears   that   approximate  balance is  
achieved  about  1830  hours UT, las t ing  for   approximately  an  hour .   Cont inued 
h e a t i n g  t o  t h e  n o r t h  t h e n  p r e v a i l s ,  s h i f t i n g  t h e  dominant pressure to the 
north of Chatanika.  
- 
While i n t e r p r e t a t i o n s  s u c h  as these cannot be proved without information 
cover ing  an  ex tended  spa t ia l  reg ion ,  they  are cons is ten t  wi th  the  observa t ions  
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a t  Chatanika and the general  morphology  of a u r o r a l  a c t i v i t y .  The r e s u l t s ,  as 
interpreted above,  support  the schematic  model suggested by Stoffregen (1972). 
for  expla in ing  d iscrepancies  be tween observed  h igh  la t i tude  neut ra l  winds  and  
winds determined from the global  theoret ical  wind models mentioned previously. 
\ Figure 6-18 shows his proposed schematic modification of global  temperature  
d i s t r ibu t ion .  Th i s  p roposa l  is  based on an  ana lys i s  of 25 chemical release 
1 
, j 
' I  observat ions of n e u t r a l   w i n d s ,   r e s t r i c t e d   i n   l o c a l  time to   twi l igh t   hours ,   and  
fo r  a l t i t udes  gene ra l ly  above  200 km in  a l t i t ude .  Neve r the l e s s ,  t he  r equ i r ed  
, h e a t i n g  would t a k e  p l a c e  p r i m a r i l y  i n  t h e  E region and the  genera l  fea tures  of  
the diagram are consis tent  with the discussion of  pressure gradients  above.  
I n  p a r t i c u l a r  t h e  wes tward  pressure  grad ien t  a f te r  1800 hours UT (0800 hours 
AST) is  sat isfactor i ly  explained,  whereas  the pressure gradient  produced by 
solar  heat ing alone should be eastward and of  much smaller magnitude. 
A poss ib le  per iod  of  incons is tency  i s  i n   t h e   f i r s t  two hours of t h e  
experiment, when au ro ra l  hea t ing  would perhaps be expected to produce an 
eastward directed pressure gradient .  However, e f f e c t s  of t h i s  h e a t i n g  may be 
small, s o  t h a t  some form of balance is achieved with the small westward pres- 
su re  g rad ien t  a s soc ia t ed  wi th  so l a r  hea t ing  and hea t ing  in  the  a f t e rnoon  
sec to r  o f  t he  au ro ra l  ova l .  Also because  o f  unce r t a in t i e s  i nvo lv ing  in i t i a l  
condi t ions ,  the  earliest c a l c u l a t e d  r e s u l t s  are n o t  n e c e s s a r i l y  r e l i a b l e ;  t h i s  
could skew the  p re s su re  g rad ien t  ca l cu la t ion  du r ing  tha t  t i m e  period. 
The broad  fea tures  of  the  pressure  grad ien t  resu l t s  have  been  d iscussed  
a t  some length because i t  i s  f e l t  t h a t  t h e y  a r e  more r e l i ab le  than  the  small 
t i m e  scale f ea tu res ,  due  bo th  to  no i se  in  the  obse rva t iona l  da t a ,  and  to  
approximations  required  in   der iving  equat ions (6-29a, b ) .  However, t h e  t em-  
p o r a l  s t r u c t u r e  e v i d e n t  i n  F i g u r e  6-17 r e q u i r e s  comment. T h i s  s t r u c t u r e  is 
a lmos t  ce r t a in ly  no t  a l l  real. Some is due  simply to  experimental  uncertain-  
ties in  the  obse rved  ion  ve loc i t i e s .  L ikewise ,  some is  due t o  a l t i t u d e  s t r u c -  
t u re  o f  t he  ve loc i ty  f i e lds  and  the  we igh ted  a l t i t ude  ave rag ing ,  as w a s  seen 
t o  occur i n  v It should  be  reemphasized  that   the  pressure  gradients  calcu- 
l a t e d  are weighted al t i tude averages.  The a l t i t u d e  s t r u c t u r e  of these hori-  
zon ta l  p re s su re  g rad ien t s  is n o t  known. Conceivably,   c lose  to   rapidly  varying 
+ -
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l oca l i zed  sources  o f  Jou le  and p a r t i c l e  h e a t i n g ,  i t  could be complicated,  but 
ve r t i ca l  mo t ions  would l ike ly  d iminish  such  complexi t ies  rap id ly .  
Despi te  these disclaimers ,  however ,  the temporal  s t ructure  should not  be 
dismissed  en t i re ly  because  there  are phys ica l  reasons  for  expec t ing  i t  t o  
ex i s t ,  based  on  d i scuss ions  above. If t h e  i n t e r p r e t a t i o n s  made previously are 
bas i ca l ly  co r rec t ,  Cha tan ika  w a s  more o r  less surrounded by particle and Joule 
hea t ing  wh i l e  i n  the  au ro ra l  ova l .  From t h e  v a r i a b i l i t y  o f  t he  e l ec t ron  
d e n s i t i e s  and e lectr ic  f i e l d s ,  t h i s  h e a t i n g  is e v i d e n t l y  h i g h l y  v a r i a b l e  i n  
space and t i m e .  Thus,  while  heat ing may, f o r  example,  occur  predominately t o  
the south of  Chatanika,  sudden local ized heat ing to  the north may a l so  occur .  
Depending on t h e  s t r e n g t h  and loca t ion  of the  nor thern  hea t  source  relative t o  
the observation point,  the southward pressure gradient could be diminished. or 
even reversed. Hence, rapid changes of neutral  wind magnitudes and directions 
could be a consequence of the sudden development of heat sources in various 
nearby  loca t ions  and  the  resu l tan t  f luc tua t ions  in  pressure  grad ien ts .  
In  th i s  contex t  back  pressures  must be considered. When a moving gas  
f lows  in to  a s t a t iona ry  gas  (o r  one moving more s lowly) ,  dens i ty  w i l l  increase .  
The loca l i zed  p res su re  bu i ld  up w i l l  r e s u l t  i n  a pressure  grad ien t  (back  
pressure)  which opposes  the motion of  the fast  gas  but  a lso t ransmits  momentum 
to  the  s t a t iona ry  gas  caus ing  i t  t o  move. As a r e s u l t ,  t h e  o r i g i n a l  f a s t  
moving gas w i l l  be slowed and probably diverted. The prec ise  ro le  of  back  
p r e s s u r e s  i n  t h e  a u r o r a l  o v a l  i t s e l f  is d i f f i c u l t  t o  assess. I t  is poss ib l e  
t h a t  much of  the  f luc tua t ion  in  magni tude  of the  pressure  grad ien ts  is assoc i -  
a ted with back pressures .  However, conservat ion of momentum permits  a back 
p res su re  on ly  to  d imin i sh  the  o r ig ina l  p re s su re  g rad ien t ,  no t  t o  r eve r se  i t s  
sign.  Thus,   those  frequent  f luctuations  which  involve a reversa l  o f  component 
d i r e c t i o n  r e q u i r e  a d i f fe ren t  explana t ion ,  such  as offered previously.  
F i n a l l y ,  some idea  of t he  ho r i zon ta l  scale lengths  (L) assoc ia ted  wi th  
these pressure gradients can be gained from order-of-magnitude estimates. 
L e t  A denote  values  of t he  acce le ra t ion  due  to  the  we igh ted  a l t i t ude  ave rage  
of t he  p re s su re  g rad ien t ,  as determined  from  equations  (6-29a, b ) .  The order- 
of-magnitude is then est imated from 
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When t h i s  r e l a t i o n  is s o l v e d  f o r  L, t h e  r e s u l t  is  
m A  n 
Based on Tn = 500°K and mn = 25 AMU, v a l u e s  f o r  L are g iven  in  Table  6-3. 
Thus, scale l eng ths  co r re spond ing  to  p re s su re  g rad ien t s  i n  F igu re  6-17 a r e  
seen  to  range  genera l ly  f rom a few hundred t o  a few thousand kilometers,  
are not unreasonable.  
T a b l e  6-3. HORIZONTAL  SCALES  ASSOCIATED  WITH  PRESSURE 
GRADIENT  ESTIMATES 
10 100 
L ( k d  2 x l o 4  2 x l o3  2 x IO - 2 
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6.6 DISCUSSION AND CONCLUSIONS 
In  r ecen t  yea r s  several analyses  of n e u t r a l  wind observa t iona l  da ta  
which 
have 
examined the problem of discrepancies  between theoret ical  winds predicted by 
global models and those observed under magnetically disturbed conditons. 
These have considered alt i tudes above 150 km; however, r e su l t s  ob ta ined  he re  
are p e r t i n e n t  t o  those  d iscuss ions .  Bas ica l ly  the  i ssue  comes down to whether  
i on  d rag  ( co l l i s iona l  coup l ing )  o r  au ro ra l  hea t ing  ( Jou le  and  cha rged  pa r t i c l e  
p r e c i p i t a t i o n )  is p r imar i ly  r e spons ib l e  fo r  dev ia t ions  from the models. 
Stoffregen  (1972)  and  Rothwell, e t  al .  (1974)  contend  that  ion  drag  cannot 
account  for  the  observa t ions  and  tha t  pressure  grad ien ts  due  to  hea t ing  are 
the  pr imary  dr iv ing  forces .  On the  o ther  hand ,  Rees (1971a)  and  Meriwether, 
e t  a l .  (1973) favor  ion drag,  par t icular ly  in  the evening and midnight  sector ;  
and t h e  l a t te r  spec i f i ca l ly  a rgue  aga ins t  p re s su re  g rad ien t s  a s  accoun t ing  fo r  
discrepancies  a t  o t h e r  times. 
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The observa t ions  of groups on both s i d e s  of t he  ques t ion  are based on 
chemical releases, which a r e  somewhat b r i e f  ( l a s t i n g  a f e w  minutes) and are 
r e s t r i c t e d  i n  l o c a l  time coverage. The arguments are semi-quant i ta t ive  i n  
na tu re ,  r e ly ing  heav i ly  on t h e  r e l a t i v e  d i r e c t i o n s  of the  ion  and  neut ra l  
v e l o c i t i e s .  The  more recent papers on b o t h  s i d e s  c i t e  t h e  r e s u l t s  of  Fedder 
and  Banks  (1972) as ind ica t ing  tha t  t he  equ i l ib r ium d i r ec t ions  fo r  i on  and 
n e u t r a l  v i n d s  are coincident above about 200 km. I n  t h i s  r e g a r d  t h e  n e g l e c t  
of Coriol is  effects  by Fedder  and Banks  (1972) is s ign i f i can t .  F igu re  6-8d 
shows t h a t  a d i r e c t i o n a l  d i f f e r e n c e  between ion  and n e u t r a l  v e l o c i t i e s  is 
maintained in  a s t eady  s ta te ,  even a t  h i g h e r  a l t i t u d e s ,  when t h e  C o r i o l i s  
f o r c e  is taken into account .  From the  de t a i l ed  numer i ca l  r e su l t s ,  a t  250 km 
v is r o t a t e d  i n  a clockwise direct ion through an angle  of 47 degrees from v n i 
in  th i s  ca l cu la t ion .  Th i s  ang le  deve lops  ove r  a period of time, but even a t  3 
hours  in to  the  ca l cu la t ion  th i s  ang le  has  r eached  a va lue  of about 30 degrees. 
The t i m e  for  development  and the f inal  equi l ibr ium angle  depend on the model 
.values  used. A t  lower a l t i t u d e s  t h e  a n g l e s  c a n  b e  somewhat larger  (e .g .  about  
56 degrees for 150 km a t  24 hours).  Such effects  should be considered in  
fu tu re  d i scuss ions  of ion drag. 
-t + 
An add i t iona l  cons ide ra t ion  is  t h e  v a r i a b i l i t y  of ion veloci ty .  Figures  
6-3a, b show tha t  the  e lec t r ic  f ie ld  (hence  ion  ve loc i ty)  can  change  subs tan-  
t i a l l y   i n  magnitude and direction while neutral  winds a t  high a l t i t u d e s  a r e  
presumably l e s s  va r i ab le .  Thus ,  obse rva t ions  ove r  r e l a t ive ly  sho r t  pe r iods  o f  
t i m e  may be  sub jec t  t o  cons ide rab le  dev ia t ion  from the general  t rend over  a 
period of one o r  more hours.  Comparison of ion and neutral  velocity direc- 
t ions for  br ief  per i .ods might  then be qui te  misleading.  
Resul t s  of t h e s e  c a l c u l a t i o n s  i n d i c a t e  t h a t  b o t h  i o n  d r a g  and p res su re  
g r a d i e n t s  d u e  t o  a u r o r a l  h e a t i n g  are important .  While  heat ing appears  to  
predominate  during this  experiment ,  the effects  of  ion drag are l a r g e  enough 
t o  modify the winds significantly,  even though not decisively.  Moreover,  it 
is not  obvious that  these results apply general ly .  Both Jou le  hea t ing  and ion 
drag result  from t h e  same phys ica l  phenomenon -- i on  co l l i s ions  wi th  neu t r a l s .  
Jou le  hea t ing  va r i e s  w i th  Iti - vnI2  whi le  ion  drag  var ies  wi th  (vi - vn). -t + +  
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1.t therefore  appears  that  aslvi - vn I increases, a transition  will  occur, 
below  which  ion  drag  will  dominate  the  bulk  motion  and  above  which  pressure 
gradients  due  to  Joule  heating  will  assume  that  role.  An  important  factor  in 
this  consideration,  however, is the  spatial  distribution of electric  fields, 
which  is  the  driving  function  for  the  ions.  This  precludes  any  simple  esti- 
mate  of  such  a  threshold.  Furthermore,  if  particle  precipitation  heating  is 
larger  than  Joule  heating  the  question  is  moot.  The  point  is  that  under 
different  conditions,  also  to  be  found  in  the  high  latitude  ionosphere,  ion 
drag  may  predominate. 
+ +  
In  summary,  the  following  conclusions  are  drawn L V ~  the  calculations. 
Collisional  coupling  of  neutral  particles  with  ions  driven  by  large  electro- 
static  fields  can  cause  neutral  winds  of  several  hundred  meters  per  second, 
having  considerable  altitude  structure  below  about 130 km. Coriolis  forces 
have  the  effect  of  maintaining  ion-neutral  velocity  differences,  even  in  a 
steady  state  for  constant  electric  fields.  Attainment  of a steady  state  at 
low  altitudes  requires  longer  times  when  Coriolis  forces  are  taken  into  account 
than  in  their  absence. 
When  observed  electric  fields  and  electron  number  densities  are  used  in  a 
simple  collisional  coupling  calculation,  short  time  variations  in  these  prop- 
erties  are  not  reflected  in  the  resulting  neutral  wind  at  a  given  altitude. 
The  neutral  gas  inertia  is so large  relative  to  the  rate  of  collisional  momen- 
tum  transfer,  that  such  variations  are  averaged  out.  However,  when  weighted 
altitude  averages  of  the  neutral  velocity are  computed,  short  time  scale 
perturbations  of  up  to 50 percent  are  found  to  occur,  due  to  fluctuations  in 
the  electron  density  weighting  factor. 
Comparison  of  weighted  altitude  averages  of  neutral  velocities  computed 
by  direct  numerical  integration  with  those  obtained  indirectly  from  similar 
averages  of  ion  velocities  by  means  of  the  incoherent  scatter  radar  data 
analysis  procedure  reveals: (1) magnitudes  are  underestimated  by  up  to 40 
percent;  but (2) temporal  structure  and  general  directions  are  reasonably  well 
reproduced.  Magnitudes  of  velocities  determined  from  the  radar  data  are  also 
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somewhat s e n s i t i v e  t o  t h e  c o l l i s i o n  f r e q u e n c i e s  u s e d ,  which inc ludes  the  
i n t e r a c t i o n  model, the ion composition model,  and the neutral  a tmosphere 
model. Some o f  t he  t empora l  s t ruc tu re  is assoc ia ted  w i t h  v a r i a b i l i t y  i n  
i o n i z a t i o n  d e n s i t y  p r o f i l e s  d u e  t o  t h e  f a c t  t h a t  w e i g h t e d  a l t i t u d e  a v e r a g e s  o f  
i o n  v e l o c i t i e s  are observed. With due recogni t ion of these factors ,  however ,  
it appears  tha t  neut ra l  ve loc i t ies  der ived  f rom the  incoherent  scatter radar  
observat ions give a reasonable  indicat ion of  the time evolu t ion  of  neut ra l  
winds. 
From a direct  comparison of n e u t r a l  v e l o c i t i e s  d e r i v e d  from the inc0heren.t  
scatter radar  observa t ions  wi th  the  weighted  a l t i tude  averages  of the calcu-  
l a t e d  v e l o c i t i e s ,  i t  is found that  ion drag is inadequate  ' to  expla in  the  
observat ions.  An equat ion i s  d e r i v e d  t o  compute the  pressure  grad ien t  requi red  
t o  remove the discrepancies between observed and ca lcu la ted  results. The 
magni tude  of  the  acce lera t ion  assoc ia ted  wi th  th i s  pressure  grad ien t  is found 
t o  v a r y  from a few cent imeters  per  second per  second in  quieter  per iods to  a 
few tens of  cent imeters  per  second per  second in  more ac t ive  pe r iods .  Accel- 
e ra t ions  due  to  ion  d rag  are of  the same order. These are general ly  a t  least 
an order-of-magnitude larger than those associated with solar heating. Direc- 
t ions  o f  t he  p re s su re  g rad ien t s  are cons i s t en t  w i th  the  loca t ion  of t he  r ada r  
r e l a t i v e  t o  t h e  a u r o r a l  o v a l  and expected auroral  heat  sources .  Fluctuat ions 
i n  t h e  p r e s s u r e  g r a d i e n t s ,  t o  t h e  e x t e n t  t h a t  t h e y  are real, are thought  to  
r e s u l t  from sh i f t ing  ba lances  in  h ighly  var iab le  hea t  sources  and  f rom back  
pressures .  
It appears  tha t  ion  drag  and  pressure  grad ien ts  are bo th  r equ i r ed  to  
expla in  the  neut ra l  winds  genera ted  in  the  aurora l  E region during geomagnetic 
d i s turbances .  
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Section VI1 
SUMMATION 
7.1 SUMMARY AND CONCLUSIONS 
This work is comprised of t w o  b a s i c  p a r t s :  a formal development of t h e  
Eonserva t ion  equat ions  for  ionospher ic  gases ,  and  an  appl ica t ion  of these  
equat ions to  ionospheric  dynamics,  in  which the generat ion of  neutral  winds 
‘during  geomagnetic  disturbances is invest igated.   Governing  equatfons  for  
ionospheric  gases  are developed from kinetic theory,  beginning with t h e  Boltz- 
mann equation; and a pa r t i c l e  v i ewpo in t  is maintained  throughout. The f i n a l  
formulation is based on the  three- f lu id  approximat ion ,  which  requi res  tha t  the  
e lec t ron ,  ion ,  and  neut ra l  gases  be  treated sepa ra t e ly ,  w i th  d i f f e ren t  temper- 
a tures  and  f low ve loc i t ies  for  each .  The  domain  of a p p l i c a b i l i t y  o f  t h e  f i n a l  
equat ions is approximately 90 km t o  800 km i n  a l t i t u d e  € o r  a l l  geographic 
loca t ions .  
S t a r t i n g  from the Boltzmann equation a formal equation of t r anspor t  fo r  
a n  a r b i t r a r y  p a r t i c l e  p r o p e r t y  is de r ived  in  Sec t ion  11. This property i s  
s u c c e s s i v e l y . s p e c i f i e d  t o  b e  mass, momentum, and k ine t i c  ene rgy ,  r e su l t i ng  in  
the   spec ies   conserva t ion   equat ions   for   these   p roper t ies .   Col l i s ion  terms are 
t r e a t e d  s e p a r a t e l y  i n  S e c t i o n  I11 i n  t he  b ina ry  co l l i s ion  fo rma l i sm of the  
Boltzmann c o l l i s i o n  i n t e g r a l .  Formal r e s u l t s  are extended by approximating 
t h e  s p e c i e s  d i s t r i b u t i o n  f u n c t i o n s  as independent ,  displaced Maxwell ian dis t r i -  
b u t i o n s .  I n  t h i s  c o n t e x t  a new formalism is developed  for  the  co l l i s ion  terms 
i n  t h e -  momentum and energy equations; it s i m p l i f i e s  c a l c u l a t i o n s  f o r  s p e c i f i c  
i n t e r a c t i o n s ,  as compared w i t h  s i m i l a r  e x p r e s s i o n s  p r e s e n t l y  i n  t h e  l i t e r a t u r e .  
Exp l i c i t  eva lua t ions  o f  co l l i s ion  terms are c a r r i e d  o u t  i n  t h e  Appendix f o r  a 
s u f f i c i e n t  v a r i e t y  o f  i n t e r a c t i o n s  t o  meet most ionospheric  requirements .  In  
addi t ion ,  p roofs  of  some of  the  l imi t ing  proper t ies  of  the  genera l  express ions  
are provided there.  
In  Sec t ion  I V ,  the  formalism of  the species  conservat ion equat ions is 
app l i ed  to  the  ionosphe re  in  terms of  the three-f luid approximation.  This  
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results  in  separate  sets  of  conservation  equations  for  electrons,  ions,  and 
neutral  particles,  coupled  through  the  collision  terms.  Extreme  values  of 
lonospheric  properties  and  parameters  are  considered  for  the  altitude  region 
90 kin 10 800 km, for  which  the  three-fluid  approximation  is  assumed  to  hold. 
Based  6n’these  values,  order-of-magnitude  estimates  are  made  to  determine  the 
range  of  values  possible  for  each  term  in  the  complete  set  of  conservation 
‘4 quations.  Those  terms  which  can be clearly  identified  as  negligible  under 
all  ionospheric  conditions  for  this  altitude  region  are  omitted.  The  resulting 
set  of  equations  provides  a  reasonable  starting  point  for  a  wide  variety of E 
and F region  ionospheric  investigations,  from  purely  theoretical  model  studies 
to  the  data  analysis  of  ground-based  or in situ observations. 
~, 
In  order  to  close  the  set  of  conservation  equations,  the  higher  order 
velocity  moments  introduced  into  the  equations  by  the  derivation  method  have 
to  be  related  to  lower  order  velocity  moments,  essentially  independently  of 
the  set  of  conservation  equations.  This  is  accomplished  in  Section V by means 
of  transport  tensors  and  coefficients.  Electron  transport  is  treated  in  a 
comprehensive  manner  by  the  method  of  Shkarofsky (1961). In order  to  take 
advantage  of  simplifications  in  the  use  of  this  method  when  electon-neutral 
collision  frequencies  vary  with  relative  velocity  as  a  power  law, a new  method 
is  derived  for  approximating  an  arbitrary  collision  frequency  velocity  depen- 
dence  as  a  power  law.  The  equations  presented  represent  a  condensation of 
Shkarofsky’s  procedure,  for  application  to  ionospheric  calculations.  Ion  and 
neutral  transport  coefficients  available  from  the  literature  are  also  provided. 
Explicit  sets  of  collision  frequencies  for  electron-ion,  electron-neutral,  and 
ion-neutral  collisions  are  presented,  as  computed  from  results  in  Section  I11 
and  the  Appendix,  or  as  taken  from  the  literature.  Those  sets of collision 
frequencies  incorporating  the  effects  of  flow  velocity  differences  have  not 
previously  been  available. 
The  second  basic  portion  of  this  work  applies  the  results  of  the  first 
five  Sections  to a specific  problem  in  Section VI. In  the  process,  it  illus- 
trates  the  different  methods  available  for  modifying  the  set  of  initial  equa- 
tions  (the  products  of  the  first  part) so that  numerical  solutions  can  be 
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obtained. These methods include additional approximations.based on the  phys ica l  
condi t ions  of  the  par t icu lar  problem,  use  .of empir ica l  o r  aqa ly t ica l  models  as 
s u b s t i t u t i o n s  f o r  e q u a t i o n s  o r  v a r i a b l e s ,  u s e  o f  o b s e r v a t i o n a l  d a t a  i n  t h e  
same manner, and mathematical assumptions required for consistency with these 
other  techniques.  
The - problem  investigated  involves  neutral   winds  observed  during  magnetic- 
a l l y  d i s t u r b e d  c o n d i t i o n s  i n  t h e  a u r o r a l  E region. One o b j e c t i v e  of t h e  
c a l c u l a t i o n s  is  t o  d e t e r m n e  t h e  e f f e c t  o f  a l t i t u d e  s t r u c t u r e  i n  t h e  i o n  a n d  
neut ra l  winds  on the determination of neutral  winds from incoherent scatter 
radar  observat ions.  A second objec t ive  is  to  de te rmine  the  re la t ive  impor tance  
of co l l i s iona l  coup l ing  ( ion  d rag )  and au ro ra l  hea t ing  in  the  gene ra t ion  o f  
these winds. Observations made by the incoherent  scatter radar  a t  Chatanika, 
Alaska, on 15 May 1974 are used i n  t h e  c a l c u l a t i o n s  and ana lys i s .  
Theore t i ca l  ca l cu la t ions  are based on l a r g e  a u r o r a l  electric f i e l d s  
caus ing  ions  to  move, with col l is ions between ions and neutrals both modifying 
the  ion  f low and causing neutral  gas  f low.  Viscous and coriol is  terms modify 
the  neut ra l  gas  mot ion;  pressure  terms are omi t ted  f rom the  in i t ia l  phase  of  
the.mode1.  Calculations are r e s t r i c t e d  t o  a l t i t u d e s  between 90 km and 250 km. 
To become familiar wi th  the  e f f ec t s  o f  t he  Cor io l i s  term and i n e r t i a l  p r o p e r -  
t ies  o f  t he  neu t r a l  gas ,  model c a l c u l a t i o n s  are f i r s t  c a r r i e d  o u t  w i t h  a 
simple electric f i e l d  model. From these  ca l cu la t ions  i t  is determined  that  
the neutral  atmosphere responds much more s lowly  to  ion  drag  a t  lower a l t i t u d e s  
(<125, km) than a t  .h igher  a l t i tudes  (>150 km). The c o r i o l i s  term causes a 
subs t an t i a l  i on -neu t r a l  ve loc i ty  d i f f e rence  to  be  ma in ta ined  in  a steady- 
state,  resul t ing from both a smaller neut ra l  ve loc i ty  magni tude  (compared wi th  
the  ion  ve loc i ty )  and  a d i f f e r e n c e  i n  d i r e c t i o n  o f  a b o u t  45 degrees.  Due t o  
t h e  l a r g e  i n e r t i a  o f  t h e  n e u t r a l  g a s  relative t o  t h e  i o n  g a s  a t  low a l t i t u d e s ,  
e f f e c t s  of i n i t i a l  c o n d i t i o n s  c a n  last  f o r  many hours a t  t h e s e  a l t i t u d e s ,  when 
ion drag is the  only  dr iv ing  force .  
For  the pr imary calculat ions,  observed electric f i e l d s  and e l e c t r o n  
d e n s i t y  p r o f i l e s  are employed,  providing  6-minute t i m e  resolut ion.  Despi te  
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t he  cons ide rab le  t i m e  v a r i a t i o n  i n  t h e s e  q u a n t i t i e s ,  t h e  n e u t r a l  g a s  e f f e c -  
t i v e l y  f i l t e r s  o u t  s u c h  v a r i a b i l i t y  d u e - t o  its l a r g e  i n e r t i a  r e l a t i v e  t o  t h e  
ion gas.  Large vertical  g r a d i e n t s  i n  h o r i z o n t a l  i o n  a n d  n e u t r a l  v e l o c i t y  
components are found t o  r e s u l t  from t h e  i o n  d r a g  model. To make comparisons 
wi th  observed  ve loc i t ies ,  weighted  a l t i tude  averages  of  the  ca lcu la ted  ve loc-  
i t ies must be taken numerically.  By t h i s  means i t  has  been  poss ib le  , to  assess 
semiquan t i t a t ive ly  the  t echn ique  fo r  de r iv ing  neu t r a l  ve loc i t i e s  f rom the  
incohe ren t  s ca t t e r  r ada r  obse rva t ions .  It has  been  found tha t  th i s  da ta  
reduct ion technique systematical ly  underest imates  the veloci ty  magnitude by up 
t o  40 percent ,  bu t  provides  a f a i r l y  good i n d i c a t i o n  o f  t e m p o r a l  v a r i a t i o n  i n  
the  weighted  a l t i tude  average  of  the  neut ra l  ve loc i ty .  A s e n s i t i v i t y  t o  t h e  
co l l i s ion  f r equenc ie s  used  in  the  da t a  r educ t ion  has  a l so  been  no ted .  In  
a d d i t i o n ,  i t  has  been  de termined  tha t  the  process  of  tak ing  weighted  a l t i tude  
ave rages  i t s e l f  can  in t roduce  f luc tua t ions  in  magn i tude  of up t o  50 pe rcen t  i n  
r e s u l t a n t  v e l o c i t i e s .  T h i s  is due t o  v a r i a t i o n  i n  t h e  e l e c t r o n  d e n s i t y  p r o f i l e  
p a r t  o f  t he  we igh t ing  f ac to r ,  t oge the r  w i th  the  a l t i t ude  s t ruc tu re  in  the  
v e l o c i t y  f i e l d s .  
Comparison of neu t r a l  ve loc i t i e s  de r ived  f rom obse rva t ion  wi th  those  
ca l cu la t ed  fo r  E r e g i o n  a l t i t u d e s  shows t h a t  t h e  i o n  d r a g  model used  for  the  
c a l c u l a t i o n  is inadequate by i tself  to  accoun t  fo r  t he  obse rved  ve loc i t i e s .  
An equat ion is  d e r i v e d  t o  estimate the  p re s su re  g rad ien t s  r equ i r ed  to  r e so lve  
the  d iscrepancy  be tween the  ca lcu la ted  and observed veloci t ies .  The acceler-  
, a t ions  resu l t ing  f rom these  pressure  grad ien ts  are generally comparable to 
those associated with ion drag,  but  a t  least an order of magnitude larger than 
those  due  to  so la r  hea t ing .  Di rec t ions  of t he  p re s su re  g rad ien t s  are con.sis- 
t en t  w i th  expec ted  loca t ions  o f  au ro ra l  hea t ing ,  relative to  the  r ada r  l oca t ion .  
S ince  acce lera t ions  due  to  pressure  grad ien ts  and  ion  drag  are of t h e  same 
order ,  i t  is concluded that  both are important in generating and modifying 
n e u t r a l  w i n d s  i n  t h e  a u r o r a l  E region during geomagnetic disturbances.  
7.2 RECOMMENDATIONS FOR FUTURE RESEARCH 
In  the  course  of  prepar ing  a work such as t h i s ,  c e r t a i n  weak areas i n  
foundations on which sometimes elab,orate calculations are based become apparent.  
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One of these  is  ion-neutral  collision  frequencies.  The  lack  of  knowledge'of 
ion-neutr.al  interactions  at  intermediate  and  close  ranges  leaves  large  uncer- 
tainties in ion-neutral  collision  frequencies  at  temperatures  above  about 
300°K. One  consequence  of  this  in  the  present  work  was  seen  to  be  a  signifi- 
cant  uncertainty in the  absolute  magnitude  of  the  neutral  velocities  derived 
from  observations. 
Another  weak  area,  loosely  related  to  the  first,  is  transport  properties 
of  ions in  a  partially  ionized  gas  permeated  by  a  magnetic  field  of  arbitrary 
strength.  A  complete  theoretical  treatment,  similar  to  that  presented  for 
electrons,  is  needed.  Because  the  ion  gas  undergoes  a  transition  from  large 
ion-neutral  collision  frequencies  to  'small  collision  frequencies  relative  to 
the  ion  gyrofrequency,  it  is  clear  that  transport  tcansverse  to  the  magnetic 
field  is  more  complex  and  more  significant  for  ions  than  for  electrons  (for 
which  it  is  largely  inhibited).  Large  ion  gas  inertia,  as  compared  with  the 
electron  gas,  and  closer  collisional  coupling  to  the  neutrals  result  in  ions 
being  less  mobile  than  electrons.  However,  charge  neutrality  assures  that 
macroscopic  densities  of  ions  and  electrons  are  the  same.  Thus,  ionization 
transport  due  to  mechanical  forces  are  constrained  by  the  ion  motion,  although 
electrons  play  the  primary  role  in  responding  to  electromagnetic  forces.  At 
present  it  is  difficult  to  separate  the  limitations  imposed  by  lack  of  a 
comprehensive  theoretical  transport  treatment  from  those  due  to  uncertainties 
in  collision  frequencies;  both  require  improvement. 
With  respect  to  the  development  of  conservation  equations  for  the E and F 
regions,  several  modifications  could  be  made  to  extend  the  range of applica- 
tions.  These are, for  the  most  part,  straightforward,  and  require  only  the 
addition of certain  equations.  First,  problems  of  ion  or  neutral  composition 
can  be  treated  by  adding  the  appropriate  continuity  equations  for  each  ion  or 
'neutral  species.  Second,  the  set  of  conservation  equations  can  be  augmented 
by  Maxwell's  equations in  a  form  appropriate  to  whatever  problem  is  under  study. 
This  would  be  necessary,  for  example,  in  studies  involving  hydromagnetic  waves 
or  self-consistent  electric  fields  resulting  from  dynamo  action.  Third,  for 
higher  altitudes (>800 km) , where  light  ions  are  dominant,  the  three-fluid 
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approximation may n o t  b e  r e l i a b l e .  I n  t h i s  case s e p a r a t e  sets of conservat ion 
equat ions would be  requi red  for  each  spec ies .  
I n  t h e  s t u d y  of a u r o r a l  E r eg ion  neu t r a l  w inds ,  s eve ra l  ex tens ions  and 
improvements are s u g g e s t e d .  F i r s t ,  d a t a  f o r  a less d i s tu rbed  case could be 
used  fo r  a case s tudy  similar t o  t h i s  one.  This  could be done rather  easi ly  
by  changing  the  data  input  to  the  computer  programs. The primary  purpose of 
such a c a l c u l a t i o n  would b e  t o  d e t e r m i n e  i f  i o n  d r a g  is bore important  than 
auroral   heat ing  under   these  condi t ions.   Publ ished  observat ions  under   such 
c o n d i t i o n s  i n d i c a t e  t h a t  t h i s  may be  the  case .  A second addition would be  the  
ca l cu la t ion  o f  e lectr ic  c u r r e n t s  and r e s u l t i n g  m a g n e t i c  f i e l d  p e r t u r b a t i o n s ,  
and calculation of Joule heating. Both could be accomplished by extending the 
ca l cu la t ions  a l r eady  made. 
S i g n i f i c a n t  improvements i n  t h e  p r e s e n t  n e u t r a l  wind ca l cu la t ions  can  be  
made, bu t  a t  a s i g n i f i c a n t  i n c r e a s e  i n  c o m p u t a t i o n a l  e f f o r t .  It w a s  demon- 
s t r a t ed  tha t  p re s su re  g rad ien t s  due  to  au ro ra l  hea t ing  p l ay  a dominant r o l e  i n  
the  gene ra t ion  and modif icat ion of  neutral  winds in  the auroral  E region 
dur ing  magnet ic  d i s turbances .  In  order  to  inc lude  these  pressure  grad ien ts  in  
a c a l c u l a t i o n ,  h o r i z o n t a l  v a r i a t i o n s  would have to  be  t aken  in to  accoun t ,  
r equ i r ing  a t  least two spa t i a l   d imens ions ,   i dea l ly   t h ree .   In   add i t ion ,   t he  
n e u t r a l  c o n t i n u i t y  and energy equations would b e  r e q u i r e d  t o  replace the  
s t a t i c  n e u t r a l  model atmosphere. This would have the added desirable effects 
of a l l o w i n g  t h e  c a l c u l a t i o n  o f  v e r t i c a l  v e l o c i t i e s  ( w i t h  c o n s e q u e n t - e f f e c t s  on 
h o r i z o n t a l  v e l o c i t i e s )  and of  permit t ing inclusion of  neutral  composi t ion 
changes,  which  have  been  observed  during  magnetic  storms. To accomplish t h i s  
i n  t h e  manner of the  present  s tudy  would r equ i r e  obse rva t iona l  da t a  from a 
considerably  expanded s p a t i a l  region.  However, i n i t i a l l y  some o f  t h e  e f f e c t s  
could  be  prof i tab ly  explored  in  more r e s t r i c t e d  model ca l cu la t ions .  Much 
remains t o  b e  done. 
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ANALYTIC EVALUATION OF COLLISION TERMS 
A1 LIMITING FORMS FOR THE COLLISION FREQUENCY AND ITS DERIVATIVE AT 
eO"0ly FLOW VELOCITIES 
In order for the generalized  collieion  frequency,  derived in Section. 
111, to be consistent vith previous work,  it should  reduce to the standard 
expression in the limit  of colpmon flow velocities. In this part  of  the 
Appendix this is demonstrated to be  the  case.  It is also  shown  that  in 
this  limit  the  derivative  of  the  collision  frequency with respect  to  the 
relative flaw velocity vanishes. 
From  equation (3-35) the  effective  collision  frequency  for  momentum 
transfer is  given  by 
where 
-+ - t +  v : v  - v  
0 r s 
Clearly,  simply  setting v to zero in equation (A-1) is meaningless. 
Instead,  a series expansion  is used for  the  quantity  in  brackets: 
0 
Making  use of the chain  rule  and  equation (A-2) pemite equation (A-1) 
to  be  rewritten 
A- 1 
In the  limit vo -+ 0, only  the  first  term  of the series contributes, 
giving 
This  is  the expression derived  by  Banks  (1966a)  for  two  static  gases  at 
different  temperatures. It  is also  equivalent  to  the  expression desig- 
nated  by Itikawa (1971) as <veff> when applied to  electrons. 
To evaluate avrs/avo,  let  the integral in  equation 
by J: 
m 
2 4  s inh ( 2Kvog) 
J I Qrs (g) exP(-kg g d [ 2KVog ] 
0 
Carrying  out  the  differentiation  of v using  equation rs ' 
2K  exp(-Kvo ) 2exp(-Kvo 
2 2 
avrs 
" - 2ns J -  
V 
3 
0 
(A-1) be  denoted 
(A- 5 1 
(A-1) , gives 
J 
Since  the  limit  of  the sum equals  the sum of the  limits,  each  term  could 
be  examined  independently.  However,  this  turns  out  to  be useful only 
for the  first term; the others must be  treated  collectively  because 
important cancellations take place which must be taken into  account 
before  the  limiting  process. 
For notational convenience  let  the successive terms  in  equation 
(A-6)  be designated T1, T2, T3, and T4. From  equations (A-1) and (A-5) 
the first term  may  be written 
T1 = - 2K v vrs(vo). 
0 
(A- 7 1 
A- 2 
I -  
Taking 
sirice, 
the  limit  as  v  vanishes  gives 
0 
lim T1 = 0 
vo+o 
by equation  (A-4), vrs is  finiee  in  this  limit.  From  equation 
(A-5) the  fourth  term  can  be  written 
0 
exp  (-KvoL) 
T4 ' = - 2 n s E  V J .' 
0 
The  second  and  fourth  terms  can  be  combined  immediately.resulting  -in 
exp(-Kvo ) 2 
T2 + T4 3 J 
V 
0 
Making  use  of  the  series  expansion  (A-2) 
T + T4 = c~ 8ns 2 
[l + 
in J gives 
(A-10) 
The  hyperbolic  cosine  in  the  third  term  of (A-6) is  similarly 
expanded  with  the  result 
K5/2  exp  (-Kvo ) 
2 -  
Tg = 8n - I Q(g) exp  (-Kg 3 g 3 5  
"J;; V 0 0 
4 
+ 5! + . . .  dg 1 (A-12) 
Comparison of equations  (A-11)  and  (A-12)  shows  that  the  series  are  both 
multiplied  by  the  same  factors so that  they  can  be  combined  directly 
term  .by  term.  The  result  is 
A- 3 
where.the first  terms  cancelled  completely.  From  this  equation  it  is 
clear  'that 
lim (T2 + Tg i- T4) = 0 . 
"O* 
(A-14) ' 
Combining  equations (A-6), (A-8),  and (A-14) gives  the  final  result 
(A-15) 
A2 ANALYT!C EVALUATION OF  COLLISION FREQUENCIES FOR SPECIFIC FORMS 
OF INTERACTION 
Forms  of  interaction  among  charged  and  neutral  particles of the
upper  atmosphere  are  varied,  and,  in  some  cases,  poorly known. In  this 
section,  collision  frequencies  and  their  relative  velocity  derivatives 
are  determined  analytically  from  equation (3-35) for  those  forms  likely 
to  be  required  for  most  ionospheric  applications.  Some  of  these  are 
well known theoretically  (e.g.,  Coulomb  and  hard  sphere  interactions), 
while  others  are  useful  for  the  curve  fitting  of  experimental  data  (e.g. 
polynomials  or  power  laws  in  relative  velocity).  Specifically,  the 
interactions  considered  have  the  forms: 
' /  
(A-16a) 
(A-16b) 
where j is  an  integer, v is  nonintegral,  and $ is  arbitrary.  Since 
closed-form  expressions  can  be  obtained  for  integral  powers,  but  not 
for  arbitrary  nonintegral  powers,  the  distinction  between j and v is 
useful. 
The  more  familiar  interaction  laws  are  usually  written  as  functions 
of  relative  distance.  When  the  force  between  two  particles  varies 
inversely  as a power  of  the  distance  between  the  particles, 
+ 
F = 2 /r" , 12 
A- 4 
Chapman  and Cowling (1970, Chapter 10) demonstrate  from  classical two- 
body interaction  theory  that  the  momentum  transfer  cross  section  (not 
their terhology) varies with relative velocity. as 
With  this  expression,  the  velocity  variation of some familiar  power  law 
interactions  can be identified.  Thus, for  the inver8.e square  Coulomb 
force, y = 2 and j = -4. For "Maxwe.llian  molecules", so called  because 
Maxwell first recognized  the  simplifications  resulting  from  this  type 
of interaction  (Chapman  and  Cowling,  1970,  p  1731,  the force law v = 5 
corresponds  to j = -1. For the case of hard  sphere  interactions, p -+ OD 
and j = .O results, so that Lhe momentum  transfer  cross  section is .inde- 
pendent  of  velocity. 
For  present  purposes,  the  constants  of  proportionality in equations 
(A-16)  are  not of interest; they  may be  obtained  from  theory  (analytically 
or numerically) or from  experiment.  The  object  here is to evaluate  the 
appropriate integrals. This is done for -4 j 5 4 and for  arbitrary v 
and 0 within  the mathematical constraints  of  the integrals. 
A2.1 Integral Power Law Interactions 
From  equation (3-35) the  generalized  momentum  transfer  collision 
frequency  for  species  r with species s is given by 
(A-17) 
where vo E - vgl is the relative  flow velocity.  Let J denote  the 
integral in this equation. With  the  moment-  transfer  cross  section 
represented  by equation (A-16a), J may  be written 
-+ 
(I) 
Jj = Al I gj+4 
0 
(A-18) 
A- 5 
I n t e g r a t i n g  b y  p a r t s  g i v e s  
’ exp (-Kg2) gj+2 [ (j+4) - 2Kg2]dg . I (A-19) 
The f i r s t  term van i shes  fo r  j > -4. However, t h e  i n t e g r a l  is q u a l i t a -  
t i v e l y  d i f f e r e n t  f o r  j < -2 t h a n  f o r  j 2 -2, so t h e  cases j = -3 ,  j = -4 
w i l l  be  t reated separately.  For  j < -4, J .  w i l l  n o t  b e  f i n i t e .  
- .  
J 
F i r s t  t h e  case of j 2 -2 is t r ea t ed .  Wi th  the  no ta t ion  a :p vo 
and t h e  change of v a r i a b l e  z = fi g,  equat ion (A-19) becomes 
A 
J = (K)-(j+4)’2 sinh  (2az)  exp(-z )z j+2[ 22’ - (j+4)]dz 
j 0 (A-20) 
Since both terms i n  b r a c k e t s  are even  func t ions  of ’z  the  in tegrand  has  
d e f i n i t e  p a r i t y .  The i n t e g r a l s  t o  b e  e v a l u a t e d  a l l  have  the  form 
1: z B  sinh(2az)  exp(-z )dz . 2 
If 6 is an odd i n t e g e r ,  t h e n  it can be seen that  
where 
m 
L z 1 cosh  (2az)  exp (-z )dz . 2 
0 
0 
S i m i l a r l y ,  i f  B is  an  even  in teger ,  the  cor responding  resu l t  is  
B 
2 1 a Io 
zB sinh(2az)  exp(-z  )dz = - -
28 aa6 ’ 
where 
m 
I sinh(2az)  exp(-z ) dz . 2 
0 
0 
(A-  2.1) 
(A-22) 
(A- 2 3) 
(A-24) 
Thus,  once I and Lo are eva lua ted  ana ly t i ca l ly ,  a l l  r e s u l t s  d e s i r e d  f o r  
d i f f e r e n t  v a l u e s  of j ( B )  can be obtained by d i f f e r e n t i a t i o n  w i t h  r e s p e c t  
t o  a. It remains  only  to   evaluate  L and I 
0 
0 0’ 
A- 6 
Consider Lo first. If the hyperbolic  cosine  is  expanded in terms of 
exponential  functions  and the square is  completed in the  resulting com- 
bined  exponents,  equation (A-22) can  be  rewritten  as 
Changing  variables to x = z - a in  the  first  integral  and x = z + a in 
the  second integral gives 
1 (A-26) 
Since  the  integrand  exp (-x ) is ,an even  function of x 2 
0 
2 a \ exp(-x )dx = \ exp(-x 1 dx 2 
-a J O  
Equation (A-25) may thel. be written 
= f i  2 exp(a ) 2 (A-27) 
from  standard  integral tables. 
Following  a  similar  procedure  for  I  leads to the  equation,  analogous 
0 
to (A-25), 
The symmetry  of  the  integrand about  zero,  noted  above,’ allows  this equa- 
tion to be rewritten 
(A-29) 
erf(z) - I” exp(-t )dt . 2 
F o  
(A-30) 
With  this  definition,  equation  (A-27) is  written 
Equation  (A-27)  can  now  be  used  to  evaluate  equation  (A-21)  for 
appropriate  (odd)  values  of B. From  equation  (A-20)  it  is  seen  that  if 
j is  in  the  range  -2 5 j 1. 4, 6 will  lie  in  the  range 0 5 B 5 8 .  Carrying 
out  the  required  differentiation  gives  the  following  results: 
m 
B = I:/ z sinh  (2az)  ‘exp(-z 2)dz 
0 
m 
B = 3: z3 sinh  (2az)-  exp(-z ) dz 2 
’ 0  
m 
= 5:1 z5 sinh  (2az)  exp(-z )dz 2 
0 
= Ga (15 + 20a + 4a ) exp(a ) 2 4 2 8 
m 
B = 7: z7 sinh  (2az)  exp(-z )dz 2 
(A-32a) 
(A-32b) 
(A-32~) 
J O  
= G a  (105 + 210a + 84a + 8a exp(a . 2 4 6 2 16 (A-32d) 
For  even B ,  equation  (A-31)  must  be  used  in  conjunction  with 
equation  (A-23). This requires  the  derivative  of  the  error  function, 
which i s  given  by  (Gautschi,  1964) 
d - erf(z) = - exp(-z ) . dz 2 2 6 
A- 8 
(A-33) 
Differentiation  then  give8 the  following. reaulta: 
8 - 0 : c  ai&. (202) exp(-r 2 )dt 
J+ 2 I- exp(a ) erf (a) 
8 = 4 : l  z4 ainh .(2az)  e-(-t 2 )dz 
- 2 (5 + 2a2) + 5 exp(a2)  erf  (a) (3 + 12a2 + 40 4 (A-344 4 
8 - 6:c z6  slnh  (2az)  exp(-z 2)dz = (33 + 28a2+ 4a4) 
+ erp(a2)  erf (a) (15 + 90a2 + 60a4 + 80 ) (A-34d) 6 
8 = 8 : l  2’ einh  (2az)  exp(-z )dz - a (279 + 37h2 + 108a4 + 80 ) 
+ exp(a2)  erf  (a)  (105 + 8400 + 8 4 0 0 ~  + 224a6 + 16a’) 
2 6 
16 
2 
(A-34e) 
These  reaulte,  equations (A-32) and (A-34) .  may now be m e d  M 
required  to  evaluate  equation  (A-20)  for  different  values of 3 .  Beginning 
with j = -2,  the  following  results  are  obtained  str8ightforwardly. 
A-9 
I 
j - -1:  (@!axuellian  Molecules) 
(A-3Sb) 
I 
4 - A2- [ 2a(3 + 16a2 + 40 ) 
(A-35f) 
A- 10 
I" [2a(15 + 146a2 + 76a4 + 8a6) 
3 2 d 4  - I  
.+ exp(a2) erf  (a) (-15 + 120a2 + %0a4 
+ 160a6 + 16a8)] . .. . , I (A-358) 
Clearly this%pr,o.cedure could be used t o  extend resul ts  to  higher  
. , .  < * . ;  , _, , . t  , 
values of J .  However, for the present ,, these should be sufficient for 
most curve-fit applications. Lover values 'of j appear t o  be limited 
by propert ies  of the integrand in equation ..(A-18) t o  j = -3 and -4; these 
must be treated individually. For j = -3 equation (A-18) becomes, with 
the change of var iables  and notation- introduced above, 
OD 
J-3 = A-3 x 1 z : exp(-z2) d [ einh 2az (2az )] 
J 
where the second equality follows from 
in equation (A-36) 
an integrat ion by parts.  
(A-36) 
vanishes in  the  limits, leaving 
k y  be e v a l d t e d '  from' equation (A-32a:) ; the  other 
, .  
sinh ' (2az) 2 A-3 exp(-z )dz : _- '- 
2 I I,3(a) (A-37) 2u JK 
which defines I,3(a). Different ia t ing I-3 with .respect to'. the parameter 
a gives 
k- 11 
I 
E 2 L~ = Jnexp(a 2 , (A-38) 
where equations (A-22) and (A-27) have  been used. Since I 3(0) = 0 ,  
t he  d i f f e ren t i a l  equa t ion  (A-38) can be i-diately Integrated to obtain 
- 
- n  - -  
- 21 e r f  (ia) ~ 
(Gautschi , 1964). The f i n a l  r e s u l t  is then 
(A- 39) 
(A-40) 
For j = -4 a similar procedure is followed. In  the  new notat ion 
equation (A-18) becomes 
+ A sinh  (2az)  exp(-z ) dz 2 a (A-41) 
0 
where an integrat ion by parts has been performed. The f i r s t  term 
vanishes a t  the upper l imit ,  but has a l imiting value of 1 a t  z = 0. 
The i n t e g r a l  i n  t h e  second term is j u s t  Io, equation (A-24). So t he  
desired result can be written immediately 
(A-42) 
from equation (A-31). 
A- 1 2  
With equations (A-351,  (A-40); and (A-42), collision frequencies 
can  be evaluated from equation (A-17). For notat ional  convenience, the 
j value. i's given a s  a superscript  on the  co l l i s ion  frequency. Final 
expressions for the collision frequencies are, in  the or iginal  notat ion:  
j = -4:vrs (v,) = - -4 3 
V 
0 
j = -3:vrs(v0) = - -3 ns Ai3 [I.. + iE exp(-Kvo ) e r f   ( i  fl  v0) 2 
vo (A-43b) 1 
n A  
2K v 
j = -2:v -2 rs (v,) = -=$ [ 2 v 0 ~ e x p G K v 0  2 ) 
(A-43~) 
j = -l:vrs(vo) = ns Aml -1 (A-43d) 
j = O:vr,(Vo)~ = - 0 ns2A03 k F v o ( l  + 2K vo 2 ) exp(-Kvo 2 ) 
4K vo 
+ (-1 + 4K vo2 + 4K2 v 4, e r f  ( f i  vo) 
0 1 
j = l :vrs (vo) = 2K" 1 ns ( 5  + 2K v t  ) 
(A-43e) 
(A-43f) 
j = 2:vrs(v0) 2 = - "s A2 [ z E v 0 ( 3  + 16Kvt + 4K 2 4  vo  )exp(-Kvo 2 ) 
8K vo 3 3  
+ erf  ( F , v o )  (-3 + 18Kvt + 36K2v2 + 8K. vo ) J (A-43g) 
j - 3:vrs(v0) = - 3 A3 (35 + 28Kv: + 4K 2 4  vo ) 
4K2 
(A-43h) 
A-13 
R 
j = 4:v 4 (v,) = ns [z g v o  (15 + 146Kv: + 76K 2 4  v0 
rs 4 3  16K vo 
+ 8 K  3 vo .6  exp(-Kvo2) + e r f  ( F v o )  (-15 + 120Kv0 2 
+ 3 6 0 ~ ~ ~ ~ ~  + 16OK3v: + 16K vo . 8 A  (A-431) 
For the  momentum equation (3-521, co l l i s ion  f requencies  as given 
by these  equat ions  represent  the  en t i re  co l l i s iona l  in te rac t ion .  How- 
ever ,  in  the energy equat ion the der ivat ive of the col l is ion frequency 
wi th  respec t  to  the  re la t ive  f low ve loc i ty  is also required.  These 
expressions are given in  the next  equat ions.  
-4 
j = -4:- aVrs = [2 vo E e x p ( - K v o  2 ) (3  + 2Kv0 2 ) 
av 
0 V 
4 
O T  
- erf(  Fvo)l 
-3 
"rs j a -3:- = -  "' Ai3 [6Vo + i 6 exp (-Kvo ) 2 
2v0 Y 
e r f  (i &vo) (3  + 2Kvo ) 
-2 
avrs 
avo 2K vo 
j =: -2:- = - 
4 
-1 
aVrs j = -1:- = 0 
0 
j = 0:- = - ns E E v 0  exp (-Kvo 2 ) (2Kv0 2 - 3) 
avo 4K vo 2 4  
-. 
+ e r f  ( vo) (3  - 4KvO2 + 4K2 vo 
1 
avrs j = 1 : - = 2 n  A v av 
0 
s l o  
(A-44a) 
(A-44b) 
( A - 4 4 ~ )  
(A-44d) 
(A-44e) 
(A-44f) 
A-14 
2 
j = 2:- aVrs = - 3ns A2 [. E vo  exp(-Kvo  2 ) (-3 + 4Kv: + 4K 2 4  vo ) 
avo 8K vo 3 4  
+ erf ( /F vo) (3 - 6KvO2 + 12K2 V: + 8K v0  (A-44g) 
j = 3:-= aVrs ’ 2 n s ~  v 
K (7 + 2KvO2) (A-44h) 
4 
avrs j = 4:-= 
avo 16K  v9 
exP  (-K  vo ) (-9 + 18Kv0 2 4 4  
2 
0 
+ 44K2vO4 + 8K 3’ vo 6 ) + erf ( F v o )  ( 9  - 24KvO2 + 72K 2 4  vo 
+ 96K3vO6 + 16K  (A-44i) 
With  these  relations  and  the  collision  frequencies  in  equations  (A-43), 
the  collisional  transfer  of  energy  and  momentum  can  be  evaluated  for 
arbitrary  temperatures  and  flow  velocities  for  a  variety  of  interactions. 
A2.2 Nonintegal Power Law Interactions 
Experimental  data  of  momentum  transfer  cross  sections or results  of 
numerical  calculations  may  be  fit  to  power  law  curves  of  arbitrary  power. 
The  appropriate  integrals  for  this  case  are  evaluated  here.  Because  of 
similarity  with  the  previous  case,  the  analysis  is  the  same  through 
equation  (A-20). So here,  the  starting  point  is 
z [22 - (V + 4)]d2 ut2  2 (A-45) 
where v is  nonintegral.  As  previously,  this  equation  holds  only  for 
v > -4. 
Several  approaches  can  be  taken for treating  this  integral;  however, 
all  appear  to  end  up  in  infinite  series  or  in  one  or  more of the  less
common  special  functions.  For  this  reason,  the most expeditious  route 
A- 15 
t o  a series s o l u t i o n  is  taken, by expanding the hyperbolic sine i n  a 
power series : 
W 
sinh  (2az)  = (2az) 2n+1 1 (2n + I)! n=O 
(A-46) 
Equation (A-45) can  then  be  rewr i t ten  
m 
- (v + 4) 1 exp(-z z (2n+v+3) dz 2 
0 
(A-47) 
where now v > -3 is requ i r ed  fo r  a l l  i n t e g r a l s  t o  b e  f i n i t e .  From one 
of t he  in t eg ra l  r ep resen ta t ions  o f  t he  gamma funct ion ,  the  fo l lowing  
r e s u l t  is obtained:  
2 
c z ’  e-’ dz = - 1 2 r (7) ’ + l  , (A-48) 
which has  the  fo rm o f  the  in t eg ra l s  i n  equa t ion  (A-47). Use of t h i s  
e q u a t i o n  i n  (A-47) g ives  
where the gamma funct ion  proper ty  
(A-49) 
(A-50) 
has been used. 
For  the s imple case v = -1, i t  can  be  ver i f ied  tha t  equat ion  (A-49) 
is equ iva len t   t o   equa t ion  (A-35b). However, the   pa th  is s u f f i c i e n t l y  
devious and tedious that  the approach used previously for  t reat ing 
i n t e g r a l  p a r e r  l a w s  a p p e a r s  s h o r t e r  a n d . l e s s  s u s c e p t i b l e  t o  e r r o r  t h a n  
working back through the power series from the g e n e r a l  r e s u l t  g i v e n  i n  
equat ion (A-49) f o r  a r b i t r a r y  v ( r e s t r i c t e d  o n l y  by v > -3) .  
A-16 
The collision  frequency is found from equation (A-17)  and  (A-49)  to 
be given by 
(A-51) 
Differentiation of equation (A-51) with respect to vo has the result, 
after some manipulation of series, 
avrs 
V 2ns Av exp(-Kvo2) m (4KvO2)"(n - 1) 
"I 
avo ~.(~+3)/2 3 n,.2 
.I (2n + l)! 
0 
. [n(v + 3) + 11 r ( 2 n + v + 2  (A-52) 
With equations (A-51)  and  (A-52) the collision  terms in the momentum 
and  energy equations can be evaluated  for  the nonintegral power  law 
interactim. 
A2.3 Exponrntial Law Interaction 
The final case  to be treated  is  that  in  which t e momentum  transfer 
cross section varies with velocity  according to an exponential law, 
equation (A-16c). Then the integral in  equation (A-17) becomes 
. 
m s inh ( 2 K g v o )  
J = A 1 exp  (-Kg2 - Bg)g 
B o  
(A-53) 
Expanding  the differential and changing variables  permits equation (A-53) 
to be rewritten 
JB = AB 1, O0 exp(-z2 - yz) [.' cosh (2az) 
2 
2a 
2 
" sinh (2az) dz , 1 (A-54) 
I 
where 2 = Kg  and y = 8/ The- hyperbolic sine and cosine functions 
can be  rewritten  in term of exponential8 to obtain 
2 
A-17 
JB - exp.[-z2 - ' (y - 2a)zI  ( z 3  - - 2) a dz 
These  in t eg ra l s  a l l  have the form 
* m 
In = I exp(-z - pz)z  dz . 2 n 
0 
(A-55) 
(A-56) 
A s  p r e v i o u s l y ,  t h e  i n t e g r a l s  f o r  a r b i t r a r y  n > 0 can be obtained 
f rom the  in tegra l  cor responding  t o  n = 0 by d i f f e r e n t i a t i n g  w i t h  r e s p e c t  
t o  the parameter p:  
where 
* m  2 
I 5 exp (-z - pz)dz . 
0 
0 
(A-57)- 
(A-58) 
Equation (A-58) can  be  t r ea t ed  by completing the s q u a r e  i n  t h e  e x p o n e n t i a l  
and  changing  var iab les ;  the  resu l t  is  
1 2  
D i f f e r e n t i a t i o n  w i t h  
?= 
* 
aP 
r e s p e c t  t o  p g ives  
(A-59) 
(A-60a) 
2p + fi exp (-$) [l - e r f  ($)IF + p'] I (A-6Ob) 
a31* 
ap 
"!? 3 = 16 1- 2 ( 4  + p2) + F p  exp ($)p - e r f  + p']) 
(A-60~) 
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I - - _  
These equations are used together. with equations (A-56) and (A-57) 
to evaluate (A-55) with p = Y - 2a i n  t h e  f i r s t  i n t e g r a l  ,and p = + 2a 
+in the  second integral ,  g iving the resul t  
[2ay - 8 a .  + y + a(y  - 2a) + 23 2 2  3 
[2ay + 8a2 - y + a ( y  + 2aI3 - 2 (A-61) 
Then in  the  or ig ina l  no ta t ion ,  the  co l l i s ion  f requency ,  from equation 
(A-17), is 
. [ 2 6  vo - 8Kv; + + 6 v o  (" -K + 2 1  2Kv0 
#3 vo + 8KvO - K 
A-62) 
Since the limit of #3 = 0 corresponds to a momentum t ransfer  c ross  sec t ion  
which is constant (hard sphere), equation (A-62) should reduce t o  
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equation (A-43e) i n  this l imi t .  A quick check shows t h a t  it. does, thus 
ver i fying a l l  terms except those containing B. , F i n a l l y  the der iva t ive  
of the  co l l i s ion  f requency  wi th  respec t  to  v is given by 
0 .  
' n A ' exp(-Kvo ) 2 aVrs 
-I 
s B  
avo. 16K 2 4  vo [ 4 E v 0  kv:(K+ B 
0' v: + %) (2Kv0 - 8)  - 24K2v2 + 328 Kvo 3 
K 
+ 8v0 (K - B ) - Bv0 6 +. - 2 ( 9 3 ( 2 + $ ) ]  
[(& K O  v - 2) ( 2Kv0 + B) 3 + 24K2v2 + 166 Kv0 3 
+ 4v0 2 2  (B - 2K) + Bv0 ($ - 2) + 3 (c + 2)3) . (A-63) 
Comparisons of t h i s  equa t ion  in  the  limit B + 0 with equation (A-44e) 
ve r i f i e s  t he  terms not containing B. 
This concludes the analytic calcuiation of col l is ion frequencies  
for nonequilibrium gases moving r e l a t i v e  t o  one another. Results pre- 
sented here should be adequate for most ionospheric applications.  
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